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Introduction 



Let G be a compact, connected and simply-connected simple Lie group. The loop group LG = 
C°° {S^ , G) admits a class of projective unitary representations, those of positive energy, whose theory 
parallels that of the representations of G. In particular, they arc completely reducible and the irre- 
ducible ones are described by the same data as those of G together with an additional parameter, the 
level i gN which classifies the underlying projective cocycle. Morevoer, only finitely many irreducibles 
exist at a given level £. 

In their pioneering work, Belavin-Polyakov-Zamolodchikov [BPZ] and Knizhnik-Zamolodchikov [KZ] 

associate to each positive energy representation a quantum primary field. They introduce the notion 
oi fusion of primary fields, based on their short range operator product expansion. Their computations 
implicitly suggest the existence of a tensor product operation, differing from the usual one, between 
positive energy representations at a fixed level which should give them a structure similar to the 
representation ring of a finite group. The fundamental problem of giving a mathematically sound def- 
inition of this product which is associative and reflects the computations of the physicists has proved 
to be difficult so far. Several independent, and at present unrelated definitions have been suggested 
by Segal, Kazhdan-Lusztig, Jones- Wassermann, Borcherds, Beilinson-Drinfeld and Huang-Lepowsky. 

The aim of the present dissertation is to give such a definition for the loop group of G = Spin2„, 
n > 3 and to characterise the resulting algebraic structure on the category Vi of positive energy 
representations at level £. Conjecturally, the latter is described by the Verlinde rules [Ve] , that is as a 
quotient of the representation ring of Spin2„ and we establish a number of results in agreement with 
this. In particular, we compute explicitly the fusion of the vector representation of LSpin2„, i.e. the 
one corresponding to the defining representation of 802^ with the positive energy representations 
corresponding to single-valued representations of S02n and, at odd level with all representations. 
Moreover, we prove that the level 1 fusion ring of L Spin2„ is isomorphic to the group algebra of the 
centre of Spin2„. As A. Wassermann has recently indicated, our techniques should extend to yield 
the complete structure of the fusion ring of L Spin2„. Together with a study of the category theoretic 
properties of Vi, this would lead to the first rigorous definition of the three-manifold invariants defined 
by link surgery corresponding to the group Spin2„. 

Our study is modelled on the von Neumann algebra approach to fusion, first introduced by Wasser- 
mann in relation to the fusion ring of LSU„ [Wal, Wa2, Wa3, Wa4, J4]. The latter originates 
in a joint program with V. Jones aimed at understanding unitary conformal field theories from the 
point of view of operator algebras which arose from Jones' suggestion that there might be a subfactor 
explanation for the coincidence of certain braid group representations that appeared in statistical 
mechanics and conformal field theory [32, J3]. It relies on the use of Cannes fusion, a tensor product 
operation on bimodules over von Neumann algebras originally developed by Connes [Co, Sa]. The 
link with loop groups arises by regarding positive energy representations as bimodules over the groups 
Lj Spin2„ , Lj,: Spin2„ of loops supported in a proper interval / C 5^ and its complement and loads to 
a definition of fusion which is manifestly unitary and associative. The use of Connes fusion requires 
one to check that positive energy representations at a given level satisfy the axioms of locality, Haag 
duality and local equivalence. This amounts in essence to showing that Vf: constitutes a quantum field 
theory in the sense of Doplicher-Haag-Roberts and provides interesting examples of such theories in 
1+1 dimensions since, as pointed out by Goddard, Nahm and Olive [GNO] they are distinct from 
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free field theories for all but finitely many values of I. 

Wassermann showed that the intertwiners necessary to compute Connes fusion could be obtained by 
smearing the primary fields of Knizhnik and Zamolodchikov, provided their continuity as operator- 
valued distributions was established. With this analysis done, the actual computation of fusion de- 
pends on the commutation or braiding properties of the primary fields through braiding -fusion duality. 
More precisely, as established in [KZ, TKl], the structure constants governing the braiding of pri- 
mary fields arise as the entries of the analytic continuation matrix of a vector valued fuchsian ODE, 
the Knizhnik- Zamolodchikov equation., from the singular point to oo. The computability of fusion 
therefore rests on the solvability of this ODE. Wassermann's method was successfully applied by Loke 
[Lo] to the positive energy representations of the diffeomorphism group of the circle. 

Another important input in this study is the theory of superselection sectors developed within the 
context of algebraic quantum field theory by Doplichcr, Haag and Roberts [DHRl, DHR2]. After 
the laborious analysis involved in explicitly checking a few fusion rules, it follows fairly easily that 
the properties required to apply the DHR theory hold. One is therefore guaranteed the existence of a 
quantum or statistical dimension, of a Markov trace and an action of the braid group whose use plays 
an important role in deducing the remaining fusion rules. 

As mentioned above, an important precedent for the present study is Wassermann's computation of 
the fusion ring of LSU„. This constituted an invaluable conceptual framework and the backbone on 
which this dissertation rests. We wish however to stress that, much as the invariant theory of Spin2„ 
differs from that of SU„, the study of the loop groups of the spin groups poses a whole new layer of 
conceptual and technical difficulties. We sketch them here, in technical jargon and refer to the outline 
of our results given in the next section or to the main text for more details. 

With a degree of oversimplification, one may say that most analytic results needed for the positive 
energy representations of L SU„ can be derived from their fermionic construction. This realises the 
level 1 representations as summands of the basic representation of LUn obtained from that of the 
Clifford algebra oi H = L^{S^,C") on the Fock space = AH+ of the Hardy space n+. The 
level £ representations are then realised inside the ^-fold tensor product itself a Fock space 

representation of the Clifford algebra of L^(S'^,C"^). This uniform construction simplifies the proof 
of the following points 

(i) All positive energy representations of I/SU„ at level £ give rise to the same projective 
cocycle. This is obvious since they are summands of a single representation. 

(ii) Positive energy representations at equal level are unitarily equivalent for the local loop 
groups Lj SU„. This follows from the (non-trivial) fact that these generate type III factors 
in and that all projections in such factors are equivalent. 

(iii) All primary fields extend to unbounded operator-valued distributions. This simply follows 
because they may be realised as products of Fermi fields compressed by projections, although 
checking that this procedure yields all primary fields is a subtler matter. 

By contrast, 

(i) The level 1 representations of L Spin2„ appear, grouped by two as summands of two distinct 
Fock spaces, the Neveu-Schwarz and the Ramond sector. This separation obscures (i) above, 
the proof of which requires the use of the spin primary field which links the two sectors, or 
of analytic vector techniques. 

(ii) The local equivalence at level 1 must be established by the use of the outer automorphic 
action of the centre of Spin2„ on L Spin2„ via conjugation by discontinuous loops. 

(iii) The fermionic construction for L Spin2„ only gives information on the vector primary field 
but little or none on the spin fields. We remedy this problem by making use of the vertex 
operator model of Segal and Kac-Frenkel to give an explicit construction of all the level 1 
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primary fields in the bosonic picture. A technique due to Wassermann then allows to es- 
tablish their continuity properties as well as those of a number of higher level primary fields. 

Another substantial difference lies in the study of the relevant Knizhnik-Zamolodchikov equations. As 
well-known, solutions of the KZ equations for all simple Lie algebras have been given by Schechtman 
and Varchenko [SV] but their combinatorial complexity makes them intractable for computational 
purposes. Somewhat miraculously, the computation of the fusion of a general representation of L SU„ 
with the vector representation may be obtained from a detailed study of the monodromy properties of 
the generalised hypergeometric function studied by Thomac at the end of the 19th century [Wa3]. No 
such classical treatment was available to us, but a similar miracle occurs for LSpin2„. The 3rd order 
ODE required to compute the fusion of the vector representation with its symmetric powers reduces 
to the Dotscnko-Fateev equation [DF] discovered by the physicists in the context of minimal models. 
The analysis of the first part of the dissertation then enables us to establish a small number of explicit 
fusion rules together with upper bounds for the multiplicities of the general fusion rules with the vector 
representation. The computation is concluded by resorting to the algebraic techniques of quantum 
invariant theory, and in particular to the action of the braid group coming from the Doplicher Haag- 
Roberts theory. The corresponding representations can be handled using some algebraic techniques 
of Wenzl connected with the Birman Wcnzl algebra [We2, We3]. The fusion rules are finally pinned 
down by interpreting the quantum dimension of DHR in the context of Perron-Frobenius theory. 



1. Outline of contents 

We outline below the contents of this dissertation, developing only what is minimally necessary to 
sketch a proof of our main results. A detailed account of each chapter may be found in its opening 
paragraphs. §1.1 describes the classification of positive energy representations of the loop group of 
Spin2„. In §1.2, we define the Connes fusion of two such representations and indicate a scheme to 
compute it based upon the commutation properties of certain intertwiners. The latter are derived in 
§1.3 from the braiding properties of primary fields. These are the building blocks of conformal field 
theory and we outline their definition and main properties. Our main results are given in §1.4. 

1.1. Positive energy representations of LG. 

Let G = Spin2„, n > 3 be the universal covering group of S02n and g = S02n its Lie algebra. The ir- 
reducible representations of G are classified by their highest weight, a sequence C,i> ■ ■ ■ > Cn-i > |Cn| 
with Ci € ^ for any z or e ^ + Z for any i corresponding respectively to the single and two-valued 
representations of S02n- 

Consider now the loop group LG = C°°(S'^, G) of G with Lie algebra Lq = C°°{S^ ,q). Both are acted 
upon by Rot , the group of rotations of the circle, via reparametrisation. The representations of LG 
have a similar classification, if one restricts one's attention to those of positive energy. These arc pro- 
jective unitary representations tt : LG PU (7i) extending to the semi-direct product LG xi Rot in 
such a way that the infinitesimal generator of rotations is bounded below and has finite dimensional 
eigenspaces. In other words, H = 0„>o^("') where H{n) = e H\'iT{Rg)^ — e"'''^}, the subspace 
of energy n, supports a finite-dimensional representation of the subgroup of constant loops G C LG. 

Positive energy representations are completely reducible and their classification is obtained in the 
following way. As explained in chapter I, the finite energy subspace 7i''° of a positive energy represen- 
tation H, that is the algebraic direct sum ©„>o^(") supports a projective representation of 
the dense subalgebra of Lq consisting of g-vaTued trigonometric polynomials, and therefore one of 
the affine Kac-Moody algebra g corresponding to g. The latter is the semi-direct product g x Cd 
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of the universal central extension g of L''°^g by the infinitesimal action of rotations. Moreover, the 

classification of Ti. as an LG module is cqiiivalcnt to that of the g-module W". In particular, an 
irreducible H is uniquely determined by an integer £ called the level, which classifies the Lie algebra 
cocyle on L^°^q and its lowest energy subspace W(0), an irreducible G-module whose highest weight ( 
is bound by the requirement that Ci + C2 < f- An irreducible G module satisfying this constraint is 
called admissible at level £ and always arises as the lowest energy subspace of a (necessarily unique) 
irreducible positive energy representation at level £. 

The centre Z{G) of G acts by outer automorphisms on LG via conjugation by discontinuous loops, 
i.e. lifts to G of loops in G/Z{G). As shown in chapter I, this induces a level preserving action of 
Z{G) on the positive energy representations of LG. In fact, if z G Z{G) and Ti is an irreducible 
positive energy representation, the lowest energy subspace of the conjugated representation zTi may 
be characterised explicitly in terms of the level £, the lowest energy subspace W(0) and z by realising 
Z{G) as a distinguished subgroup of the automorphisms of the extended Dynkin diagram of G. This 
shows in particular that at level 1, the action of Z{G) is transitive and free. 

Chapter II is devoted to the analytic properties of positive energy representations and in particular to 
the construction of a dense subspace on which both LG and its Lie algebra Lq act, which is required as 
a natural domain for the smeared primary fields. These are densely defined LG-intertwiners mapping 
between different positive energy representations and do not in general extend to bounded maps. If 
?i is a positive energy representation, such a domain is provided by the subspace of smooth vectors 
1-1°° for Rot 5^, i.e. those vectors whose projection onto the subspace of energy n decreases in norm 
faster than any polynomial in n. 

1.2. Connes fusion of positive energy representations. 

The notion of Connes fusion of positive energy representations of LG arises by regarding them as 

bimodules over the subgroups L/G, LjcG of loops supported in a given interval I (Z and its com- 
plement and using a tensor product operation on bimodules over von Neumann algebras developed 
by Connes [Co, Sa]. 

Recall that a bimodule H over a pair (M, N) of von Neumann algebras is a Hilbert space supporting 
commuting representations of M and N. To any two bimodules X, Y over the pairs (M, N), (N, P), 
Connes fusion associates an (M, P)~bimodulc denoted by X IE y. The definition oi X MY relies on, 
but is ultimately independent of the choice of a reference or vacuum {N, A'')-bimodule V with a cyclic 
vector Q for both actions and for which Haag duality holds, i.e. the actions of N and N are each 
other's commutant. Given V, we form the intertwiner spaces 

X = Homjv(V,X) and 2) = Hom^(V,F) (1.2.1) 

and consider the sequilinear form on the algebraic tensor product 3£ (g) 2) given by 

(xi (g) yi,X2 (g 2/2) = {x^xiy^yiO., il) (1.2.2) 

where the inner product on the right hand side is taken in V. li xi = xn and y\ ^ yi, Haag duality 
implies that x^xx and y\y\ are commuting positive operators and therefore that (•, •) is positive semi- 
definite. By definition, the bimodule X Kl F is the Hilbert space completion of X ® 2) with respect to 
(•, •), with (Af, P) acting as (ra,p)x ®y = mx (8) py. 

Applying the above to the positive energy representations of LG requires a mimbcr of preliminary 
results which are established in chapters HI and IV. Let Vi be the set of positive energy representations 
at a fixed level £. We wish to regard any (W, tt) € Ve as a bimodule over the pair itq{LiG) , no{LjcG) 
where ttq is the vacuum representation at level £ whose lowest energy subspace is, by definition the 
trivial G-module. The well-foundedness of this change of perspective is justified by the following 
properties 
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(i) Locality : -k{LiG)" C -k{LicG)' for any (tt, V.) Q Ve- In other words, W is a {'k{LiG)" , ■k{LicG) )- 
bimodule. 

(ii) Local equivalence : All (tt, ?i) G Ve are unitarily equivalent as L/G-modules. Thus we may 
unambiguously identify 'jt{LiG)" with iToiLiG)" and consider W as a (7ro(i/G)", 7ro(i/c(j)")- 
bimodulc. 

(iii) won Neumann density : 7r(L/G) x 7r(L/cG) is strongly dense in tt{LG). Thus, inequivalent 
irreducible positive energy representations of LG remain so when regarded as bimodules. 

The role of the reference bimodule is played by the vacuum representation (ttq, Wo)- Two crucial facts 
need to be established in this respect 

(iv) Reeh-Schlieder theorem : any finite energy vector of a positive energy representation tt 
is cyclic under 'k{LiG). In particular, the lowest energy vector O e Wo(0) is cyclic for 
7ro(LjG)" and ttoILi^G)". 

(v) Haag duality : 7ro(i/G) = ttq^LjcG) . 

Finally, another technically crucial property of the algebras 7r(L/G)" is the following 

(vi) Factoriality : The algebras 'k{LiG)" with I C are type IIIi factors. 

Once properties (i)-(vi) are established, the definition of Connes fusion may be adapted to our setting. 
Let HijHj e Pe and form the intertwiner spaces 

Xi = Homi,,G(Ho,Hi) 2),- = Homi,G(Ho,H,) (1.2.3) 

Then, Hi Hj is the completion of Xi (E) 2)j with respect to the inner product (1.2.2). Hi Kl Hj is 
manifestly unitary and the functorial properties of Connes fusion imply that Kl is associative. It is 
not a priori clear however that Hi Hj is of positive energy. In fact there is no naturally defined 
action of LG on it, let alone an intertwining one of Rot 5^. These facts will be checked a posteriori 
by explicitly computing the fusion. 

Consider now a first attempt at computing Hi K Hj. Notice that, if yjo e Homj:,jG(Ho, Hj), then 

y^oVjo G Homi,G(Wo,Wo) = MLiG)' (1.2.4) 

By Haag duality, y*Qyjo lies in 7ro(i/cG)" and may therefore be represented, via local equivalence, on 
Hi- Thus, if Xio e Xi so that Xioiroil) = Tri{j)xio for any 7 S Lj^G, then 

XioyjQyjQ = TTi{y*oyjo)xio (1.2.5) 

Much of our efforts will be aimed at establishing a transport formula giving an explicit expression for 
7r,(2/|o2/jo), that is the identity 

MyjoVjo) = ^0kyliyki (1-2.6) 

k 

where the (ik are some positive constants labelled by inequivalent positive energy representations 
TTfe e Ve and the yki € HomijG(W,, W^) depend linearly on y^o- Deferring to §1.3 an explanation of 
why (1.2.6) should hold at all, notice that it allows to compute Hi^Hj. Indeed, by (1.2.5) and (1.2.6) 

Ikio 0%o||^ = {x*oXioyjoyjo^,^) 

= {xioMyjoyjo)xioi^,^) 

= ^Pkix*oyl^ykiXion,n) (1-2-7) 

k 

= \\^phkiXioflf 

k 

and therefore the map 

U :Xi(g)^rij ^ 0^fe> Xio O yjo ^plvkiXion (1-2-8) 

k k 
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extends to an isometry T-Li M Hj — > 0j. Hk which is easily seen to be LjG x L/cG-equivariant. Since 

the Hk arc irreducible and incquivalcnt LjG x L/cG-modulcs, and the image of U has non-zero 
intersection with each of the Tik, it is dense by Shur's lemma and we conclude that 

HiMHj=^Hk (1.2.9) 

k 

In particular, Hi ^Hj is of positive energy or, more precisely, arises as the restriction to LjG x LjcG 
of a positive energy LG-module ^. 

To conclude, notice that the transport formula only needs to be established for one unitary yjo € 2)^. 
Such an element certainly exists by local equivalence. Moreover, by Haag duality, 

2),- = RomL,Gino,Hj) = y.oMLiGY = y.oMLirM)" (1.2.10) 

Thus, if (1.2.6) holds for yjQ and a lies in the * algebra generated by tto{LjcG), we have for y = yjoa 

■^i{y*y) = 7i"i(a*y*ot/joo) = 7ri(a)*7rj(y*o2/jo)7ri(a) = ^ PkM^-TykiVkiM^i) (1.2.11) 

k 

and the transport formula holds for y. 

1.3. Primary fields and their braiding properties. 

Let Hi,Hj be irreducible positive energy representations at level i with lowest energy subspaces 
Vi, Vj. Let Vk be an irreducible G module admissible at level £ and Vk[z, z~^] the space of Vfe -valued 
trigonometric polynomials. L^°'q acts on Vfe[^, 2;"^] by multiplication and Rot 5^ by Rgv ® z"" = 
g-jn0^ (g) 2". A primary field of charge Vk is a linear map 

4 : ® Vk[z, z-i] ^ Ti^f (1.3.1) 

intertwining the actions of L^°^q x Rot S^. may be regarded as an endomorphism-valued algebraic 
distribution associating to any / G Vfcl^;,^;"^] the smeared field <pji{f) € Hom(W9",W"°) and is best 
represented by its generating function 

cP%{z) = <j>%{v, z) = J2 ri)z-^ (1-3-2) 

where (t)ji{v, n) = (pj^iv (8) z"), w G Vfc ^. By restriction, (pj^ defines a finite-dimensional G-intertwiner 
or initial term y : (g) 14 — > V^- which determines (pj^ uniquely. Thus, the space of <pj^ is a subspace 
of HomaiVi ®Vk,Vj) and is therefore finite-dimensional. 

The relevance of primary fields to the study of fusion lies in the fact that they may be used to construct 

intertwiners for the local loop groups and ultimately explicit elements in (1.2.3) by smearing them 
against functions supported in a disjoint interval. This involves extending them to operator-valued 
distributions on C°°{S^ ,Vk) and requires a careful study of their continuity properties which is carried 
out in chapters V and VI. This shows that they extend to jointly continuous maps H°°(E)C°°{S^ , Vk) — > 
H°°, where Hf^ C Hi,H°° C Hj are the subspaces of smooth vectors satisfying as expected 

for any 7 S LG. Choosing / supported in I'^ yields an operator H^ Hf commuting with L/G. 
Although in general </>(/) is unbounded, a bounded operator may be obtained by taking the phase of 
its polar decomposition. This yields an element of Homj:,jG(W,, Wj). 



In the foregoing, we have implicitly restricted our attention to the case where the transport formula does not 
involve any multiplicities and therefore the summands of Hi K "Hj have multiplicity one. The general case follows in a 
similar way. 

^For the cognoscenti, we shall abusively denote by <t''ji{z) both the integrally moded primary field and 
^^gg n)2~"~'^ where A is the conformal dimension of (j)^^. 
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The transport formula (1.2.6) for these elements is derived from the remarkable commutation or 
braiding properties of primary fields to which we now turn. These read 

cl>Zi{w)cP%iz) = Y.^h<I^Uhi.^Wii» (1-3-4) 

h 

and are a generalisation of the canonical commutation or anti-commutation relations (j){z)(p{w) = 
±(p{w)(p{z) to a setting where the symmetric group 62 is replaced by the braid group on two strings, 
i.e. Z. The sum on the right hand-side spans all level £ irreducible positive energy representations 

Tih and all primary fields 

<l>ln ■■ ® ^3 ^"'] ^ nt and cPZh ■■ ® V,. [z, z-'] ^ TVt: (1-3-5) 

Note that (1.3.4) is not a formal power series identity. Rather, it should be interpreted as saying that 
the matrix coefficients of the right hand-side define a holomorphic function on \z\ > \w\. Similarly, 
those of the left hand-side define a holomorphic function on \w\ > \z\ which may be analytically 
continued to a (multi- valued) function on z ^ w and coincides with the right-hand side on \w\ > \z\. 

Braiding identities such as (1.3.4) are established by means of the four-point function of the primary 
fields 

F=(0:^^.(«3,H'/'}l(«2,^)«i,«4) (1.3.6) 
where vi&Vi^ = Hi^ (0) and V4 & Vi^ = Hi^ (0). F is a formal power series in z,w with coefficients in 
^4 ® ^2 ® ^1' ^^'^ uniquely determines the product ^|^^ (t«)^^-^^ {z). An important feature of F 
is that it satisfies the Knizhnik-Zamolodchikov equations with respect to the variable C = zw~^ 

where n — t + 2{n — 1) and the are matrices canonically associated to the tensor product 
(g) V^* (g) V^* (g) V^*. The above is a fuchsian ODE with regular singular points at 0,1, 00 and, 
as explained in chapter VII, the four-point functions of products (w')?!'}^^ (2;) with variable j or 
products 0'J^(w)</'/fjj {z) with variable h form a basis of solutions of these equations ^ so that (1.3.4) 
holds. In fact, the solutions corresponding to the products (pl^^j(w)(j)jl_^ (z) diagonalise the monodromy 

of (1.3.7) about the singular point while those corresponding to </'i^/i(^'^)0/i\ (-2) diagonalise the 
monodromy about 00. It follows that the braiding constants A/j may be computed by analytically 
continuing the four-point function (1.3.6) from to 00 and re-expressing it as a sum of functions 
diagonalising the monodromy at 00. 

The smeared primary fields obey the same braiding relations as their algebraic counterparts. Fix for 
definiteness / = (0,7r) so that P = (tt, 27r) and let / € C°°(S'\ ^,3) and g € C°°(5'\ ViJ be supported 
in I and respectively. Then, as shown in chapter VII, the following holds on H^^ 

<t^,{m^M = T.MZhi9eaJ<PiX{fe-.,) (1.3.8) 

h 

where e^(^) = e'**^ and the ajh are inessential phase corrections. 

We now outline the proof of the transport formula (1.2.6). We start from the braiding relation 

'PloH4jiz) = E^fc4(^)0l,H (1-3.9) 

k 

Here, 0-o(w) and 4>oj{z) are the primary fields whose initial terms are the canonical intertwiners 
Vi (Si C ^ Vi and Vj ^ V* ^ C k labels the irreducible summands oi Vj ^ Vi and we assume for 



■^In fact, of a canonical subspace of these. 
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simplicity that these have multipHcity one so that for any such k there are at most a primary field of 
the form c^^^- and one of the form c^j^. We shall need another braiding relation, namely 

<i>hM<ty'joi^) = ek4ii^)4oH (1.3.10) 

where the sum on the right hand-side of (1.3.10) contains only one term since there are only one 
primary field of the form (pl^ and one of the form 0^.. Let now / e C°°{S^, Vi) and g G C°°{S^,Vj) so 
that g e C°°{S^, V*) be supported in I and 7^ respectively. Then, smearing (1.3.9)-(1.3.10), we find 

W)Kji9) = Y.^''^l^9eaMjife-c.,) (1-3.11) 

k 

4j{fe.^,)cf^.,{g) = ek4,{ge-aMoif) (1-3.12) 

It is easy to sec that (p^jig) Q <Pjo{9T ^^'^ similarly that (pi^igeak) C (jy'^^{ge-ak)* ■ Granted this, we 
obtain by alleviating notations 

Xi(iy*Q = X >^kyliXkj (1.3.13) 
k 

XkjVjo = e-kVkiXio (1.3.14) 

where the Xgp,yqp commute with LjcG and LjG respectively. The above is an unbounded version of 
the transport formula (1.2.6) since Xioy*Qyjo = ^^kekyliVkiXio- 

A key lemma due to Wassermann [Wa2] asserts that the Xgp and yqp above may be replaced by bounded 
operators Xqp € Homij(.G(?ip,7ig), yqp G HomLj-G(7ip, Ti^) without altering the relations (1.3.13)- 
(1.3.14) in such a way that xm and yjo are replaced by their phases ^. These do not quite give the 
transport formula yet but a further alteration of the operators based on the fact that the TTp(LjG)" 
are type III factors yields unitary Xio and yjo- Moreover, each Xk^k is necessarily non-negative and 
vanishes iff Afe does since Cfe turns out to be a root of unity. Thus, 

XioVjoVjo = ^Xk£kyliykiXio (1.3.15) 

k 

As pointed out in §1.2 however, Xioy*f^yjo = XioTTi{y*QyjQ) and therefore simplifying by Xio we find 
(1.2.6). Combining the above with the discussion of §1.2, we obtain 

Proposition 1.3.1. Let Hi,Hj be irreducible positive energy representations at level £ with lowest 
energy subspaces Vi, Vj. Assume in addition that the irreducible summands ofVi^Vj have multiplicity 
1 and that all primary fields with charge Vi extend to bounded operator-valued distributions. Then 

nimHj=^Hk (1.3.16) 

k 

where the sum spans the positive energy representations at level I whose lowest energy subspace 14 is 
contained inVi^Vj and such that the corresponding braiding coefficient Afe in (1.3.9) does not vanish. 

1.4. Statement of main results. 

We adopt a more graphical notation and label the simplest representations of S02ri by the corre- 
sponding Young diagrams. Thus, we denote the defining representation of S02n by and its second 
exterior and symmetric (traceless) powers by Vg and Vm respectively. Moreover, if U is an ir- 
reducible representation of G Spin2„ admissible at level i, we denote by Hu the corresponding 
positive energy representation of L Spin2„ whose lowest energy subspace is U. 

Theorem 1.4.1. Let U be an irreducible representation ofS02n admissible at level i. Then, 

Ha^nu= N^jjHw (1.4.1) 

^At present, the lemma only applies when all primary fields with charge Vi (or Vj) define bounded operator-valued 
distributions. We shall however only be concerned with this case in the present dissertation. 



1. OUTLINE OF CONTENTS 



15 



where N^jj = 1 is W is admissible at level I and otherwise. 

The proof of theorem 1.4.1 rests on the following important special case 

Proposition 1.4.2. The following fusion rules hold at level £ 

©Wg ® Ho (1.4.2) 

ifi > 2 and 

na^na=no (1.4.3) 

ifi = i. 

Proof of proposition 1.4.2. We use proposition 1.3.1 and the tensor product rule 

Vq = e Vg e Vo (i.4.4) 

The primary fields with charge are shown to extend to bounded operator-valued distributions in 
chapter VI. The proof relies on the simple observation that they are essentially Fermi fields. The 
relevant braiding coefficients are computed in chapter VIII by explicitly solving the corresponding 
Knizhnik-Zamolodchikov equations and shown to be non-zero. The 1=1 fusion rule for S 
differs from those for ^ > 2 because Vj^ and Vg are not admissible at level 1 O 

Proof of theorem 1.4.1. We begin by using proposition 1.3.1 to obtain an upper bound on 

Tip KI7i[/. Since Vq is a minimal representation of Spin2„, all irreducible summands of Vq (g) U have 
multiplicity one. Moreover, the primary fields with charge Vq extend to bounded operator-valued 
distributions and therefore (1.4.1) holds with the replaced by some < < since 

part of the braiding coefficients involved in the computation of fusion might vanish. The matrix 
Nq whose entries are the N^^, where U and W are single-valued representations of S02n is non- 
negative and irreducible ^. By the Perron-Frobenius theorem [GM], has, up to a multiplicative 
constant, a unique eigenvector with non-negative entries. On the other hand, if 2p is the sum of the 
positive roots of Spin2„ and Xu the character of the irreducible Spin2„ module U, the 'dimensions' 
Su = X[/(exp( ^_^_2^^^^^ )) € IR+ given in [Kal, §13.8] obey, by a simple computation 

J2 N^u5w = da6u (1.4.5) 

WCV^(S>U 

and it follows that the Perron-Frobenius eigenvalue of is equal to 6^ . 

A similar statement about the matrix may be obtained by using some results of Doplicher-Haag— 
Roberts on the algebraic theory of superselection sectors [DHRl, DHR2]. In essence, the fact that 
TYq K1 TYq contains the vacuum representation Ti.o, by virtue of proposition 1.4.2 implies that, on 
the ring TZq generated by the irreducible summands of the iterated powers Hq™, to S N there exists 
a unique positive character or quantum dimension function d which is additive under direct sums, 
multiplicative under fusion and normalised by di^o) = 1. Applying d to (1.4.1) with replaced 
by N^jj yields 

N'^^jd{nw) = d{nu)d{nu) (1.4.6) 

whenever U ]s & single-valued representation of S02„ which appears in 7?.o ^. We do not know 

to be irreducible, nor is (1.4.6) a statement about since some Jiu may not lie in TZ^ but if is 
the matrix whose entries are N^jj if Ti,u,'Hw € T^o and zero otherwise, we clearly have < 
entry-wise and therefore, by Perron-Frobenius theory, d{7i\j ) < (5q with equality only if — , 

®This is the reason for demanding that ?7 be a single-valued representation of S02n in theorem 1.4.1. Without this 
restriction, A'^|— | would liave two irreducible diagonal blocks, corresponding respectively to the single and two— valued 
representations of S02n, and zero off-diagonal blocks and would therefore fail to be irreducible. 

^In principle these are all the single-valued representations but that is part of what we are trying to establish. 
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i.e. only if (1.4.1) holds. Finally, a computation based on (1.4.2) and paralleling one of Wenzl [We3] 
shows that ^(Wq) = 6^ and we have therefore established (1.4.1) O 

Theorem 1.4.3. The positive energy representations o/LSpin2„ whose lowest energy subspace is a 

single-valued representation of S02ri are closed under fusion. 

Proof. This follows at once because they are, by theorem 1.4.1 exactly the representations that 
appear in the iterated fusion powers O 

The restriction to single-valued representations of S02n in theorems 1.4.1 and 1.4.3 is technical rather 
than conceptual and these results conjecturally hold for all positive energy representations of L Spiuj^. 
At present, wc can show this at odd level by resorting to the action of the centre Z(Spin2„) via 
conjugation by discontinuous loops. Denote by zTi the representation obtained by conjugating H by 
z e Z(Spin2„) as in §1.1. We need the following 

Lemma 1.4.4. LetH be a positive energy representation o/LSpin2„ and Ho the vacuum representation 
at the same level. Then, for any z G Z(Spin2„), 

zHoMH^zH^HMzHo (1.4.7) 

Proof. We prove the first identity only, the second follows in a similar way. Let ( G C°°{[0, 27r] , Spin2„) 
be the lift of a loop in Spin2„ /Z(Spin2„) with ^(27r)C(0)~^ = z. By definition, the conjugate zfC of 
any positive energy representation (tt, /C) is given by the isomorphism class of the representation 
7 — > 7r(C~^7C) of L Spin2„ on /C. Form now the intertwiner spaces 

— iioUlLjc Spm2„ {Ho, zHo) 2) = Homi, spin,„ {Ho, H) (1.4.8) 

Choosing a C equal to one on / so that 7ro(C~^7C) = ■"'0(7) for any 7 e L/o Spin2„, we have 

X = Homi^, Spin2„('^o,'^o) = 7i'o(i/ Spin2„)" (1.4.9) 

where the last identity follows by Haag duality. We claim now that the map U : X (g) 2) ^ ^) 
a; (g) y — > yxQ. is norm-preserving. Indeed, 

\\x = {x*xy*yQ, O) = {x*y*yxQ, n) = \\yxnf (1.4.10) 

where we have used locality so that y*y G Homj:,jSpin2„(Wo,Wo) commutes with x. U is equivariant 

for the actions of Lj Spin2„ xLjc Spin2„ on X (g 2) and zH and extends to an isometry zHo MH ^ zH 
whose range is dense by the Reeh-Schlieder theorem. Thus, U is the required unitary equivalence O 

Theorem 1.4.5. 

(i) Let Hu be the irreducible positive energy representations of L Spin2„ at odd level I whose 
lowest energy subspace is U. Then 

Ha^Hu= N^u'Hw (1.4.11) 

WCV^(»U 

where is 1 if W is admissible at level I and zero otherwise. 

(ii) The positive energy representations of L Spin2„ at odd level t are closed under fusion. 

Proof, (i) By theorem 1.4.1, (1.4.11) holds if f/ is a single-valued representation of S02n. If that is 
the case, we find by conjugating both sides by an element z G Z(Spin2„) and using lemma 1.4.4 that 

Ha^zHu= N^uzHw (1.4.12) 

WCV^(»U 

By definition, zHu = Hzu and zHw = HzW where the notation refers to the induced action of 
.Z(Spin2„) on the irreducible Spin2„-modules admissible at level The explicit form of this action 
is computed in chapter I and shows in particular that W dU ® if, and only if zW C Vq (S) zU. 
Thus, 

Hu^Hzu= N^'^jjHw (1-4.13) 

W'<ZV^®zU 
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Moreover, when I is odd, any two-valued representation {/' of S02n may be written as zU where 
z e Z(Spin2„) and is a single-valued representation of S02n- This yields (i). 

(ii) By theorem 1.4.3, "Hu^ ^'Hu2 is of positive energy if U\ and U2 are single-valued S'02n-modules. 
Conjugating successively by Z2 and zi G .^(Spin2„) and using lemma 1.4.4, wc find that 

n,,u, K n,,u2 ^ ziHo K {Hu, K Hu,) K Z2H0 ^ ziZ2{Hu, ^ Idu,) (1.4.14) 

is of positive energy. Since any irreducible Spin2„-module admissible at odd level ^ may be written 
as zU for some z G Z(Spin2„) and U a single-valued S02n-module, the result follows O 

Theorem 1.4.6. The level 1 representations o/LSpin2„ are closed under fusion. Moreover, ifTio is 
the level 1 vacuum representation, then 

z — > zTio (1.4.15) 

yields an isomorphism of the group algebra C[Z(Spin2„)] and the level 1 fusion ring o/L Spin2„. 

Proof. The above map is bijective since, as noted in §1.1, the action of Z(Spin2„) on the level 1 
representations is transitive and free. Moreover, by lemma 1.4.4, 

ziHo M Z2H0 = zi{z2Ho) = Z1Z2H0 (1.4.16) 

O 
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Positive energy representations and 

primary fields 



CHAPTER I 



Positive energy representations and primary fields 



This chapter introduces the basic objects of study of this dissertation, the positive energy represen- 
tations of the loop group LG = C°°(6'^,G) of the Lie group G = Spiuj^, n > 3. These are pro- 
jective unitary representations supporting an intertwining action of Rot with finite dimensional 
eigenspaces and positive spectrum. As explained in section 1, they are completely reducible and the 
irreducible ones are classified by their level ^ e N, which determines the underlying projective cocycle, 
and their Imvest energy subspace, an irreducible G-modulc. Moreover, only finitely many irrcduciblcs 
exist at any given level £. In section 2, we restrict our attention to the level 1 representations of 
LG and their lowest energy subspaces, the minimal G-modules. These correspond in a natural way 
to elements in the dual of the centre of G and play an important role in view of the fact that any 
level £ representation is contained in the £-fold tensor product Tii^®- ■ ■®'Hii of level 1 representations. 

In section 3, we show that the outer action of the centre Z{G) on LG via conjugation by discontinuous 
loops, i.e. lifts to G of loops in G/Z(G), induces a level preserving one on the positive energy repre- 
sentations of LG. At level 1, the action is transitive and free, a fact which will be used repeatedly, 
most notably in chapter IX to prove the isomorphism of the level 1 fusion ring of LG and the group 
algebra of Z{G). Finally, in section 4, we outline the classification of the primary fields of LG. These 
are algebraic, operator-valued distributions mapping between positive energy representations of equal 
level. The study of their analytic and algebraic properties, both of which are essential ingredients in 
the computation of fusion, will be carried out in chapters V-VI and VII- VIII respectively. 



In this section and the rest of this chapter, G denotes a compact, connected and simply-connected 
simple Lie group with Lie algebra g. 

1.1. The loop group LG. 

The loop group of G is, by definition LG = G°°{S^,G). When endowed with the C°°- topology and 
pointwise multiplication, LG is a real analytic Frechet Lie group. Its Lie algebra is Lg = C^{S^,g) 
with pointwise bracket. It has complexification Lq^ = C°^{S^,q,^) and is often more conveniently re- 
garded as the —1 eigenspace of the anti-linear anti-involution X ^ —X determined by the canonical 
conjugation on g^. As Lie groups, LG = SIG xi G where flG is the space of based loops on which G 
acts by conjugation and the map is given by 7 — > (77(0)""'^, 7(0)). Since 7ro(G') — 7ri(G) tt2{G) = 0, 
LG is connected and simply-connected. In particular, it is generated by the image of the exponential 
map since the latter is locally one-to-one. 

LG admits a smooth automorphic action of Rot 5^ given by i?e7 = 19 where 70 (0) = ^{(j) — 9). The 
corresponding semi-direct product LG x Rot is therefore a Frechet Lie group, which however fails to 
be analytic, since for a fixed 7 G LG, ^ — > 751 is analytic iff 7 is an analytic loop in G. Identifying the 
Lie algebra of Rot and iR with generator id so that Rg = exp{i6d), the Lie algebra of LG x: Rot 
is Lq XI iR and the following relations hold for 7 e LG and X G Lg 
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Ad{R0)X = Xe 



Ad{R0)X = -X 



(1.1.1) 



(1.1.2) 
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and 



jRe^ ^=id — j{-y i)=i(i + 77 ^ (1.1.3) 

0=0 



where we have used = (77"^) = 77 ^ + 7(7"^)- 

We shall be concerned with projective representations of LG xi Rot 5^ and will therefore need to 
consider continuous Lie algebra cocycles on Lg xi iM., i.e. skew-symmetric, iM-valued maps /3 satisfying 
the Jacobi identity 

f3{[X, Y], Z) + I3{[Z, X],Y)+ f3{[Y, Z],X)=0 (1.1.4) 
Up to the addition of coboundaries (3{X, Y) = da{X, Y) = a{[X, Y]), these vanish on the Lie algebra 
of Rot and their restriction to Lq is a multiple of the fundamental cocycle [PS, 4.2.4] 

iB{X,Y) = z {X,Y)^ (1.1.5) 

where (•, •) is the basic inner product on g^,, i.e. the unique multiple of the Killing form for which the 
highest root 9 has squared length 2. 

Lq contains a distinguished dense sub-algebra consisting of all fl-valued trigonometric polyno- 

mials. Its complexification L^'^q^. is spanned by the elements x{n) = x ® e™^, x n € 1^ with 

bracket [x(n), j/(m)] = [x,y\{n + m). The restriction of the cocycle (1.1.5) to L^'^q^. reads 

iB{x{n),y{m)) = ndn+m,o{x,y) (1.1.6) 

The action of Rot 5^ leaves L^°^q^ invariant and satisfies [d, a;(n)] = —nx{n). The central extension 
of with central term c and cocycle given by (1.1.6) is usually denoted by g^. The semi- 

direct product fl^ X is the afHne, untwisted Kac-Moody algebra corresponding to g^ [Kal]^. 
^""'flc possesses two decompositions we shall make use of. The first is the triangular decomposition 
determined by a maximal torus T c G 

^^'""flc = £l< ® tc ® £l> (1-1-7) 

where tc is the complexified Lie algebra of T and g< (resp. g>) is the nilpotent Lie algebra spanned 
by the x{n) with n < (resp. n > 0) and x G g^. or n = and x lying in a negative (resp. positive) 
root space of g^. The second decomposition is given by 

where g± are spanned by the x{n), x G g^., 

1.2. Positive energy representations of LG. 

We outline below the classification of positive energy representations of LG following [Wa2] to which 
we refer for further details. The basic properties of projective representations and central extensions 
relevant to the present discussion may be found in §1.3. Let tt be a projective unitary representation 
of LG XI Rot on a complex Hilbert space H, i.e. a strongly continuous homomorphism 

TT : LG X Rot — > PU{H) = U{H)/T (1.2.1) 

Over Rot , tt possesses a continuous lift to a unitary representation which we denote by the 
same symbol. By definition, Ti. is of positive energy if Ti. = ©„>„g 'W(^) with dim?i(n) < 00 
and 7r(i?e)|^(„^ = e'"^. The lift is clearly only determined up to multiplication by a character of 
Rot 5*^ and we normalise it by choosing uq = and H{0) ^ 0. Since G is simple, connected and 
simply-connected, the restriction of tt to G lifts uniquely to a strongly continuous unitary represen- 
tation which we also denote by tt. It commutes with the unitary action of Rot since, projectively 
'K{g)-K{R0)'K{g)*'K{Re)* = 1. Thus, lifting each representation, the following holds in ?7(W) 

n{g)T,{Re)TT{gyT,{Rey = X{g, 6) (1.2.2) 



^The d above is the opposite of that used in the theory of aiBne Ka<;-Moody algebras. 
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where X{g,9) G T is continuous and multiplicative in either variable and therefore defines a continuous 
homomorphism G Hom(Rot S*^, T) = Z. Since G is connected, X = 1 as claimed and it follows in 
particular that each Ti.{n) is a finite-dimensional G-module. 

The spectral assumption on the action of Rot implies that a positive energy representation is 
completely reducible. Since it is projective however, some care is needed in defining the direct sum of its 
irreducible components. Indeed, as explained in §1.3, the direct sum of two projective representations 
(TTj, Wj), i = 1, 2 of a topological group F may be defined only if the corresponding central extensions 

7T*U{n,) = {{g,u) e r X U{ni)\7ri{g)=pi{u)} (1.2.3) 

obtained by pulling back to F the canonical central extensions 

1 ^ T ^ u{n^) ^ pu{n,) (1.2.4) 

are isomorphic. When that is the case, the definition of tti © 7r2 depends upon the choice of an identi- 
fication 7r5;?7(7Yi) = 'K2U{TL2) which is unique only up to multiplication by an element of Hom(r,T). 

Since Hom(LG,T) = {1} [PS, prop. 3.4.3] and Hom(LG x RotS'ST) = Z, the direct sum of pro- 
jective representations of LG x Rot is ill-defined and we shall therefore forgetfully regard positive 
energy representations as LG modules. This does not affect the irreducible ones since a positive en- 
ergy representation is irreducible under LG x Rot if, and only if it remains so when restricted to 
LG [PS, prop. 9.2.3] and leads to a canonically, if partially defined notion of direct sum. Thus, we 
regard two positive energy representations (vr/.Tii) as unitarily equivalent if they are so as projective 
LG-modules, i.e. if there exists a unitary U : Hi ^ H2 such that UTTi{'-f)U* = 7r2(7) in PUi^^) for 
all 7 e LG. If both are irreducible, this is easily seen to imply their unitary equivalence as projective 
LG XI Rot S^-modules. 

The classification of a positive energy representation (tt, H) is obtained via the associated infinitesimal 

action of L^°^q in the following way. Consider the subspace 7i''° C 7i oi finite energy vectors for Rot S^, 
that is the algebraic direct sum X)„>o'^('^)- The latter is a core for the normalised self-adjoint 
generator of rotations which we abusively denote by d. Thus 

d\nin)=ri and 7r(expR„,5.(ierf)) = e'^-^ (1.2.5) 

For any X G L^°^g, the one-parameter projective group 'jT{expi^Q{tX)) possesses a continuous lift to 

UCH), unique up to multiplication by a character of R. It is therefore given, via Stone's theorem by 
gtTr(X) -^pj^gj-Q ■n{X) is a skew adjoint operator determined up to an additive constant. 

Theorem 1.2.1. The subspace 7i''" of finite energy vectors is an invariant core for the operators 7r(X), 
X e L^°^Q. The operators 7r(X) may be chosen uniquely so as to satisfy [rf, 7r(X)] = i'K{X) on 
and then X — > 7r(X) gives a projective representation of L^°^q on such that 

[7r(X), ^(y)] = 7r([X, Y]) + i£B(X Y) (1.2.6) 

where iB{X, Y) is given by (1.1.5) and (. is a non-negative integer called the level of the representation. 

When no confusion arises, we denote the restriction of the operators 7r(X), X E L'^^'g to W'" by the 
same symbol and extend the resulting projective representation tt : L'^°'q End(H"") to one of L'^°^q^ 
satisfying (1.2.6) as well as the formal adjunction property 7r(X)* = —tt{X). 

By theorem 1.2.1, the operators t^{X) and d, give rise to a unitarisable representation of the Kac-Moody 
algebra flj. at level £ such that d is diagonal with finite dimensional eigenspaces and spectrum in N. 
Such representations split into a direct sum of irreducibles, each of which is necessarily an integrable 
highest weight representation, that is a module generated over the enveloping algebra iX(5<) by a 
vector V annihilated by fl> and diagonalising the action of T x Rot S^. Thus, for any h G ic 

dv = nv (1-2-7) 
Tr{h)v = X{h)v (1.2.8) 
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for some n e N and dominant integral weight A of G satisfying (A,^) < I where Q is the highest 

root. The pair {(..\) classifies the representation as an L^°^^ module uniquely [Kal]. The highest 
weight representation is also generated over the enveloping algebra ) by its lowest energy subspace, 
i.e. the rf-eigenspace with lowest eigenvalue which in fact coincides with the irreducible G-module 
with highest weight A generated by v. We shall interchangeably adopt either point of view. When 
the level is understood, we refer to A as the highest weight of the representation. The collection of 
dominant integral weights of G satisfying (A, ^) < £ is a finite set called the level i alcove and is 
denoted by Ae. 

Propositions 1.2.2 and 1.2.3 below imply that the classification of positive energy representations of 
LG is equivalent to that of their finite energy subspaces as i''°'fl-modules. 

Proposition 1.2.2. Let (7r,7i) be a positive energy representation of LG with finite energy subspace 
///C C H*^'" is invariant under L^°^g x: Cd, then IC is invariant under LG » Rot S^. Ln particular, 
H is topologically irreducible under LG x Rot if, and only if W° is algebraically irreducible for 

Proof. By continuity of tt, it is sufficient to prove the invariance of IC under the dense subgroup 
generated by exp^Q(Lp°'g). Let X G L^°^q and tt{X) the corresponding skew-adjoint operator on 
H with domain T>{Tr{X)) and invariant core C 2?(7r(X)). It is sufficient to prove that P'7t{X) C 
'k{X)P where P is the orthogonal projection on IC for then, by the spectral theorem. P commutes with 
bounded functions of 7r(X) and in particular with e*^^-^^ = 7r{expi^Q{tX)). Notice that IC is invariant 
under d and is therefore a graded subspace of W^'" so that it coincides with the finite energy subspace 
of IC. Since P commutes with Rot S^, it follows that its restriction to Ti*^'" is the orthogonal projection 
onto /C and therefore Tr{X)Pr] = Ptt{X)i] for any 77 e W". Let now £, G 2?(7r(X)) and ^„ G W° a 
sequence such that ^ £, and 7r(X)^„ 7r{X)S,. Then ?7„ = G W"" C 'D{tt{X)) converges to 
and n{X)rin = P7r(X)^„ — !■ Ptt{X)^ whence P7r{X) C 7r(X)P as claimed. To conclude, notice that 
IC = H iS /C"" = W" and therefore topological irreducibility of H implies algebraic irreducibility of 
The converse holds by complete reducibility of positive energy representations and functoriality 

O 

Proposition 1.2.3. Tw;o positive energy representations Hi and H2 are unitarily equivalent as LG- 
modules if, and only if their finite energy subspaces are isomorphic as L^°^q- m,od,ules. 

Evidently, the unitarily equivalence of Hi,H2 as LG-modules implies that of Hi",Tl2" as L^°^q- 
modules. By complete reducibility, we need only prove the converse when the Hi and therefore the 
Hf" are irreducible. Let U : Hi° H2° be an isomorphism of Lp°'0-modules. Up to multiplication 
by a scalar, U is an isometry since highest weight representations admit a unique iP'^g-invariant 
inner product. Thus U extends to a unitary Hi H2 such that U'Ki{X)U* = Tr2{X) on H2° for any 
X G L^°^Q. Since Hf" is a core for TTi{X), it follows that U-k\{X)U* = 'K2{X) holds as an operator 
identity and therefore that U intertwines with the one parameter groups expj^Q{tX), X G L^°^q. Since 
these generate a dense subgroup in LG, U is an LG intertwiner O 

Corollary 1.2.4. An irreducible, positive energy representation of LG is uniquely determined by its 
level G N and its lowest energy subspace, an irreducible G-module whose highest weight A satisfies 
(A, 6*) < £. 

Definition. An irreducible G-module V whose highest weight A satisfies (A, 0) < i will be called 
admissible at level I. The corresponding positive energy representation will be denoted by Hv or H\. 

Remark. We will show in chapter II (proposition 2.4.3) that the central extensions of LG corre- 
sponding to positive energy representations of levels i\,l2 are isomorphic if, and only if l\ = ^2- 
In particular, the direct sum of two positive energy representations of equal level is unambiguously 
defined. 
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Corollary 1.2.4 settles the uniqueness of irreducible positive energy representations of LG correspond- 
ing to a given level I and irreducible G-module V . The corresponding existence problem may be 
solved by one of the following methods 

(i) It is easy to construct the corresponding highest weight representation V of using Verma 
modules and to prove that V is unitarisable [Kal] . Some simple estimates of Goodman and 
Wallach [GoWa] then show that the action of extends to one of the Lie algebra Lq^ on 
a suitable Frechet completion of V. This action may then be exponentiated to a projective 
unitary representation of LG on the Hilbert space completion of V. This is carried out for 
the dense subgroup of analytic loops ^ G in [GoWa] and, by different methods for the 
full loop group LG in [TLl]. 

(ii) One may alternatively consider the space of holomorphic section of a suitable vector bundle 
with fibre V over the flag manifold LG/G. This space possesses an LG-invariant inner 
product and its Hilbert space completion is Hv [PS, chap. 11]. 

The positive energy representations of the loop groups relevant to this thesis, namely those corre- 
sponding to G = Spin2„, n > 3 possess an alternative Fermionic construction which will be given in 
chapter III. 

1.3. Appendix : projective representations and central extensions. 

We give the definitions and elementary properties of central extensions and projective representations 
and discuss in particular the problems associated with defining the direct sum of the latter. All groups 
below are assumed to be topological and the associated homomorphisms continuous. 

Definition. Let F, A be groups with A abelian. A central extension of F by A is a short exact 
sequence 

1-^A^f^F^l (1.3.1) 

with i{A) < Z{r). A homomorphism of central extensions is a map (p : Ti ^ T2 making the following 
a commutative diagram ~ 

^ ' F ^ 1 (1.3.2) 

r2 

Given two central extensions Fi, F2 we may form their product F = Fi ;»rF2 as the quotient of 

{(91,92) e Fi X r2bi(5i) =^2(52)} (1.3.3) 

by the image of the diagonal embedding ^ ^ Fi x 0, ^ (?'i(a). i2{a~^))- The associated maps are 
given by ^(51,52) = PiQi) ~ ^2(52) and i{a) = (ii(a), 1) = (1,12(0)). The set of isomorphism classes 
of central extensions of F by yl endowed with this product operation is easily seen to be an abelian 
group, usually denoted by -ff^(F, A) with the trivial central extension F x ^ as identity element. The 

inverse F of the central extension (1.3.1) is given by F = F, p = p, t[a) = i{a~^). 

Let H be a complex Hilbert space. We endow the unitary group U{'H) with the strong operator topol- 
ogy and the projective unitary group PU{'H) = U{Ti.)/T with the corresponding quotient topology. 

Definition. A projective unitary representation of F on ?i is a continuous homomorphism tt : F — > 
PU{H). Two such representations (Hi,7r,), i = 1,2 are unitarily equivalent if there exists a unitary 
F : Wi — > W2 such that for any g GT, 

VMg)V* = 772(5) in PC/(W2) (1.3.4) 

A projective unitary representation is irreducible if it leaves no proper, non-trivial subspace of H 
invariant or equivalently if T e B{'H) commutes with tt iff T is a scalar. 



Remark. 
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(i) Two inequivalent unitary representations of a group T may become equivalent when regarded 

as projective representations. For example, all characters of T = U{1) are projcctively 
equivalent. However, this is the case iff the original representations differ by a character of 

r. 

(ii) The irreducibility of projective representations is a well-defined concept since the map 
U{n) X B{n) B{H), {V,T) VTV* descends to PU{n) x B{H) and it therefore makes 
sense for an operator, and in particular a projection to commute with 7r(fif) G PU{H) for 
any g gT. 



By keeping track of the phases of the operators n{g), a projective unitary representation {H, n) may 
be viewed as a unitary representation of the group 

7r*f/(W) = {{g, y) e r X U{n)\ nig) = [V]} (1.3.5) 

where [V] is the equivalence class of V in PUCH), by defining TT{g,V) = V. tt*U{H) is in fact the 
central extension of F by T obtained by pulling back the canonical central extension 

i^T ^u{n) ^ pu{n) ^ I (1.3.6) 

The isomorphism class of tt* U (Ti.) depends on the particular representation and it is easy to see that 
(HijTTi) and (H2,7r2) are unitarily equivalent iff the corresponding central extensions are isomorphic 
and the Hilbert spaces are unitarily equivalent as representations of either of the extensions. 

The homomorphism [/(Hi) x [/(■H2) ^ U{Hi(^H2), {Vi,V2) — > V10V2 descends to the corresponding 
projective quotients, and we may therefore define the tensor product tti tt2 of two projective unitary 
representations tti, tt2- The map ((9, Vi), (g, V2)) {g, Vi V2) then yields an isomorphism 

7ri*[/(Hi)*7r*[/(H2) = (tti (8)7r2)*[/(Hi (8)^2) (1.3.7) 

Similarly, the map U{H) U{H), V IV where H is H endowed with the opposite com- 
plex structure and I : Ti ^ Ti is the canonical anti-linear identification, descends to the projective 
quotients. We may therefore define the conjugate 7f of a projective representation tt and the map 
(g,y) {g,IVI^^) gives an isomorphism 



-K*U{Ti) = Tf*U{Ti) (1.3.8) 

On the other hand, the map 

U{Tii) X [/(H2) ^ [/(Hi ® H2), (Vi, V2) ^ {^^ (1.3.9) 

does not descend to the projective quotients and it is therefore impossible in general to define the 
direct sum of projective unitary representations. In fact, if {Tii,TTi) are two projective representations 
of F possessing a direct sum, i.e. a projective representation tt on Tii ® H2 leaving the summands 
invariant and restricting on each Tii to tt^, then nlU{Tii) = Ti2U{Ti2). The isomorphism is explicitly 
given by {g, Vi) {g, V2) where V2 € [/('H2) is uniquely determined by 



[V2] = ■K2{g) and 



V2 



= n{g) (1.3.10) 



When 'K\U{Tii) — '^2^{Ti2), 0, direct sum may be defined as the projectivisation of the direct sum 
representation tti ® tt2 of iT'lUiJ-ii) = Tr2U{Ti2)- However, the definition depends upon the isomor- 
phism nlU{Tii) = n2U{Ti2) the choice of which is unique only up to a character x G Hom(F,T) and 
is therefore canonical only when the latter group is trivial. The following examples should illustrate 
our discussion 



(i) The trivial and spin i representations Vq, Vi of SU2 may be regarded as projective represen- 
tations of SO3 = SU2 /{±1}. However, their direct sum does not factor through SO3 since 
7ro(-l) = 1, 7ri(-l) = -1. The difficulty is that n^U{Vi) ^ SO3 xT ^ SU2 xT/(-l,-l) ^ 
TrtU{V2). 
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(ii) The projectivisations of z ^ ^ give, for varying n £ Z inequivalent projective 

representations of T which are a direct sum of two copies of the unique irreducible projective 
representation of T. 

2. Level 1 representations of LG 

We consider in this section the lowest energy subspaces of the level 1 positive energy representations 
of LG. When G = Spin2„ or is more generally simply-laced, i.e. all roots have equal length, these are 
exactly the minimal G-modules. Their simple weight structure and tensor product rules are described 
in §2.2. They are used in §2.3 to prove that any level £ representation of L Spiuj^ occurs as a summand 
in an £-fold tensor product Hi^ (S) • • • Hif of level 1 representations. 

2.1. Lattices and Lie groups. 

We begin by gathering some elementary properties of the lattices canonically associated to G. The 
present discussion follows [GOl]. Let T C G be a maximal torus with Lie algebra t C g. By the roots 
of G we shall always mean its infinitesimal roots, namely the set R of linear forms a G it* = Hom(t, zM) 
such that the subspace 

0a = {a; e 0el = a(h)x \fh e tc} (2.1.1) 
is non-zero. Let A = {ai, . . . , a„} be a basis of R and the corresponding highest root. The basic 
inner product (•, •) is positive definite on ii and gives an identification it* = ii of which we shall make 
implicit use. The coroots of G are the elements of ii given by = j^^- They form the dual root 
system R^ . 

The root and coroot lattices c ii* , c it are the lattices spanned by R and i?^ respectively. 
They have Z-basis given by A and A^ = {a(, . . . ,a^}. Since ^ is a long root and there are at most 
two root lengths in R with the ratio of the squared length of a long root by that of a short root equal 
to 2 or 3, rewriting — a we see that Ap C Ao. Notice that (a^, a^) = , ^ . = 2 i^'^l so that 

' ^ {a, a) H ^ \ : / (a, a) (cK,a) 

A^ is an even, and therefore integral lattice. The weight and coweight lattices Aw C it*, A^ C it are 
the lattices dual to A^ and An respectively. They have Z-basis given by the fundamental (co)weights 
Xi, which are defined by 

(A„oJ> = (Ar,Oj>=% (2.1.2) 
Clearly, A^ C Aw Moreover, by the integrality properties of root systems, (a, /3^) G Z for any root 
a and coroot so that Aji c Aw and, dually, A^ c A^. Graphically, 
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Let Z{G) be the centre of G and Z{G) = Hom(Z(G),T) its Pontriagin dual. Then, 
Lemma 2.1.1. 

(i) The map e{h) = exp'jn(— 27rz/i) induces an isomorphism A'wl = Z{G). 

(ii) The pairing iJ,{expr^{h)) = e^'*'''^ induces an isomorphism Aw /An = Z{G). 

Proof, (i) Since G is connected, T is maximal abelian and therefore Z{G) C T. It follows that 

Z{G) ^ e~-'^(Z(G))/Kere where the integral lattice Kere = Hom(T,T) is equal to A)^ since G is 
simply-connected [Ad, thm. 5.47]. To show that e{h) e Z{G) iff /i e A^, we use Z{G) = Ker(AdG) 
and the fact that if ^ Xq, S Qa, then Ad{e{h))xa = exp(— 27ri aA{h))xa = e~'^'"^°'^'^^ Xa is equal to x^ 
iff a{h) G Z. 

(ii) The map Aw / Ar A^/A)^, /i p-^-^iif^,-) readily seen to be an isomorphism and coincides 
with the given pairing under the identification Z{G) = Aj^/A^ O 
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Remark. When G is simply-laced, i.e. with roots of equal length, the basic inner product identifies 
roots and coroots and the vertical inclusions in (2.1.3) are equalities. Moreover, lemma 2.1.1 yields a 

a canonical isomorphism Z{G) = Z{G). 

The Weyl group of G is the finite group generated in End(zt*) by the orthogonal reflections <Ja 
corresponding to the roots a & R. Since 

aaifJ') = M — 2 a = n — ifjb, a^)a = n — {n, a)a^ (2-1-4) 
{a, a) 

the action of W preserves A^-cosets in A^ and A^-cosets in Ayy. Call fj, G A^ (resp. fj, G Ay^r) 
m,inim,al if it is of minimal length in its A^ (resp. A/j)-coset. The following gives a characterisation 

of minimal (co) weights. 

Proposition 2.1.2. There is, in each Aj^/A^-cosei (resp. Aw / Aa-coset) a unique W-orhit of 
elements of minimal length. These may equivalently be characterised as those A such that 

(A, a) e {0, ±1} (resp. (A, a^) e {0, ±1} ) (2.1.5) 

for any root a (resp. coroot ). 

Proof. It is sufficient to consider the case of A^/A^ since Ab.Aw arc the coroot and coweight 
lattices of the dual root system . Let fi € A^ be of minimal length in its A^ cosct. Then, for any 
root P and corresponding coroot = j^^^, we have \\n ± > ||/u||^ and, expanding < 1. 

Assume that A e A^ satisfies (2.1.5) and u = X mod A^ is of minimal length in its coset. We claim 
that wX = V for an appropriate w G W . To sec this, write v = X + ff^ + ■ ■ ■ + 0^ where the are 
(possibly repeated) coroots. Clearly, one cannot have {X, /3i) > for all i otherwise 

(^,^) = (A, A) + (^/3/,^/3n +2(A,5]/3n > (A, A) (2.1.6) 

in contradiction with the minimality of v. Thus, by (2.1.5) there exists an i € {1, . . . ,r} such that 
{X,(3i) = — 1 and therefore Ai := a/}^X = X + (3^ . Moreover, Ai satisfies (2.1.5) since W permutes 
the roots and preserves (•,•). We may therefore iterate the above step to find a permutation r of 
{1, . . . , r} such that 

Ai := A + + • • • + /3;^(,) = a^^,., • • • a^^<„ A (2.1.7) 
In particular, Xr = v and therefore u e WX whence ||A|| = O 

Recall that a weight /x S Aw is dominant if it lies in the cone 

A+ = {^^ G Aw\ {ly, > Va^ e A^} = A,N (2.1.8) 

Since A^'^, is a fundamental domain for the action of W on A^^, lemma 2.1.1 and proposition 2.1.2 

establish a bijective correspondence between elements in Z{G) and minimal dominant weights. Dually, 
the elements of Z{G) correspond to the minimal dominant coweighs, i.e. those fi € A^ of minimal 
length in their A^-coset lying in A^ • N. 

2.2. Minimal G-modules. 

An irreducible G-module is minimal if its highest weight /i is a minimal (dominant) weight. The 

following is proved in [GOl] 

PROPOSITION 2.2.1. Let V be an irreducible G-module. Then V is minimal if, and only if its weights 
lie in a single orbit of the Weyl group and therefore have multiplicity one. 

Proof. We use the fact that the set of weights Il{V) of V is the union of the l^-orbits of its highest 

weight A and any other dominant weight fi differing from A by a sum of negative roots [Hu, §21.3]. If 
A is of minimal length in its A/j-coset and tt ^ is a sum of positive roots such that A — tt is dominant, 
then (A — TT, tt) > and in particular (A, tt) > 0. Thus 

l|A - = - (A - TT, tt) - (tt. A) < ||A||^ (2.2.1) 
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a contradiction. Conversely, assume that HiV) = W\ and let jj, G X + A^ be dominant and of minimal 
length. We claim that ii = \. To sec this, write M~" = ki'^i = where the a,; arc simple roots, 
TT = '}2fvk->Q^i^'i' '•'■'^'^ ^ ~ Si-fc <o "^i"-**- N^oticc that (tt, i^) < sincc distinct simple roots form an 
obtuse angle. It follows that 

W^if = ||A-j.||2+2(A-z.,7r) + ||7r||2 > \\\-i,f + \\^f (2.2.2) 
whence tt = by minimality of /x. Thus, ji = \ — v and therefore v = Q since n is dominant and 

n(F) = w\o 

The following is an instance of the Braucr- Wcyl rules for computing tensor products [Hu, ex. 9, §24.4] 

Proposition 2.2.2. Let V^, Va be the irreducible G-modules with highest weights /z, A. If X is minimal, 
then 

V^(3Vx = ^ V^+, (2.2.3) 
where u ranges over those weights of V\ such that ^ + v is dominant. 

Proof. Let p ~ '^J2a>o'^ ^^^^ ^''^^^ positive roots so that {p,a^) = 1 for any simple 

coroot a( . By the Weyl character formula, the character of is 



X, = (2.2.4) 



where A{(3) = E«,ew'(-l)"'e"''^ with e''(exp-r(/i)) = e'^^'') and 5 = na>o(e^ - e"^). On the other 
hand, by proposition 2.2.1 

XA = i^Ve(wA) where Nx = \{w &W\wX = X}\ (2.2.5) 

wew 

It follows that 

^/'^A = E (-l)^'^K(M + P)) E ^(-'-^) = ^ii^ + ^^ + P) (2.2.6) 

If /U + wX is not dominant then, for some simple coroot a/ , 

> + wX, at) = (/i, at) + {wX, at) (2.2.7) 

so that {p,at) = and {wX,at) = — 1 since p is dominant and wX minimal and therefore satisfies 
(2.1.5). Thus, (iJ, + wX + p, at) = and if ai gW is the simple reflection corresponding to at , then 

A{fi + wX + p) = -A{ai{fi + wX + p)) = -A{ii + wA + p) = (2.2.8) 

whence, denoting the set of weight of Vx by n(Vx) 

XjjXx = — ^ X^+ujA = ^ X^+!^ (2.2.9) 

o 

Corollary 2.2.3. Let Vi, Vk, Vj be irreducible G-modules one of which is minimal. Then, HomG(Vi(g) 
Vk,Vj) is at m,ost one dimensional. 

Proof. This follows from proposition 2.2.2 if Vi or Vk are minimal. If Vj is minimal, so is V* by 
proposition 2.2.1 and therefore HomG(Vi ® Vk, Vj) = HomG(yj (g) V* ,V^) is at most one-dimensional 
O 
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2.3. Level 1 representations of iSpin2„. 

Consider now G = Sping^, n > 3. Let H be an irreducible, level 1 positive energy representation of 

LG. Its lowest energy subspaee 7i(0) is an irreducible Spin2„-modulc whose highest weight A satisfies 
(A, 6) < 1. Denote by ^j, i = 1 . . . n an orthonormal basis of M" and identify the simple roots of Spinj^ 
with the vectors ai = 6i — Oi+i, i = 1 . . .n — 1 and a„ = 6n-i + 6n- The corresponding highest root 
is = 01 + 6*2 and, by inspection ^, A is one of {0, Ai, A„_i, A„} where Aj is the fundamental weight 
corresponding to so that 

\^=v = ei A„_i = s+ = i(0i + --- + ^^„_i-f?„) A„ = s_ = i(ei + --- + 0„) (2.3.1) 

The corresponding irreducible representations are the trivial, vector and spin representations. Notice 
that the above weights are minimal. Indeed, since Spinj^ is simply-laced, = ^ is the highest coroot 
and therefore, for any coroot 

(A,a^) = (A,6i) - (A,6l-a^) < 1 (2.3.2) 

since — is a sum of positive coroots. By proposition 2.1.2, A is a minimal dominant weight. 
Since the Weyl group acts by permutation and even numbers of sign changes of the 9i, it follows by 
proposition 2.2.1 that the weights of the corresponding irreducible representations are 

n(Fo) = {0} (2.3.3) 
n(K) = {±ei} (2.3.4) 

n(14_,.) = 5Z ^ i^-'-} ^'^^ ~ ~^ ^'^^ number of i] (2.3.5) 

n(Ki_ ) = { 2 5Z ^'^'1 ^* ^ {^1} ^'^'i £4 = ^1 for an even number of i] (2.3.6) 
and that their tensor product rules are governed by proposition 2.2.2. 

Lemma 2.3.1. An irreducible Spin2„ -morfiite V is admissible at level I if, and only if it arises as a 
summand of an i-fold tensor product (g) • • • V^^ whose factors are admissible at level 1. 

Proof. Let A be the highest weight of V and denote by the irreducible G module with highest 
weight 11. If V is contained in Vx-^ ® ■ ■ ■ ® Vx^ where {Xi,0) < 1, then A = J^i K ~ ^ where tt is a 
sum of positive roots and therefore (A, 0) < I. Conversely, assume that (A, 6) < i. If the inequality 
is strict, then by induction, V C Vx-^ (E) ■ ■ ■ <E) Vx,_i ® C with {Xi,9) < 1. Suppose therefore that 
{X,0) = £ > 2 and write A = J2i^i^i- = 0, then /z = A — 0i is dominant and satisfies 

{^',0) < £ — 1. Moreover, V cVfj,®V$^. If, on the other hand, A2 > and the coordinates of A are of 
the form Ai = A2 = • • • = A^ > \,n+i > • • • > A„ then fi — X ~ ^{di + • • • + O,,, — 0„i^i — • • ■ — (9„) is 
dominant and satisfies (/U, 0) < £ — 1. Since ■^{Oi + ■ ■ ■ + Om — Om+i — ■■ ■ — On) is a weight of one of 
the two spin representations, call it V^, proposition 2.2.2 yields ^ C (S) V^. The result now follows 
by induction O 

Lemma 2.3.2. Let (7r,W) he a positive energy representation of LG and V C 7i(0) an irreducible 
G-module. Then, the closure of the span of it{LG)V is unitarily equivalent to Hv- 

Proof. Let /C C W"" be the subspaee generated by V under the action of L^°^gf.. Its lowest energy 
subspaee is V since any element in the enveloping algebra of niay be written as a sum of mono- 

mials of the form X~X°X~^ where the are a product of x{n), with n^O and X° e ilfl, and V is 
annihilated by X+ and left invariant by X°. It follows that /C is an irreducible L'^°^g x Crf-module. 
Indeed, any submodule V C /C is necessarily graded and the corresponding orthogonal projection P 
commutes with RotS^. It therefore maps V = JC{0) into V and since P commutes with q we have 
= or V. Thus, V = PHL^^'g^V = HL'^'^'q^PV is or K. By proposition 1.2.2, IC is invariant and 
irreducible under LG since; its finite energy subspaee is K. and it follows that it is unitarily equivalent 
to Hv- Since /C contains the closure of the span of Tr{LG)V it coincides with it O 

The following useful result is due to Pressley and Segal [PS, prop. 9.3.9] 
■^see also the tables in §3.3 or [Bou]. 
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Proposition 2.3.3. Any irreducible, level I positive energy representation H ofL Spinj^ is a summand 
in an i-fold tensor product Hi^ (S) • • • (S) of level 1 representations. 

Proof. By lemma 2.3.1, the lowest energy subspace 7i(0) of H, is contained in some tensor product 
Vi^® ■ ■ ■ ®Vi^ of minimal representations of Spin2„. Let Tij^ be the irreducible level 1 representations 
whose lowest energy subspace are the Vi^. The lowest energy subspace of the level I representa- 
tion Tii^ (g) • • ■ 55 Jiif contains 7i(0) and therefore, by lemma 2.3.2, the closure of the linear span of 
L Spin2„ H(0) inside TLi^ ® ■ ■ ■ ® Tiif is isomorphic to H O 

Remark. Lemma 2.3.1 holds for any simply connected classical Lie group G. This may be established 
for G = Spin2„_|_i by an almost identical proof to that of lemma 2.3.1 and for SU„ and Sp„ by simply 
noticing that all fundamental weights satisfy (A,^) < 1. Thus, proposition 2.3.3 holds for the loop 
groups of all classical Lie groups. Notice that lemma 2.3.1 docs not hold for G = Eg since the only 
irreducible module admissible at level 1 is the trivial representation. 

3. Discontinuous loops and outer automorphisms of LG 

We consider in this section the automorphic action on LG of the group of discontinuous loops 

LzG = {/ G C°°(R, G)| fix + 2T,)f{x)-^ € Z{G)} (3.1) 

We show in §3.2 that the category Ve of positive energy representations of LG at level i is closed 
under conjugation by LzG. The corresponding abstract action of Z{G) = LzG/LG on the level i 
alcove of G which parametrises the irreducibles in coincides with the geometric one obtained by 
realising Z{G) as a distinguished subgroup of the automorphisms of the extended Dynkin diagram of 
G. We begin by studying the latter. An explicit description of this action according to the Lie type 
of G may be found in §3.3. 

3.1. Geometric action of Z{G) on the level £ alcove. 

This subsection is essentially an expanded version of [Bou, ch. VI, §2.3]. The notation follows that 
of the section 2. 

Lemma 3.1.1. There is a bijective correspondence between elements of Z{G)\{1} and fundamental 
coweights corresponding to special roots, i.e. the ai G A bearing the coefficient 1 in the expansion 

e = ^miai (3.1.1) 

Proof. By proposition 2.1.2, /x G (A^)+ is minimal iff (/U, 0) < 1. Indeed, for any positive root a, 
we get < (/Lt, a) < (/x, 6) — {11,6 — a) < (/z, 6). Since (/U, ^) = implies /x = 0, the non-zero minimal 
dominant coweights are those ji G (A^)+ such that (/i, 6') = 1. Writing ^ = J^i^i^i' > and 
using (3.1.1), we find (/i, 0) = ^kirrii. Since 9 — ai is a sum of positive roots, mi > 1 for any i and 
result follows O 

Denote —6 by ao, then 

Lemma 3.1.2. For any special root a^, the set Aj = A\{aj} U {ao} is a basis of R with highest root 
—ai and dual basis 

Ao^' = -A/ (3.1.2) 
Ay' = Ay-(e,Ay)A,^ (3.1.3) 

Proof. Let a; e tc, then 

X = J2{x, = {x, A^)^ + J2i{x, A/) - {x, X^){e, X'^))aj (3.1.4) 

so that Ai is a vector space basis of tc with dual basis given by (3.1.2)-(3.1.3). If < (3 £ R then 
either (/3, A^) = in which case (/3, Aq ') and (/3, Aj') are all non-negative or A^) = 1 since is a 
minimal dominant coweight. In the latter case (/3,A^') = -1 and (/3,Ay') = (/? - 6i, Aj) < 0. Thus, 
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Ai is a basis of R. Next, for any P € R, (2.1.5) yields (-a, - P,Xo') = 1 + {P,>h) > since AV is 
minimal. Moreover, for j i 

{-ai - (3, Xf) = {6, \)) - (/?, X)) + {e, Ay)(/3, A/) = {6-0, Aj) + {6, X)){0, X^) (3.1.5) 

The above is clearly non-ncgativc if {I3,X() > 0. If, on the other hand (/?;A^) = —1 so that f3 < 
then (3.1.5) is equal to — AJ) > and —ai is the highest root relative to Aj O 

Proposition 3.1.3. Let A = A U {ao}- Then, for any special root ai, there exists a unique 

WiGWo = {wG W\ wA = A} (3.1.6) 

such that wao = ai. The resulting map i : Z{G) Wq obtained by identifying Z{G) \ {1} with the 
set of special roots is an isomorphism. 

Proof. The existence of Wi follows from the previous lemma since W acts transitively on the set 
of basis of R and maps highest roots to highest roots. Wi is unique because an element w & Wq is 
determined by wao. Indeed, if w-iao = aj = W2ao, then w^^wi is a permutation of A and is therefore 
the identity since W acts simply on basis, i is injcctivc because WiaQ = ai. Let now w G Wq. We 
claim that = wao is a special root. It then follows by uniqueness that w = Wi and therefore that 
1 is surjective. To see this, we apply w to (3.1.1) and get —ai = rujwaj while at the same time 
—ai = m~^{ao + 'J2j^i''^j'^j)- Comparing the coefficients of ao we get nii = 1. To prove that i is 
a homomorphism, let ai and aj be special roots. Then either WiWj = 1 or WiWj = Wk where au is 
another special root. In the former case, Wiaj = ao and therefore, by (3.1.2) 

w,X) = A^' = ^A^ (3.1.7) 

so that Xj = — A/ mod since W leaves A^/A^ cosets invariant. In the latter, wiaj = ak and 
therefore, using (3.1.3) 

WiX) = Xl' = Xl- {6, Xl)X^ = Xl- A/ (3.1.8) 
whence A/ + X) = X^ mod A^ O 

The following is well-known and often rediscovered [OT] 

Corollary 3.1.4. Z[G) is canonically isomorphic to the group of automorphisms of the extended 
Dynkin diagram of G induced by Weyl group elements. 

Proposition 3.1.5. For any ^ e N, there is a canonical action of Z{G) on the level I alcove At given 
by 

z — > Ai = T{iX"()w, (3.1.9) 

where i is the index of the special root corresponding to z via lemma 3.1.1, r denotes translation and 
Wi = i{z) corresponds to z via proposition 3.1.3. 

Proof. The level ^ alcove is given by 

Ai^{X(^ Kw\{X,a,) > 0, {X,e) < £} (3.1.10) 

If A G .4^ then for j ^ i, {AiX,aj) = {X^w^^aj) > since w^^aj ^ ao. On the other hand, 
(A,A, ftj) = + (A, ao) > 0. Finally, (AjA, d) = I - (A, w~^Q) < ^ so that the Ai leave Ai invariant. 
Next, AiAj = t{£{X)^ + u';X^))wiWj. If WiWj = 1, we get by (3.1.7) and the previous proposition 
AiAj = 1. If on the other hand WiWj = Wk, (3.1.8) yields AiAj = Ak O 

Corollary 3.1.6. IfG is simply-laced, the canonical action of Z{G) on the level 1 alcove 

Ai ^ Z{G) ^ Z{G) (3.1.11) 

coincides with left multiplication. In particular, it is transitive and free. 
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Proof. Let \ & Ai. Since G is simply-laced, = ^ is the highest coroot and therefore, for any 
coroot a^, 

(A, a") = (A, 9) - (A, 6* - a") < (A, 0) < 1 (3.1.12) 
since 9 — is a sum of positive coroots. Thus, by proposition 2.1.2 the points in are the 
minimal dominant weights and therefore are in one-to-one correspondence with elements in Z{G). 

As previously remarked, the basic inner product identifies A^,A^ with Kj^,K\y respectively and 

therefore determines a natural isomorphism Z{G) = Z(G). Let now z G Z{G) \ {1} correspond to the 
fundamental coweight A/. Then, if A € ^i, we have by (3.1.9), 

Ai\ = A^ + Wi\ = A/ + A + {wi\ - A) (3.1.13) 

Since W preserves Ai{-cosets in A^^, ^jA = A^ + A mod Ajj as claimed <> 

3.2. Action of Z{G) on the positive energy representations. 

The group of discontinuous loops LzG defined by (3.1) acts automorphically on LG by conjugation. 
This induces an action on the set of equivalence classes of projective unitary representations of LG 
given by C*^(7) = """(C "^70 fo'' ^^ly C G LzG. Clearly, ((i(^2)*7r = Ci*C2*5t and this action factors 
through Z = LzG/LG since 7*7r(-) = 7r(7)*7r(-)7r(7) whenever 7 e LG. Let {it,H) be irreducible and 
of positive energy and denote by Ue the corresponding action of Rot 5^. For a fixed ( g LzG, any 
intertwining action of Rot for ^«7r, whether of positive energy or not is necessarily given by 

Vs = HC\e)Ue (3.2.1) 

Indeed, (~^(0 G LG and Vg yields a projective action of Rot 5^ satisfying Ve(^Tr{j)Vg = (^w{jg). 
Moreover, if Vg, i = 1,2 arc two intertwining actions of Rot , then We = {^e)*^e commutes projcc- 
tively with the action of LG so that the following holds in U{Ti.) for any 6 : 1^6177(7)1^^77(7)* = x(7) 
where x(7) ^) S T and depends multiplicatively on 7 e LG. Since LG is equal to its commutator 
subgroup [PS, propn. 3.4.1.], x = 1 and it follows by Shur's lemma that We = 1 in PU{'H). Thus, 
^*7r is of positive energy iff Ve is a positive energy representation of Rot S^. 

Proposition 3.2.1. 7/(77,?^) is a positive energy representation of LG and C, G LzG, the conjugated 
representation C*7r is of positive energy. 

Proof. It is sufficient to prove the above for a given set of representatives of LG-cosets in LzG. 
A particularly convenient choice is obtained via lemma 2.1.1 by considering the discontinuous loops 
C/j(^) = expj,(^—i0ij,) where /z G A^ C «l is a coweight. If ^ e A'^, then G LG and the corresponding 
action of Rot 5^ may be rewritten, by (3.2.1) as TT{C^^(^g)Ue = 7r(C^)*?7e7r(C^) which is clearly of 
positive energy. The general case n G Aj^ is settled by the following simple observation. Notice first 
that C^^Cfie ~ C/*(~^) = exp2n(i^/x) since is a homomorphism and write /z as a convex combination 
of elements in the coroot lattice, fi = J2iLi tiCdt U G (0, 1], ti = 1, aj G A^. Recall that on H we 
have a unitary lift ^ of tt over T x Rot S^. Therefore, 

7r(expr(i6i/i))7f (expR„t gi [iOd)) = JJ 7r(expr(i^tjaj))?(expR„t 51 {ietjd)) (3.2.2) 

is a lift of T^{C,~^C,ix0)Ue and the product of m commuting representations of M. which by our previous 
argument are of positive energy. It follows that T^iC^^Cne")^^ positive energy O 

Proposition 3.2.2. Let (tt, W) be a positive energy representation of LG of level i and ( G LzG. 

Then, 

(i) C*^ '■s of level £. 

(ii) If Cfj.i'P) = cxp2-(— i(/)/i) is the discontinuous loop corresponding to /j, G Aj^, the subspaces of 
finite energy vectors of tt and C^^tt coincide. 

(iii) // Ad(C)i''°'fl = L^°^Q and the finite energy subspaces of -k and (^tt coincide, the conjugated 
action of on is given by 

r^TT in 

CMX)=n{C'XO + i£j^ {CC-\X)^ (3.2.3) 
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Proof. It is sufficient to check (i) for the discontinuous loops n G A^. This will be done in the 

course of the proof of (iii). 

(ii) It was remarked in the proof of the previous proposition that the conjugated action of rotations 
(3.2.1) corresponding to C/n is given by 

<C;^\^^0)Ue = 7r(expy(i^M))7r(expR„,si(ierf)) (3.2.4) 

which commutes with the original action of Rot 5^ given by Uq = w{exp^^^. gi{i6d)). Since both are 

of positive energy, their finite energy subspaces coincide. 

(iii) Let h be the level of C*7r and denote by tt and C»7r the projective representations of L''°'g on 
given by theorem 1.2.1 so that 

[n{X), n{Y)] = n{[X, ¥]) + i£B{X, Y) (3.2.5) 
[(MX), (MY)] = CM[X, Y]) + ihB{X, Y) (3.2.6) 

where B{X, Y) = /^^''(X, Y) |f is the fundamental 2-cocycle on Lq. Evidently, Ct:{X) = n{C^XC) + 
iF{X) for some F{X) e M since C*7r(exp^c(X)) = ■K{expj^Q{C,-^XC)) = e'^(f in PU{H). It 
follows that 

[CMX),CMY)] = [jric'xoMC'YO] 

= n{C'[X,Y]C)+zej^ {C'XQX-'YO-+z£ {Q-^ XC,{^-^)Yi: + C'YQ- 
= CM[X,Y])-iF{[X,Y])+i£B{X,Y)+i£ {C'XC,C'[Y,CC'K)^ 

r^TT in 

= C^T:{[X,Y])-idF{X,Y)+i£B{X,Y) + i£ J (CC\[X,Y]} — 

(3.2.7) 

where we used the Ad^j invariance of (•, •) and the fact that (C^^)C + C^^C = (C^^C) = 0. Since hB 
and £B define the same cohomology class iS h = i, we find by equating the above with (3.2.6) that 
the level of C*7r is i. Moreover, (3.2.3) holds since [L^°'q,L^'"q] = Lp°'g O 

Theorem 3.2.3. Let (7r,7Y) be an irreducible positive energy representation of LG of level £ and 
fiighest weigfit A and C G LzG. Then, the conjugated representation C*7r(7) = 'r^{C^^^O on Ti is 
of positive energy, level £ and highest weight (X where the notation refers to the geometric action of 
Z{G) = LzG/LG on the level I alcove defined hy proposition 3.1.5. 

Proof. As customary, it is sufficient to prove the result for a given choice of representatives of LG- 
cosets in LzG. Let z E Z{G)\{1} correspond to the special root aj by lemma 3.1.1 and consider 
the discontinuous loop C, = Ca^'^^i where is the associated fundamental coweight and Wj G G a, 
representative of the Weyl group element corresponding to z by proposition 3.1.3. Since the action 
of G commutes with RotS'-'^ on W, the subspace of finite energy vectors of C*7r coincides with that of 
^AY and, by the previous proposition, with that of tt. We may therefore compare the infinitesimal 
actions of L^°^q^ corresponding to tt and C*7i' on 

If a is a root and Xa & Qa, wc have [X)- ,Xa] = (Aj,a)xQ. Since Cy^{9) = expj.(— iAj0), this gives 

CAV^a(n)CAy(^) =x„®e*^("+<^-">) =x„(n + (Aj,a))(^) (3.2.8) 

Thus, (xa{n)(~^ lies in the root space 0wT'^a,n+{xy ,a) ^^'^ therefore, up to a non-zero multiplicative 
constant 

C.7r(e«(n)) = 7r(e^-i Jn + (Aj, a))) (3.2.9) 

since no additional term arise from (3.2.3) because CC~^ = li^^ ^ which is orthogonal to Qa- 

If, on the other hand h G ic, then (~^h{n)(^ = wj^h{n) and (3.2.3) reads 

C*7r(/i(n)) = TT{wJ^h{n)) + l5n,o{h, X)) (3.2.10) 
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Let n e W"" be the highest weight vector for C,^-k. We claim that, up to a scalar factor, Q = T, 
the highest weight vector for tt. To see this, recall that f2 is the unique element of Ti*'" annihilated 
by the subalgebra spanned by the x{n), x & and n > and the Xa{Q) with a > 0. This in turn 
is generated by the elements corresponding the simple afRne roots, namely eaj(O) and eao(l) where 
ao = S. RecaUing from proposition 3.1.3 that wj^ acts as a permutation of A = {ao, • • • ) and 
maps aj to ao, we get, using (3.2.9) 

CMe.M) = ^ .(e.:(l)) if^=, ^'-'-''^ 
C7r(e„„(l))=7r(e^.i„^(0)) (3.2.12) 

whence Q = T. To find the weight of and therefore the highest weight of (*Tr, we use (3.2.10) and 
the fact that 7r(/i(0))T = (A, h)T whenever h G ic 

C*7r(/i(0))O = {h, WjX + f Ay)Q = {h, CA)0 (3.2.13) 

O 



We now derive a number of simple corollaries of the above results. First, the level of a positive energy 
representation may be detected globally in view of the following 

Corollary 3.2.4. Let (tTjH) be a level £ positive energy representation of LG. Then, for any t gT 
and coroot a G 

7r(Ca)7r(r)7r(Ca)*7r(T)* = a{T)-^ (3.2.14) 
where Ca{(t>) = exprpi^—iacp) and the right hand-side of (3.2.14) refers to the canonical pairing x 
T^T, (Q!,exp-r(/i)) ^ e<«'''>. 

Proof. Since and T commute in LG, the following holds in PUCH) for any h Gi and s gM. 

7r(Ca)e«'^('*)7r(Ca)* = 7r(Ca)7r(expr(s/i))7r(Ca)* = 7r(expr(s/i)) = e«"('') (3.2.15) 

Thus, in U{H), 

7riCa)e'^^''MCar = A(s)e-('') (3.2.16) 
where A : R — > T is a continuous homomorphism and is therefore of the form e**^ for some c G iM.. Let 
now ^ G W". By (ii) of proposition 3.2.2, 7r(Ca)*^ G so that applying both sides of (3.2.16) to ^ 
and differentiating at s = 0, we find 

7r(C«)7r(/i)7r(C«)*e = ^h)^ + (3.2.17) 

The result now follows by comparison with (iii) of proposition 3.2.2. Indeed, G LG and therefore 

C-^7r(X) = 7r(Ca)7r(X)7r(Ca)* for any X G L^"'q. Since (Ca ^)Ca = ia, we find by equating (3.2.17) 
and (3.2.3), that c = -£{a,h) O 

Corollary 3.2.5. // G is simply-laced, the action of Z{G) via conjugation by discontinuous loops 
on the irreducible level 1 positive energy representations of LG is transitive and free. 

Proof. This follows at once from theorem 3.2.3 and corollary 3.1.6 O 

Corollary 3.2.6. If i is odd, the action of each of the two elem,ents o/ Z(Spin2„) corresponding 
to —1 G Z(S02n) on the positive energy representations of level I maps those whose lowest energy 
subspace is a single-valued S02n-nT'0dule to those whose lowest energy subspace is a two-valued S02ti- 
module and viceversa. 

Proof. This follows from proposition 3.2.3 and inspection of the tables in §3.3 as follows. The highest 
weights of irreducible Spinj^ modules are given by sequences /ii > • • • > Hn-i > |A*n| where the jjj 
are either all integral or half integral, the latter being the case iff the corresponding representation 
is a two valued S02n module. The elements of Z(Spin2,J mapping to —1 G S02n, correspond to the 
fundamental (co)weights X^_i and A^ whose associated representations are the spin modules. The 
result now follows from equations (3.3.5)-(3.3.6) O 
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3.3. Appendix : explicit action of Z{G) on the level £ alcove. 

We give the explicit action of Z{G) on Ae for each G. For simply-laced G, the coroot and coweight 
lattices arc identified with the root and weight lattices respectively. We denote by di, i = l...n 
and (•,•) the standard basis and inner product in M", by / the self-dual lattice 0j ^jZ and by 
= {X G I\ |A| = X^jAj e 2Z}. Unless otherwise indicated, the basic inner product is the stan- 
dard one. 

SUn, n > 2 (simply- laced) 

roots : Oi — Oj, i ^ j. 

root lattice : Ar = e I\ J^i^i = ^j- 

simple roots : ai = Oi — ^i+i, i = 1 . . .n — 1. 

highest root : 9 = 9i — 9n = ai + ■ ■ ■ + 

fundamental weights : Xi = 9i -\ + ~ ^ J2j ■ 

weight lattice : generated by the Xi but more conveniently identified with //^Z where £, = ^0j 



centre : A^ = kXi mod and therefore Kw / = Z„ is generated by Ai. 

Weyl group : &n acting by permutation of the 9i. 

Wo : Wk is the cyclic permutation {6i ■ ■ ■ 9n)^ = (qq • • • ctn-i)'' ■ 

level i alcove : A = {A G /| Ai > • • • > A„, Ai - A„ < i}/iJ2j ^j)- 

action of the centre : . . . ,/i„) = + Hn+i-k, • • • , ^ + Mn, /^i, • ■ ■,IJ-n-k)- 

Spin2„+i 

Since Spin3 = SU2, we assume n> 2. 
roots : ±6i ±0j, j and ±9i. 
root lattice : Kr = I. 

simple roots : ai — 9i — 9i+i, i = 1 . . . n — 1 and a„ = 

highest root : 9 = 9i + 92 = ai + 2(a2 H + a„). 

coroots : ±9i ±9j, i ^ j and ±29i. 
coroot lattice : A"^ = /°. 

simple coroots : = 9i — ^i+i, i = 1 . . . n — 1 and = 2^„. 

highest coroot : 9 = 29i = 2{aY -\ h Q!^_i) + a^. 

coweight lattice : = I* = I. 

fundamental coweights : X( = 6\-\ \- 6i, i = 1 . . .n. 

centre : A^/A)j, = Z2 generated by A^ . 

weight lattice : Aw = A^* = / + i(6'i H h 6'„)Z. 

fundamental weights : Aj = ^1 H + 9i, i = 1 . . .n — 1 and Xn = \{6i -\ + On)- 

dual of centre : Aw / ^r. — Z2 generated by A„. 

Weyl group : 6„ k Z2 acting by permutations and sign changes of the 9i. 

Wo ■ wi is the sign change 61 ^ —Oi permuting ao and ai. 

level £ alcove : Ae = {f^ e I + l{9i + . . . + 6'„)Z| > ' ' ' > A*n > 0, Mi + /X2 < 

action of the centre : . . . , jjL„) = {£ — ^i, 112, ■ ■ ■ , l^n)- 

level 1 weights : Ai,A„. 



Since Sp^ = SU2, we assume n > 2. 

roots : -izOi iOj, i j and ±20i. 
root lattice : Ar = J°. 

simple roots : ai = Oi — Oi+i, i = 1 . . .n — 1 and a„ = 20, 
highest root : 9 = 29i = 2{ai + • • • + + «„• 

basic inner product : half the standard one on M" . 
coroots : ±2{0i ± Oj), i ^ j and ±20i. 
coroot lattice : Ap = 27. 



with inner product (A, ^) — (A 




Sp, 



'n 
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simple coroots : a{ = 2{6i — ^j+i), i = 1 . . . n — 1 and = 2^„. 

highest coroot : 9^ 2{0i + 6*2) = + 2(a^ H h a^). 

coweight lattice : = 2/ + (6*1 H h 6'„)Z. 

fundamental coweights : = 2{9i H = ^^'^ = 61 + . . . + On- 

centre : / A'^ = Z2 generated by A^ . 
weight lattice : Aw = I. 

fundamental weights : Xi = 9\ -\ + 9i, i = 1 . . .n. 

dual of centre : Aw/Afi = Z2 generated by Ai. 

Weyl group : 6„ k Z2 acting by permutations and sign changes of the 9i. 

Wo : Wn is the transformation 9i — > —9n+i-i- 

level I alcove : At = G I\ £ > > ■ ■ ■ > fin > 0} ■ 

action of the centre : . . . , /Lt„) = {i — Hn, — Hi)- 

level 1 weights : Aj, z = 1 . . . n. 



Spin2n) n > 3 (simply laced) 

roots : ±9i ±9j, j- 
root lattice : An = A}j = 

simple roots : ai = 0i — 0i+i, i = 1 . . .n — 1 and a„ = 0n-i + On- 

highest root : 6* = 6*1 + ^2 = ai + 2(a2 H h a„_2) + ctn-i + 

weight lattice : A^/ = A^ = 7 + i(6li H h 6'„)Z. 

fundamental weights : 

Ai = 6'i + --- + 6'i i = l...n-2 (3.3.1) 

A„-i = ^(ei + --- + ^„-i-^„) (3.3.2) 
A„ = ^(^i + --- + ^n-i+^n) (3.3.3) 

centre : We have 2Ai = 29i € Ar. Moreover, for n even, 2A„_i = {9l + 92)^ |-(^n-i±^n) = mod 

Ail and 2A„ = mod A^. On the other hand, for n odd, 2A„ = ^1 + (^2 + ^3) H h (^n-i ± On) = Ai 

mod A_R and similarly 2A„_i = Ai mod A_r. Thus, Z(Spin2„) is isomorphic to Z2 x Z2 for n even and 
to Z4 for n odd with A„_i and A„ of order 4. 

Weyl group : S„ K Zj"^ acting by permutations and even numbers of sign changes of the Oi. 

Wo : wi is the sign change 9i —0i, On —On and permutes {ao, ai} and {q!„_i, For n even, 
Wn-i is given by Oi —On+i-i, 2 < i < n — 1 and Oi ^ On and permutes {ao, ctn-i} and {ai, «„} 
while Wn is given by Oi — > —On+i-i and permutes {ak,an-k}- For n odd, Wn-i is given by Oi — > On 
and Oi —On+i-i, i = 2 . . .n and acts as the cyclic permutation (ai a„ ao Q!„_i) while w„ is 

given by Oi —On+i-i, i = 1 . . . n — 1 and On Oi and acts as (ai a„ ao a„_i) ^ . 
level ^ alcove : Ai = {/j, € I + ^{Oi + . . . + 6'„)Z| /xi > • • • > /x„_i > |/x„|, /xi + At2 < ^}. 
action of the centre : 

Aiim, . . . , /i„) = (^ - /ii, /Lt2, • • • , Mn-l, -Mn)- (3.3.4) 

( (I + A^n- 1 - Mn-1, • • • , I - M2, -| + Ml) even 
A„_i(/xi,...,/i„) = < (3.3.5) 




n even 

A„(/xi,...,M„) = <( ■ „ ^ ■ ' . (3-3.6) 

— Hi) n odd 



4. Definition and classification of primary fields 

For any G-module V, L^°^q^ acts on the space of F-valued Laurent polyomials V[z, z~^\ by multipli- 
cation. We extend this to an action of i''°'flc ^ Rot 5^ by setting R0f{z) = f{e~^^z). In terms of the 
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basis v{n) = v ^ of V[z, z~^], the action is given by 

X{m)v{n) = Xv{n + m) dv{n) = —nv{n) (4.1) 

Let now £ gN and consider the set Vg of positive energy representations of LG at level £. 

Definition. Let Hi, Hj e Pe be irreducibles and Vi, Vj the corresponding lowest energy subspaces. If 
Vk is an irreducible G-module, a primary field of charge Vk isa linear map ^ : Hf" 14 [z, z~^] — > Hj" 
intertwining the action of ^""'0 x Rot S^, so that 

[X, <!>{/)] = ct>{Xf) [d, </.(/)] = icPif) (4.2) 

We represent (p by the (formal) operator-valued distribution (f>{v, z) = X)tigz '?^(^' n)z^^'^^'^* where 
(t){v,n) = (i){v ® z^) : Hf" H^-". Here, = + — Aj is the conformal weight of 0, the 

summands being the Casimirs of the corresponding G-modules divided by 2k where k = £ + 
and Cg is the Casimir of the adjoint representation. The intertwining properties of ^ may then be 
rephrased as 

[X{m), (f){v, n)] = (j){Xv, m + n) [d, 4>{v, n)] = —n(l){v, n) (4.3) 

or as 

[X{m), ^{v, z)] = ^{Xv, z)z"' [d, ct>{v, z)] = {z^ + A^)^{v, z) (4.4) 

By restriction, (p{-, 0) gives rise to a G-intertwiner or initial term ip : Vi(^Vk ^ Vj which determines (j) 
uniquely. In fact, the description of Tif° as the quotient of the module freely generated by the action 
of 0_ = ©n<o0c ® on Vi modulo the single relation e0{—lY~^^''^'>~^^Vi = where A, is the highest 
weight of Vi, Vi the corresponding eigenvector and 9 the highest root of G [Kal], entails the following 

Proposition 4.1 (Tsuchiya-Kanie) . There exists a (necessarily unique) primary field 

<t>:HT®Vk[z,z-^]^Hf (4.5) 

with given initial term if € HomG(Vi Vfe, Vj) if, and only if the restriction of if to any triple Ui cVi, 
Uk C Vk, Uj C Vj of irreducible {ee, fe-,he}-suhmodules with highest weights Si,Sk,Sj is zero whenever 
Si + Sk + Sj > 21+1. If If is non-zero and satisfies this criterion, then Vk is admissible at level i. In 
particular, the charge of a non-zero primary field is necessarily i-admissible. 

Proof. The above is proved in [TKl, thm. 2.3] for G = SU2 and in [Wa2] for G = SU„. The 
extension to any G is immediate O 

Remark. Following Tsuchiya and Kanie, we shall represent the G-modules attached to a primary 
field (p : Hf" Vk[z, z~^] — > Hj" by the vertex ^ y^'^y. ^ niore succintly 

Definition. For any triple Vi,Vk,Vj of irreducible representations of G, let HomQ(Vi 14,1^) C 

iloTaQ{Vi ® Vk,Vj) be the subspacc of intcrtwincrs satisfying the condition of proposition 4.1. By 
symmetry of the latter, the isomorphisms KomdVi V^, V^) = HomG(Vfc T^, V,) and Homc!(Vj 
Vk,Vj) = HomG(lA* (g) Vk,V*) restrict to isomorphisms of the corresponding Hom^ spaces and the 
same is true for any permutation of Vi,Vj,Vk. 

Lemma 4.2. Let Vi,Vk,Vj be irreducible G -modules which are admissible at level £. If one of them is 
minimal, then HomQ(Vi 14, Vj) = iLomdVi Vk,Vj). 

Proof. Up to a permutation, we may assume that 14 is minimal. By corollary 2.2.3, IIomG(1^0l4, Vj) 
is at most onc-dimcnsional. Assume the generator (p restricts to a non-zero intertwiner Ui ® Uk ^ 
Uj for some triple of {eg, /e, /ie}-submodulcs with highest weights Si,Sk,Sj. Since I4 is minimal, 
Sfe G {0,1} and therefore, by the Clebsch-Gordan rules min(sj,Sj) = max(si,Sj) — Sk so that 
Si + Sj + Sk = 2 max(si, Sj) < 2£ O 
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Definition. Let </> : Wf° (g) Vk[z,z ^] Hj" be a primary field with charge Vfe. The adjoint field 
(f)* : ® z~^] — > Wf° is the unique primary field with charge Vj^ satisfying 

{<t>{mr,) = {^,<l^*Q)vi) (4.6) 

for any ^ G Wf", ry G W"" and f €:Vk[z, z~^]. It is defined in the following way. Using the anti-linear 
identification ' -.Vk ^V^, set 

4'*{v,n)=<i>{v,-ny (4.7) 
then (j)* satisfies (4.6) and defines the required primary field. 



CHAPTER II 



Analytic properties of positive energy representations 

Using the Segal-Sugawara formula, we show in section 1 that the infinitesimal action of L^°'q on the 
finite energy subspace of a positive energy representation H extends to one of Lg on the space of 
smooth vectors for Rot S^. When exponentiated, this action coincides with the original representation 
of LG. We prove that H°° is invariant under LG and find that the crossed homomorphism for the 
joint projective action of LG and Lg xi iM.d on H°° agrees with that given by Pressley and Segal [PS, 
4.9.4]. 

In section 2, we show that the topological central extensions of LG arising from positive energy repre- 
sentations arc smooth, in fact real analytic and compute their Lie algebra cocyclc. Their classification 
follows at once from that of Pressley and Segal [PS, 4.4.1] and shows in particular that the central 
extensions corresponding to positive energy representations of the same level are canonically isomor- 
phic. Moreover, every positive energy representation possesses a dense subspace of analytic, and a 
fortiori smooth vectors for LG, a result conjectured by Pressley and Segal [PS, §9.3]. 

1. The subspace of smooth vectors 

Let {tTjH) be a positive energy representation of LG and d the self-adjoint generator of rotations 
normalised by c?|-^(„-) = n, n G N. As pointed out by Goodman and Wallach [GoWa], the Scgal- 
Sugawara formula ([PS, §9.4] and §1.2 below) implies that d plays a role analogous to that of the 
laplacian of LG in the representation. In particular, we shall prove in §1.5 that the action of LG 
preserves the abstract Sobolev scale corresponding to RotS'"'^ which we presently define. Let || • ||s, 
s G R be the Sobolev norm on H''" given by 

iieii^ = ii(i+dref = ((i+dr^,o (1-1) 

where the powers (1 + dy are defined by the spectral theorem or simply by expanding ^ as a sum of 
eigenvectors of d. The scale W is the Hilbert space completion of W° with respect to || • ||s- Thus, 
= D((l + dY) for s > and (1 + d) gives a unitary ^ H*"^ for any t. The space H~ of 
smooth vectors for Rot is, by definition, Ti.^ . When endowed with the corresponding direct limit 
topology, Ti°° is a Frechet space which may equivalently be described as the space oi £ H such that 
the function 6 'jT{Rg)^ is smooth, topologised as a closed subspace of C°°{S^,'H). 

1.1. The Banach Lie algebras Lgt- 

We shall need an alternative description of the Frechet topology on Lg. The restriction of the basic 
inner product (•, •) to ig C g^ is positive definite and we extend it to a G-invariant hermitian form on 
flc with associated norm || • ||. For X = J2k «fee'^^ € ^^°'0c ^^'^ t>0, define 

\X\t = J2i^ + \MY\\ak\\ (1.1.1) 

k 

Let Lgt be the completion of L^°^g with respect to | • |t. If a^, 6; are the Fourier coefficents of 
X,Y e and Cg > is such that \\[x,y]\\ < Cg ||x|| for any x,y e g, then 

\[X,Y]\, < C,Y,\M\M{l + \k + l\Y < C,\X\,\Y\t (1.1.2) 

k,l 
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since (1 + |fc + /|)* < (1 + + |/|)* for t>0. LQt is therefore a Banach Lie algebra. If ||.|| rxi is the 

supremum norm on C{S^,q), and X = J2k o-k^^'^^ € then for any t>n 



||^("^||cx><^||afc|||fcr < (1.1.3) 



k 



Moreover, if 2 > s > 1, 



|X|, = ^(l + |fc|)-4(l + |fc|)* 

k 

< 1^(1 + i^r^l ' 1^(1 + ifci)^*+iia,f y 



(1.1.4) 



= a||(l + |^|)*+fx|U.(5.,,) 



< C'sll-'^llcr'i+i(si,0) 

Consequently, we have the following norm-continuous cmbcddings with dense image 

Cr*l+i(5i,0) ^ LQt ^ CW(5i,0) (1.1.5) 

showing that the Frechet topology on Lq given by the C''{S^,g) norms may equivalently be given by 
the norms | • |t. 

1.2. The Segal— Sugawara formula and Sobolev estimates on the action of L^°^g. 

Let W be a positive energy representation of LG at level £. The restriction of the infinitesimal generator 
of rotations to W"" is given via the Segal-Sugawara formula [PS, §9.4] 

Lo = ^{^Xi{0)X\0) + Xi{-m)X\m)) (1.2.1) 

m>0 

where {Xi}, {X^} are dual basis of with respect to the basic inner product and k = i + g with 
g the dual Coxeter number of q (half the Casimir of the adjoint representation). More precisely, Lq 
satisfies [Lq, x{n)] = —nx{n) and therefore differs from d by an additive constant on each irreducible 
summand of W". If H, and therefore H(0), is irreducible, Lq acts on H(0) as the scalar A = 
where C is the Casimir of 'H{0) so that 

Lo = d + A (1.2.2) 

More generally, only finitely many irreducible G-modules appear as lowest energy subspaccs of positive 
energy representations at level I. It follows that for any level i representation H, d < Lq < d + 
for some constant Q depending only on £ and therefore that d and Lq define the same scales. For 
convenience, we shall often supersede definition (1.1) and refer to ||(1 + io)*^|| as The following 

estimates are due to Goodman and Wallach [GoWa, §3.2] 

Proposition 1.2.1. Let X e '^'^d C e Then, for any s eR 

||7r(X)^|U<V^|X||,|+i||C|L+i (1.2.3) 

Proof. It is clearly sufficient to show that for any x G g oi norm 1 and p gZ 

Let Xi be an orthonormal basis of g so that Xi and —Xi are dual basis with respect to (•,•). By 
formal adjunction, Xi(n)* = —Xi(—n) and therefore, by (1.2.1) 



i p>0 



(1.2.5) 



2k . 

I p>0 
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whence, for any p > 0, < 2K\\L^^f. If p < 0, [X,{p), X,{-p)] = -p and therefore 

\\Xi{p)^f = WM-PM^-PUf- Thus, for anyp 

\\X,{p)^f<MLkf + \pmf (1-2.6) 

Since the eigenspaces of Lq are orthonormal for any of the Sobolev norms, is it sufficient, to show 
(1.2.4), to restrict to the case Lq^ = "i^. Therefore, assuming p < m (else the left hand side vanishes), 

\\X,{pMl = \\{l+LorX,{p)^f 

= {l + m-pf^\\Xi{p)^f 

< (1 + m - pf%2Km + \p\Mf (l-^-"^) 

<^^^-^^^^ii + \p\m\\lH 

If s > 0, ^"'"/tT^'fal < gim) = ^^t™^l^Jj and the bound is decreasing in m so that g{m) < g{0) = 



(1 + |p|)2«. If, on the contrary, s < and p < we have " = (1 - :^)^' < 1- Lastly, if 

< p > m, h{m) = ^"'"^"l^^^^al is decreasing in m and therefore h{m) < h{p) = (1 +p)^l*l. Either way, 
we obtain 

||X,(p)^||2<2«(l + W)2N+i||^||2^. (1.2.8) 

O 

1.3. The action of Lq on 

Let {tt,H) be a level £ positive energy representation of LG with finite energy subspace H''". Then, 

Corollary 1.3.1. The action of L^°^q^ onH^'" given by theorem 1.1.2.1 extends to a jointly contin- 
uous, projective action Lq^ ® 7i°° satisfying 

[d,Tr{X)]=iT:{X) (1.3.1) 
[7T{X),n{Y)] = Tr{[X, Y]) + i£B{X, Y) (1.3.2) 

where, as customary B{X,Y) — J^^ {X,Y)^. Moreover, the operators tt{X), X £ Lq are essentially 
skew-adjoint on . 

Proof. The first claim is an immediate consequence of the estimates of proposition 1.2.1. The second 
follows from the estimates 

||7r(X)^|U<V^|X||,|+i||^||,+ i (1.3.3) 

\\[l + d,7r{Xm\s < V2i^ms\+0\\s+i < ^/2;^l^l|«|+|II^L+i (1-3.4) 
and Nelson's commutator theorem [Ne2] O 

Clearly, tt extends to a jointly continuous map L^f. t^Ti.^ ^ 5 . It follows that the restriction of 
the operators 7r(X), X £ Lq\s essentially skew adjoint on any dense subspace of Ti°° for the Frcchet 
topology by Nelson's commutator theorem [Ne2]. We shall usually consider the operators 7r(X) as 
being defined on the invariant core When no confusion arises, we denote by the same symbol 
their restriction to any of the and their skew-adjoint closure. 

The following shows that the exponentiation of the representation of Lq on coincides with the 
original representation of LG. 

Proposition 1.3.2. For any X e Lq, the following holds in PU{H) 

7r(expiG^) = e"'''^ (1-3-5) 
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Proof. When X e L^'^q, (1.3.5) holds by the definition of the operators 7r(X). Assume now X e Lq 
and let X„ e //""'fl, X„ X in Lq, and a fortiori in the | • 1 1 norm. By proposition 1.2.1, 

||(7r(X)-7r(X„))C|| <^/2;^|X-X„|l||(l + Lo)^^|| (1.3.6) 

for any ^ G 7i°°. Since 7i°° is a core for 7r(Lg), we deduce that 7r(X„) ^ 7r(X) in the strong-rcsolvcnt 
sense [RS, thm. VIII. 25 (a)] and therefore, by Trotter's theorem e'^^'^") e""^^^ strongly in U{H) 
[RS, thm. VIII.21]. Thus, 

e^W = lim e"(^") = lim 7r(expiG(X„)) = 7r(expiG(X)) (1.3.7) 

o 

1.4. The exponential map of LG xi Rot 5^. 

We study below the well-posedness of the exponential map of LG x Rot 5^ and obtain an explicit 
formula for e^PLGy^Rots^i'''^'^ + ^ -^0- This will be needed to extend proposition 1.3.2 to 

X gLqx idR. 

The integration of one-parameter groups in LG xi Rot reduces, after some simple manipulations to 
that of a linear, timc-dcpcndent ordinary differential equation for a function with values in LG. The 
latter is easily solved using Volterra product integrals whose salient features we now recall. Details 
may be found in [Nel, chap. 2]. Let i? be a Banach space and B{E) the Banach algebra of all 
bounded linear maps E ^ E endowed with the operator norm. For A € B{E), define the operator 
e"^ by the convergent power series J^n^tT- Clearly, ||e'^|| < X)„ ^^4f~ — e"^". Moreover, from 
A" - B" = J2"k=o ^''(^ - S)B"-i-'= we deduce that 

11-^ - e^ll < E ^^^ir^ ^ 11^ - ^11 E = 11^ - 5||e-("^ll'll-ll) (1.4.1) 

n>0 ■ n>l ^ '' 

For any A G C{R,B{E)) and a < b G R, we define the product integral ]Jf^^^^^E:>cp{A{T)dT) as 
follows. Consider first step functions A : [a,b] B{E), A{t) = Aj for tj > t > tj-i corresponding 
to subdivisions b = Tn > t„_i > • ■ ■ > ti > tq — a and set 

Yl Exp(A(r)dr) := e^"^" . . . e^'^' (1.4.2) 

b>T>a 

where Aj — r, — Tj-_i. If A, B are two step functions, which we may take as defined on a common 
subdivision, the identity 

n 
fe=l 

(1.4.3) 

and (1.4.1) imply that 

II Yl Exp(A(r)rfr)- Yl Exp(B(T)dT)|| < e(*-")'"^(ll^ll[».''i'll-^ll[».''i)(6-a)||A-S||[„,f,] (1.4.4) 

b>T>a b>T>a 

where the norms on the right hand-side refer to the supremum norm on functions [a,b] B{E). 
We may therefore define the product integral for any A G C{[a,b],B{E)) by using a sequence 

of approximating step functions. Notice that product integrals arc invcrtiblc operators, in fact 
Exp(A(T)(iT)^^ — nb>r>o ^^P(~^(''')'^'^) where A{t) = A{a + b — t) so that we may de- 
fine"; for a>b, nb>r>aExp(A(T)dT) := na>r>b^MAir)dT)-\ 

Theorem 1.4.1. Let E be a Banach space and A : M. ^ B{E) a norm- continuous map. For any 
^0 S E, the time- dependent, linear ordinary differential equation in ^ -.M.^ E 

m = Mtm (1.4.5) 

^(0) = Co (1.4.6) 
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possesses a unique solution C^{R,E) given by 

m= n Exp(A(T)ciT)eo (1.4.7) 

t>T>0 

Moreover, if A, A e C{R,B{E)) and^,^ are the corresponding solutions with initial condition ^o, then, 
for any t gR, 

llCW-fWII <el*l'"^''(ll^lll°.*^ll^ll[°.*l)|^|p-I||[o,t]||Co|| (1.4.8) 
Proof. See [Nel, Thm. 1, page 17] O 

Corollary 1.4.2 ([Wa2]). The exponential map Lq x iRd — > LG x Rot 5^ is well-defined and 
continuous. It is given by 

exPLGxiK(^ + ^ad) = Yl Exp(X„(i_t)di)iic« 

1^*^° (1.4.9) 

= lim exp^cl — ) exPLcl — - — ) ' • • exPicI ]Ra 

n— >c!o \ n / \ n y \ n / 

Proof. To compute the exponential map, fix X + iad € Lg x: iM.d and consider / = jR^ : M. 
LG X Rot 5^ satisfying f = [X + iad}f and /(O) = 1. As a manifold, LG x Rot 5^ is the product of 
the two factors and therefore s — > cxp]^Q{sX)Rga is an integral curve for X + iad at 1. Thus 

(1.4.10) 

whence (p(t) — at and we must solve 9t7 ~ X^ — adg^ with boundary condition 7(-,0) = 1. The 
corresponding homogeneous equation 9*7 = —adg^ is easily solved by setting 7(0, t) — jq{9 — at) for 
some 7o € LG. Varying the constants, we set j{0,t) = jo{9 — at,t) and the original equation yields, 
in terms of 70, 9t7o(0,t) = X{9 + at)^Q{9,t) i.e. in the notation of theorem 1.4.1, 7o(i) = A(t)7o(<), 
7o(0) — 1, where A : R — > Lg is given by A{t) = X-^t- Thus, if we embed G in a space of matrices 
M„(C) and LG as a closed subspace of the Frechet space C~(S'\M„(C)) = fife M„(C)), 
then 

7o(l) = n Exp(X_„,dr) = lim exp(^) . • • expf^^^f^ZZi) exp(^^) (1.4.11) 
J- J. n— >(x) \ n y \ n y \ n y 

l>r>0 

where the right-side converges in each Banach space C'^ {S^ , Mm{C)) and hence in LG. (1.4.9) now 
follows from ^{9, 1) = 7o(^ — a, 1). The continuity of the exponential map is a direct corollary of 
(1.4.8) O 

Corollary 1.4.3. For any X e Lq and 6 eR, we have 

(X i9d \ ^ 

exPicf— ) expRotsi C—) ) (1.4.12) 
\ n y \ n y J 

Proof. We have 

(exPiG(^)expRotsi(^)) = expj^G(^) exp^g(^^) . . . exp^g( ^^'^'^~'^/" )i?e (1.4.13) 
which, by corollary 1.4.2, tends to exp^^^^j^Q^ 51 (X + i9d) as n ^ 00 O 

Remark. It is fairly easy to prove that the integration of one-parameter groups in LG x Rot 5^ is 
smoothly well-posed and therefore that the exponential map of this group is smooth. The following 
result will not be used elsewhere. 

Proposition 1.4.4. The exponential map of LC* x Rot 5^ is not locally surjective. 



{X + iad)f = 



ds 



exPiG(*^)-'^sa7-R<?i = 



s=0 



ds 
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Proof. Let u + iad e LC x iR = Ue{LC* x Rot 5^). Since LC* is abelian, (1.4.9) yields 

exPic- >.Rot SI (« + = (1.4.14) 

Taking logarithms on each of the factors of LC* x RotS"^, we see that (1.4.14) is locally surjective iff 
the following map is 

£ : LC»iR^ LC»iR, u + iad^ [ u{- - aT)dT + iad (1.4.15) 



Write u = J^k o-k^-'^^^ , then, for a ^ 0, 

ika 



1 — e"'*^" 

£{u + iad) - iad = oq + 2_]afte*''^ — — — (1.4.16) 



and it follows that, for any b G C* and k € "Z* , the elements fte'*^^ + ^id, which may be taken 
arbitrarily close to the origin, are not in the image of f O 

1.5. The action of LG on H°°. 

The invariance of 7Y°° under the action of LG depends upon the following considerations. Let 7 G LG 
and consider the smooth one-parameter group in LG xi Rot 5^ given hy 9 ^ jRgj"^ = 'yj^^R$. 
Since = (77^^) = 77""'^ + 77^^, its derivative at is id + 77^^ and therefore, by uniqueness 

7i?e7"^ = expiG^Rot 51 {e{id + 77"^)) (1-5.1) 

As shown below, this implies that 7r(7)e*'^''7r(7)* = e«(*'^+'^(T")'"')) in PU{n) and therefore, up to an 
additive term, 7r(7)d7r(7)* = d — iTT{j-f~^). Thus, the perturbed operator 7r(7)d7r(7)* is equal to d 
up to terms which, by proposition 1.2.1 are of lower order with respect to the scale and it follows 
from this that H°° is invariant under LG. A detailed argument follows. 

Extending our former notation, we denote by n{X) e End(7i°°), X = Y + i9d G Lg>i iR, the operator 
tt{Y) + i9d so that we get a projective representation of Lq x: iR on 7i°° satisfying 

[w{Xi),w{X2)]=w{[Xi,X2])+i£B{X,,X2) (1.5.2) 

where 

B{Y,+i<Pid,Y2+i<P2d) = B{YuY2)= f ^{YuY2) (1-5.3) 

Extending the Sobolev norms | • |t to Lfl xi by |y + i6d\t = + |^| and using proposition 1.2.1, 
we get 

||7r(X)^|U = 11(1 + Lo)M^)^ll < q5^||.|+i||^IL+i + \6\m\s+i < ma^(l,C)|X||,|+i (1-5.4) 

so that the tt{X) extend to bounded operators W T-L^~^ and are essentially skew-adjoint on 7i°° 
by Nelson's commutator theorem [Ne2]. The following extends proposition 1.3.2 to the Lie algebra 
of LG XI Rot 51 

Lemma 1.5.1. For any X e xi iRd, the following holds in PU{H) 

n{e^PLG>,Rots^X) = e<''^ (1.5.5) 

Proof. Let X = Y + i9d G Lq » iR. Then, using Trotter's formula [Ch], proposition 1.3.2 and 
corollary 1.4.3 



^niY)+^9d^ hm (e^e^^'')" = lim 7rie^Pi.a(-) e^PnotS^C—)r = ^{e^PLG.KotS^iY + ^9d)) 

n— >oo n— >c!o V n / V n / 

(1.5.6) 

O 
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Lemma 1.5.2. The following operator identities hold for any 7 e LG and X G Lq 

^(7)^(X)^(7)* =^(Ad(7)X)+ici(7,X) (1.5.7) 
77(7)^77(7)* = d — i7r(77~"^) + 02(7) (1.5.8) 

for some real-valued functions ci , C2 . 

Proof. Let 7 e LG and X e Lq xi iR. Then, by lemma 1.5.1, the following holds in PU(H) 

7r(7)e*-(^V(7)* = 7r(7)7r(expiG.Rot (i^))'r(7"') 
= 7r(7expiG^R„t5i(iX)7^i) 

(1.0. y) 

xRot 

(iAd(7)X)) ^ ' 

^ gt7r(Ad(7)X) 

and consequently 7r(7)e*'^''^'7r(7)* = X{t)e*^^^'^^'^^'^^ where A is a continuous homomorphism M ^ T 
so that X{t) = e^*''^^'-^\ The claimed formulae now follow from Stone's theorem O 

The following result is due to A. Wassermann [Wa2] and parallels the corresponding one for positive 
energy representations of Diff(5^) [GoWa, thm. 7.4] 

Proposition 1.5.3. The subspaces are invariant under the action of LG and the corresponding 
map LG x — > W"/T is jointly continuous. 

Proof. We proceed in several steps. 

Invariance ofH^. From lemma 1.5.2 and the fact that V{UAU*) = J7I3(^) for any operator A and 
unitary U, we have 

W" = P((l + d)") 

CP((l+ci-z7r(77-^)+C2(7))|;(i+,)) 
= 7r(7)©((l + rf)") 
= 7r(7)W" 

and therefore 77(7"!)^" C for any 7 e LG. 

Continuity of the cocycle 02- Let 7™ 7 <= LG and choose lifts 77(7^) and 77(7) such that 77(7^) — > 
7r(7) in U{n). Let ^ G then from lemma 1.5.2, 

7r(7„)(l + d)^={l + d- i7r(7„7-^))7r(7„)e + C2(7m)7r(7m)C (1.5.11) 

To deduce from this that 02(7^) C2(7), we regularise by multiplying both sides by the compact 

operator (1 + d)^^ 

(1 + d)-V(7„)(l + d)^ = ^(7™)e - i(l + ci)"'7r(7„7„i)7r(7,„)e + C2(7m)(l + d)-^7r{-f,n)C (1.5.12) 

The first terms on the right and left hand-sides manifestly tend to the corresponding terms for 7. To 
see that this is the case for the second term on the right hand-side, we use proposition 1.2.1 

11(1 + d)- V(7™7„')^(7™)C - (1 + d)-'7r{jj-'Mjn 
<||(1 + d)-'n{jml^'){n{jm) - ni^m 

+\\{^ + d)-\Aim7-^)-^{i7~^)MlM\ (1.5.13) 
<C^l7m7;;'l|ll(l + d)-H<7m) - <7)M 

+C\7mi;a' - 77-' 1 1 11(1 + rf)-^T(7))e|| 

which tends to zero. Thus, C2(7m)(l+c?)~^7i'(7TO)^ C2(7)(l+d)~^7r(7)^ and therefore 02(7™) C2(7) 
since (1 + rf)-i7r(7„)^ ^ (1 + d)" ^(7)^- 
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Norm estimates on the 77(7). Set ^(7) = — i7r(7 ^7) + 02(7 ^) so that, on 7r(7)*(l + d)-K{'y) = 
1 + d + A{-f). Notice that, by proposition 1.2.1, m(7)C||p < Mp||^||p+i where Mp = (C|7~^7|p_^i + 
|C2(7-^)|). If ^ e H°^\ we have 

hm\n = m + drnmi = ||7r(7r(l + dr7r(7)C|| = 11(1+^ + ^(7)^11 (I.S.M) 

and therefore 

MiMn < E 11(1 + ^^^^^(7)^^ •••(! + dr-A{^y-^\\ 

0<Pi+qi<l 

< E M«J||(l+d)i+fM(7)«^...(l+dr"A(7)«"^|| 

0<Pi+9i<l 

0<Pi+q^<l 

Pi+qi = i 

< E M^_f\\{i+dn\\ 

0<pi+qi<l 

Pi+qi=i 
= (1 + M„_i)"||^||„ 

Joint continuity. Fix 7 G LG. Let U C LG be a neighborhood of the identity on which tt has a 
continuous hft to U (H) which we denote by the same letter. Define a continuous Uft of tt over 'yU by 
""(C) — ^(7)^(7~"^C) where 77(7) is arbitrary, so that 7r(7)*7r(C) = 7r(7~-^C)- Now for ^,r] G and 

C G jU, we have 

lk(7)^ - TriOvWn < lk(7)(e - V)\\n + |!(7r(7) - 7r(C))r,||„ 

<(l+M„_i(7)n|^-r?|U + (l + M„_i(7)n|(l-7r(7r7r(C))r,|U ^" ' 

and 

11(1 - 7r(7)*7r(C))r?|U = 11(1 + d)"(^(7-'C) " IM 

= hij-'cra + dT{Ai-\) - m\ ^ 

< 11(1 + d + A(7-iC))> - (1 + « + 11(1 - 47-'C)*)(l + « 

< ((1 + M„_i(7-^C))" - 1)II'?IU + 11(1 - 'r(7-'C)*)(l + dTr^W 

where the last inequality is proved like (1.5.15). Since C2 is continuous and 02(1) = the above tends 
to zero as C — > 7 and ?? — > ^ O 

1.6. The crossed homomorphism corresponding to 

We compute below the crossed homomorphism corresponding to the joint action of LG and Lq xi iRd 
on namely the map c : LG x {Lq xi iRd) — > R satisfying 

77(7)77(^)77(7)* = 77(7X7-^) + ic(7, X) (1.6.1) 

as show that it agrees with the one given by Pressley and Segal [PS, 4.9.4]. We shall need two 
preliminary results. 

Proposition 1.6.1. Let Q he a Frechet Lie group with smooth exponential map. For any X,Y G hieQ, 
the left and right logarithmic derivatives of the exponential map at X are given by 



i^iexp,F:=^ 



D^expgY:-- 



ds 



exipg{-X)ex.pg{X + sY) = [ expg{-tX)Y expg{tX)dt (1.6.2) 

expg{X + sY)expg{-X) = expg{tX)Y expg{-tX)dt (1.6.3) 
=0 -^0 
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Proof. We use Duhamel's formula ^. Let A,Bg LieQ and set f{t) = ex.pg{—tA) expg{tB) so that 
/ — cxpg{—tA){B — A)expg{tB). If is a smooth, real- valued function defined on a neighborhood 
of/([0,l]), then 

cj>{expg{-A) expg{B)) - cP{l) = ° = / expg{-tA){B - A) expg{tB)cj,dt (1.6.4) 

Set now A = X,B = X + sY and let ^ be defined and smooth near the identity. Then, 

(j){expg{-X)expg{X + sY)) 



expg Y<^= 



s=0 



ds 



s I ex-pg{-tX)Y expg{t{X + sY))(j)dt (1.6.5) 
=0 Jo 

= / exi,g{-tX)Y expg{tX)(t)dt 
Jo 

and (1.6.2) follows since the above holds for any (p smooth near 1. The formula for the right logarithmic 

derivative follows similarly O 

Corollary 1.6.2. Let X g Lq and 7 = exp^Q[X). Then, the left and right logarithmic derivatives 
of 7, seen as a smooth path in G are given by 

7-17= / expLG{-tX)X expi^GitX)dt (1.6.6) 
Jo 

77-1 = / exp^citX)X expLa{-tX)dt (1.6.7) 
Jo 

Proof. Recall that if p : / ^ G is a smooth path, the left and right logarithmic derivatives are the 
paths I ^ Q defined by 



- Th 



p-'it)pit + h) and pp-i(t):=i- 
h=o c?''' 



p{t + h)p-\t) (1.6.: 



h=0 



SO that pp ^ = Ad{p)p ^p. Therefore, if ^{9) = expQ{X{9)), the chain rule and proposition 1.6.1 for 
Q = G show that the left and right hand-sides of (1.6.6) and (1.6.7) are equal pointwise O 

Theorem 1.6.3. For any X € Lg and 7 G LG, the following identities hold on 

7r(7)7r(X)7r(7)* = 7r(Ad(7)X) - i^y^ {^-^,X}— (1.6.9) 

£ f^^ dO 
7r(7)d7r(7)* = - i7r(77-^) - - (7-^7,7-^7)— (1.6.10) 

Proof. Specialising lemma 1.5.2 to we find for any 7 G LG and X e Lg x iKd 

7r(7)7r(X)7r(7)* = 7r(Ad(7)X) + zc(7, X) (1.6.11) 

from which (1.6.9) follows by the same proof as that of (iii) of proposition 1.3.2.2. (1.6.10) is more 
difficult to establish because d does not lie in the derived subalgebra of Lq x iRd. To compute the 
values c(7,id), we shall show that the restriction of c to one-parameter subgroups in LG satisfies a 
simple linear, first order ODE which may be solved explicitly. It then easily follows that the right 
hand-sides of (1.6.9)-(1.6.10) and c coincide on the image of exp^^^ and hence on LG because both 
are crossed homomorphisms LG {Lg x: iRd)* and expi^Q{LQ) generates LG. We proceed in several 
steps. 

Continuity of c. We claim that c is jointly continuous in its arguments or. equivalently that it can be 
viewed as a continuous map c : LG {Lg x iM.d)* where the latter is the locally convex space of all 
continuous, linear forms on Lg x iRd endowed with the weak-* topology, i.e. the topology of pointwise 
convergence. To see this, let (7, X) e LG x {Lg x iRd) and choose a neighborhood 7 e C/ such that 



^This idea is due to A. Selby 
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IT -.U ^ PU{U) possesses a continuous lift to U{H). Fix ^ e H°° and for C e ?7 and F e Lfl x il 
write 

*c(C, Y)^{Oi = 7r(C)7r(y)C - 7r(Ad(C)r)7r(C)^ (1.6.12) 

so that 

|c(C, Y) - c(7, X)| < ||c(C, F)7r(C)^ - 0(7, X)7r(7)^|| + |c(7, X)| ||7r(7)^ - 7r(C)C|| 

< MCMY)^ - -^ilW)^]] + ||7r(Ad(C)F)7r(C)^ - 7r(Ad(7)X)7r(7)C|| 

+ |c(7,X)|||7r(7)e-^(C)e|l 

< ||7r(C)(7r(r) - iriXm + ||(7r(C) - i^{l)MXn 

+ ||^(Ad(C)r)(^(C) - ^(7))^|| + \\{t^{M{QY) - 7r(Ad(7)X))7r(7)e|| 
+ |c(7,X)|||7r(7)^-4C)e|| 

< C\Y - X| . 11(1 + d)a + ||(7r(C) - 7r(7))7r(X)^|| 

+ C\ Ad(C)y| 1 11(1 + rf)(7r(C) - 7r(7))^|| + C\ Ad(C)F - Ad(7)X| 1 1|(1 + rf)7r(7)C|| 
+ |c(7,X)|||7r(7)^-7r(C)a 

(1.6.13) 

which, in view of the continuity of the action of LG on Ti} , can be made arbitrarily small. 
Functional Equation. The following is an immediate corollary of (1.6.11) 

c(727i,^) =c(7i,^) + c(72,Ad(7i)X) (1.6.14) 

in other words, c is a continuous crossed homomorphism LG — > [Lq xi iKd)*. 

Differentiability at 1. Wc claim that the restriction of c to onc-paramctcr subgroups 74 = exp^Q(ty) 
is differentiable at t = 0. To see this, notice that by proposition 1.5.1, the unitary e*'^^^^ is a lift of 
7r(7t). Applying both sides of (1.6.11) to ^ e and developing in Taylor series, we get 

7r(Ad(7t)X)C = 7r(X + t[Y, X] + o{t))^ = 7r(X) + tTz{[Y, X])^ + o{t) (1.6.15) 

where 7r(o(t))^ = o{t) follows from \\-k{Z)^\\ < C|Z|i ||(1 + rf)^||. Next 

e^<^\{X)e-'<^\ = e*'^(^V(X)(e - tn{Y)^ + R{t)) 

= e*'^(^)(7r(X)e - tn{X)n{Y)^ + o{t)) (1.6.16) 
= n{X)C + t[n{Y),7r{X)]C + o{t) 

since 7r(X)i?(t) = o(f). Indeed, the remainder term R{t) is equal to duu /^^ (iw7r(F)^e~*"^'^^^^^ 
and therefore ^ ^ 

\\TTiX)R{t)\\<Ct^\X\i\\{l + d) f duu I dw7r(r)2e-'"™(^)eil (1.6.17) 



which is an o(/;) since the unitaries e-*'""'(^) are uniformly bounded in the || • ||2 norm by proposition 
1.5.3. Summarising, 

ic(7t, X)^ = t{[K{Y), 7r(X)] - tt{[X, Y\))^ + o{t) = itlB{X, Y)^ + o{t) (1.6.18) 
Thus, c(7t) is differentiable at and 

5t lt=o c(7(t), ^) = X) (1.6.19) 
Ordinary Differential Equation. We shall now show that c(7t) is differentiable at any t e M and that 

dtc{^uX) = W{Y, X) + c(7t, [Y, X]) (1.6.20) 
Using (1.6.14), wc get cijt+hjX) = c{-yh,X) + 0(7*, Ad(7/()X) and therefore 

i(c(7t+/.,X) - c(7t,X)) = lc(7^,X) + c(7t, ^(Ad(7/.)X - X)) (1.6.21) 

Letting h ^ and using (1.6.19) and continuity in the second variable yields (1.6.20). 

Form.al solution of the ODE. Somewhat changing notation, we write (1.6.20) as the inhomogeneous 

ODE 

ct = ivB - Yct (1.6.22) 
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where iYB{X) = B{Y, X) and Yct denotes the coadjoint action of LG on (Lg xi iRd)*. The underlying 

homogeneous equation is formally solved by Cf = e~*^co. Varying the constants, we set ct = e~*^CQ{t), 
so that (1.6.22) reads, in terms of cq, e~*^Co = iyB, Co(0) = whence co{t) = e^^iyB dr. In other 
words, reverting to our former notation 

c(7t, X) = £B{Y, I Ad(7t_^)X dr) = IB{Y, [ Ad{jr)X dr) (1.6.23) 
Jo Jo 

Existence and uniqueness of solution. Using Ad{ji)X = [Y, Ad{'-ft)X], it is easy to verify that 
(1.6.23) defines a C^(M, {Lg x iRd)*) solution of (1.6.20) with initial condition cq = 0. If c' is another 
solution, Kt = Ct — C( satisfies kt{X) = Kt{[Y,X]), ko = 0. Setting Kt{X) = Kt{Ad{'y-t)X), we see 
that Kt = whence K is locally constant since it takes values in a locally convex vector space. Thus, 
K = and c = d . 

Reinterpretation of the solution. We derive now a formula for c which naturally extends to the whole 
of LG. Let Y,XeLQ and set 7t = ex.p];^Q{tY). By (1.6.23) we have, in view of the Ado invariance of 
(•,•) and corollary 1.6.2 

c(expic5', X) = J j it{Y,i,Xi_,) — 

^27r 



r do. _i. ^.de 



Similarly, using Ad{'~i)id ^ id + 77 ^, corollary 1.6.2 and the symmetry of (•, •), 



, d9 
^27r 



p27T f 1 

cie^PLcY^id) = -e / dt{Y,'yt7t^ 
Jo Jo 

= -n / / {Y,juYj-u)dudt 
Jo Jo Jo 



2. rl rt ^ 

JO JO 27r 

2vr / rl rt pi M 



lo / + / / j^''^"^^-")^"^*)^ (1.6.25) 

lo { II (^'^*-''^^^-*)^^'^*+ // {Y,lt-vYjy-t)dvdty, 



0<v<t<l 0<t<v<l 

2tt 



j 27r 



i r, _i. _i. .de 



2-K 

Therefore, for any 7 in the image of expj^Q, we have 

c(7,X + i</,rf) = -iJ^^j-^X)^ _ ^£'^(^-1^,^-1^)^ (1.6.26) 

The right hand-side extends in an obvious way to a function c : LG (Lg x iRd)* which is easily 
seen to satisfy (1.6.14). Since any solution of that functional equation is uniquely determined by its 
restriction to a generating set in LG and the image of expj;,^ is such a set, we conclude that c = c O 

2. Central extensions of LG arising from positive energy representations 

We show below that positive energy representations of equal level induce canonically isomorphic central 
extensions of LG. As explained in chapter I, this basic fact is needed to define the direct sum of these 
representations and ultimately to show that the category of all positive energy representations at a 
given level is abelian. Our method shows in fact that these topological central extensions possess the 
structure of real analytic Freehet Lie groups, a fact which, surprisingly is easier to establish than their 
smoothness. It relies on proving that their local multiplication is analytic, which in turn is derived 
from Nelson's analytic domination theorem [Ne3] and the Sobolev estimates of proposition 1.2.1. 
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Once their analyticity is established, the classification of the central extensions reduces, by an elegant 
argument of Prcsslcy and Segal [PS. 4.4.1] to that of their Lie algebra cocycle which we compute 
explicitly. As expected, the latter differs from the fundamental cocycle by a factor equal to the level 
of the representation. An alternative method which proves the smoothness of the central extensions 
only but also applies to Diff(5^) may be found in [TLl]. 

2.1. The infinite dimensional projective unitary group. 

Let H he a separable, infinite dimensional complex Hilbert space. We endow the unitary group 

UCH) with the strong operator topology so that it becomes a complete, metrisablc topological group 
which moreover is contractible [DiDo, Lemme 3, page 251]. When the projective unitary group 
PUCH) = U{H)/T is endowed with the quotient topology, the short exact sequence 

l^T^U{n)^PU{H)'^l (2.1.1) 

possesses local continuous sections (see below) and may therefore be regarded as a continuous, prin- 
cipal T-bundle over PUiTi). The associated long exact sequence of homotopy groups shows that 
PU{Ti) is connected and simply-connected and therefore that (2.1.1) does not possess local homo- 
morphic sections, contrary to its finite-dimensional analogues. Indeed, any such would extend, by 
the local monodromy principle, to a global section yielding an isomorphism UiTi) = PU{H) x T in 
contradiction with the contractibility of U{'H). 

Local continuous sections of (2.1.1) may be exhibited as follows [Baj. Fix ^ ^ G H and consider 
the open set 

U^ = {[u]ePUm\{u^,O\>0} (2.1.2) 

where [u] is the equivalence class of u e U{n) in PU{n), so that p"^(C/j) = {u G U{n)\ «,^) ^ 0}. 
Define a function 

ar-p-'m^-^, t.^a5(u) = ||l|| (2.1.3) 

and notice that a^(e'^w) = e*^a{(u) so that the map (p : p~^{U^) ^ U^xT, (l){u) = {[u],a^{u)) is a T- 
equivariant local trivialisation with inverse (^~^([u], a;) = ua^{u)~^z. If 1 e Vj C J/g is a neighborhood 
such that V{ • C {/j and V^^ = Vj, we may use (f) to define a local multiplication and inversion on 

X T by 

xi^y = (j){(j)~'^x ■ (j)^^y) (2.1.4) 
I{x)=ct>{{ct>-'x)-') (2.1.5) 



where • is the multiplication in U{H). Explicitly, using a^{u*) = a^{u), 

(|.l,.).(M,») = ((„..l,.»;;^£gL) (2.1.6) 

I(W,j) = ([»-'],«-') (2.1.7) 

where the quotient a(^{uv)a(^{u)~^a^(v)~^ is independent of the choice of the lifts u,v of [m],[v] € 

pu{n). 

2.2. The central extensions CG and their local multiplication. 

Let TT : LG — » PU {Ti) be a positive energy representation of LG and £G = n*U {Ti) the topological 
central extension 

l^T^CG^LG^l (2.2.1) 
obtained by pulling back (2.1.1) by tt. Explicitly, 

CG = {{g, u)eLGx U{H)\ 7r{g) = [u]} (2.2.2) 
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As in §2.1, we may trivialise £G over TT ^(J/j) to obtain a homeomorphismp ^tt ^(f/j) — > tt ^{U^)xT 
with inverse (7,2;) — > {'y,'^{'y)oi^{'^{'y))~^z) and corresponding local multiplication and inversion 

(C,.).(7,^) = (C7,^^ ?!nw?J (2.2.3) 

I{C,z)^iC\z-') (2.2.4) 

We will prove in §2.4 that ^ may be chosen so that * is (real) analytic near the identity. This in turn 
shows that the above local trivialisation of CG extends to an analj^tic atlas and therefore that (2.2.1) 
is a real analytic central extension of LG in view of the following elementary 

Lemma 2.2.1. Let Q he, a eonrieeted topological group homeom,orphic near 1 to an open subset of a 
Frechet space E. If the transported local multiplication -k : E x E ^ E and inversion I : E ^ E are 
real analytic maps, Q possesses the structure of a real analytic Frechet Lie group modelled on E. 

Proof. Let <p : U C G C Ehe the local homeomorphism and 1 G V C U a, neighborhood such 

that V ■ V C U and = V. Assume for simplicity that ^(1) = 0. The transported multiplication 
* : (l){V) X 4>{V) 4>{U) and inversion I : (j)(y) 4>{y) are defined by 

x-ky = (t){(i)^^x ■ (p-^y) (2.2.5) 
I{x) = 4>{{4>-'x)-^) (2.2.6) 

and arc, by assumption, analytic. Consider a neighborhood 1 ^ W <Z V such that W ■ W C V 

and = W. We define an atlas A — |(Wg,(^g)| indexed by 5 G by setting Wg = gW, 

'■ ~^ 4'0^)j 4'g{h) = 4'{g~^h) so that (j)~^{x) = g(f)~^{x). We claim that {Q, A) has the structure 
of an analytic Frechet Lie group. 

Analyticity of the atlas. Assume Wg^ fl Wg^ ^ 0. Then, g2^gi G W ■ C V may be written as 
(j)~^{y) with y g 4>{V) and therefore fov x G E close to the origin, the transition map 

rg^gA^) = 'Pg.o'Pg'ix) = <l^{92' 9i<P'\^)) = (/-(^ ' (2/)0~' (a^)) = y*x (2.2.7) 

is analytic. 

Analyticity of the adjunction. Let g € G and define the transported adjunction Ad{g) about Cz E 
by Ad{g)x = (j){g(j)~^{x)g~^). If g lies in a suitably small neighborhood 1 G 5* C W, Ad(g) is smooth 
(analytic) near since Ad{g)x = y -k x *l{y) with y — 4>{g). Similarly, if 5 = 51 • • • fffc G S'^, then 
Ad{g) = Ad{gi) o ■ ■ ■ o Ad{gk) is analytic near 1. Since G is connected, Ufe*^* — ^ Ad{g) is 
analytic near for any g G G- 

Analyticity of multiplication. Let g,h G G and x,y G E small enough, then 

(0;i(x)</.^i (2/)) = ,l>{h-'r\x)hr\y)) = {Adih-')x)*y (2.2.8) 

is analytic. 

Analyticity of inversion. Let g G G and x G E small enough, then 

</.,-i(0;i(x)-i) = ,^{gr\x)-'g-') = Ad{g)oI{x) (2.2.9) 

is analytic O 

2.3. Analytic Domination of Lg in Positive Energy Representations. 

We will need Goodman's refinement of Nelson's fundamental analytic domination theorem [Ne3, 
Thm. 1] 

Theorem 2.3.1. Let {Xjjjg/ be a family of endomorphisms of a normed vector space V and A G 
End(y) such that, for any ^ gV 

< \m (2.3.1) 

II adXi„ • • •adXi,(^)^|| < n\\\A^\\ (2.3.2) 
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for any i G I, n gN and finite subset {ii,. . . , in} C /. Then there exists a constant M > such that 
the inequalities 

\\Xi„ ■ ■ ■ Xi,^\\ < nlM"" (2.3.3) 
hold whenever ^ &V satisfies \\A"^£^\\ < ml for any m G N. 

Proof. The above is simply a reformulation of lemma 2' of [Go] (where the author simply omitted 
to state explicitly the independence of M on ^). The proof is obtained by combining the sketch proof 
of lemma 2' and the proof of lemma 2 in [Go] O 

Corollary 2.3.2. Let H be a positive energy representation of LG with finite energy subspace W". 
Then, there exists a constant oo > M > such that for any ^ € and X\, . . . ,Xn € Lq, the 
following inequalities hold 

|K(Xi)---7r(X„)e|| < Aj|Xi|3-.-|X„|3M"n! (2.3.4) 
for some constant < < oo depending on ^. 

Proof. Set V = Ti,°° and A = 1 + d in theorem 2.3.1 where d is the infinitesimal generator of rotations 
on Ti. We will show that the inequalities (2.3.1) (2.3.2) hold for a suitable neighborhood of in Lq. 
From the estimates of proposition 1.2.1 and the commutation relations (1.3.1)-(1.3.2), we find that 
MXM < C|X|i||A^|| for any ^ e V and, for n > 2 

II ad7r(X„) • • • ad7r(Xi)^^|| < C| adX„ • • • adXa^ij i m^|| + e\B{Xn, adX„_i • • • adXsXi)! ||^|| 

< CC^-'\Xn\r . . . \X2\,JX,\r\m +^Cr'|^n|l|X„_i|o • • • |X2|o|Xi|o||C|| 

<C^-\CC,+£)\Xn\s...\X^\.\m 

(2.3.5) 

where £ is the level of H and we have used \X\i < \X\t+i, \[X,Y]\t < Cj,|X|t|y|( and \B{X,Y)\ < 
|X|i|y|o. Thus, for r > small enough, the family {7r(X)| X G Lg, |X| 3 < r} satisfies the inequalities 
(2.3.1)-(2.3.2) of theorem 2.3.1 for any ^ GV. Let now 9 ^ = X^^^ ^fe be a finite sum of eigenvectors 
of A with eigenvalues ^k- Set a ~ maxfc fj,k and = sup„ then m™A^^^|| < ml for all m e N 
and therefore, for any Xi, . . . Xn G Lg 

\\n{Xn)...^{X^M=X^r--\Xn\,...\X^\,Jrj^---^ 

_ ' ' (2.3.6) 

where M = Mr~^ O 

2.4. jCG as a real analytic Frechet Lie group. 

The following is a simple consequence of the spectral theorem 

Lemma 2.4.1. Let X,Y be two essentially skew-adjoint operators on a Hilbert space H defined on an 
invariant domain T>. Denote by X , Y the closures of X and Y and let the unitaries e^ , e^ be defined 
by the spectral theorem,. If ^ G T>, the identities 

n>0 

■^-^ m'.nl 

m ,n>() 

hold whenever their left-hand sides are absolutely convergent. 

Proof. We may suppose that X and Y are closed with invariant subdomain T>. 
(i) By the spectral theorem, we may assume H = L^(f2, /x) with Y acting as multiplication by a measur- 
able, iM-valued, /x-almost everywhere finite function /. Then, V{Y") = {g G H] Jq [/[^"[gj^d/i < oo}. 
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If ^ e fln^C^") is such that the left-hand side of (i) is absolutely convergent, the sequence of func- 
tions r]N = ^n=o hJ^^ converges to some r] G H. Therefore [Ru, Theorem 3.12], for almost every 
u) £ i}, |/(w)|, < 00 and rj^ico) However, 

^ 1 

Vn{co) = J2 -,n^)^M ^ e^^^^^ioj) (2.4.1) 



n=0 

whence rj = ^ = e^^. 

(ii) Assume that ^ e r> is such that the left hand-side of (ii) is absolutely convergent and set r] = e^^. 
We will show inductively that rj e V{X"^) and that X™?] = En>o-'^'"^$ any m G N. The case 
m = is settled by (i). If m > 1, set Ojsi = X]^=o ''^'"^^lir^' then by assumption 9^ G V C 'D{X) 
and by induction 6m X"^'^r]. Moreover, by assumption X9n is Cauchy and hence by closedness 
of X, X'^-^ri e V{X), i.e. r] e ©(X™) and X™?? = E„>o^™^^- Therefore, r? e n,„£)(X™) and 
the series X/m>o ^mT^ absolutely convergent and therefore equal to e^Tf. Finally, 

E = E E = E ^^^^ = ^''^^^ (2-4-2) 

^-^ m!n! ^-^ ^-^ m\n\ ^-^ ml 

m,n>0 m>On>0 m>0 

o 

Theorem 2.4.2. Let (7r,7i) 6e a positive energy representation of LG and 

l^T^CG^LG^l (2.4.3) 
the corresponding topological central extension induced by n. Then 

(i) CG possesses the structure of a real analytic Frechet Lie group modelled locally on Lq ® iM. 
such that (2.4.3) is a real analytic central extension of LG. 

(ii) H possesses a dense set of analytic vectors for the action of LG. 

Proof, (i) By lemma 2.2.1, we need only prove that the vector ^ used in the local trivialisation of 
CG may be chosen so that the local multiplication (2.2.3) is analytic. Fix ^ S and 6 < {2M)~^ 
and let X,Y e Lg, |X|3, |F|3 < 6. Then, by corollary 2.3.2, 

E E (';;)l^lfl^l|M™+" = Aj5^(M|X|3+M|y|3)*^<oo (2.4.4) 

m,n>0 ' ■ m,n>0 ^ ^ fe>0 

Therefore, if Bg = {X G Lg\ \X\3 < 6} then, in view of lemma 2.4.1, the function f^-.LgxLg—^ H, 
{X, Y) —^ e'^^^^e'^^^^^, is analytic on Bs x Bs- Moreover, since 

k>l 

we may take 5 small enough so that (e'^^'^^e'^^^^^, €) ^ for any {X, Y) G Bsx Bs and it follows that 
the function 

{X, Y) ^ 7V„,, \ ' (2.4.6) 
^ ^ a5(e'^(^))a5(e'^(^)) ^ ^ 

is analytic on Bs x Bs. Since LG has a local analytic logarithm and for any X S Lg, e'^^-^^ is a lift of 
7r(cxp^QX) by proposition 1.3.2, the local multiplication (2.2.3) is analytic. 

(ii) Let € as in (i) and rj e 7i"". We claim that r] is analytic for the canonical action of LG given by 
(7,u)€ = u^. It is sufficient to check this near 1 where we may trivialisc CG using ^ as in §2.2. Then 

(7, z)r] = (7, 7r(7)aj(7r(7))"^2;)77 = 7r(7)Q;5(7r(7))"^z7? (2.4.7) 

For 7 G LG near 1, this is equal to 

^a5(e-'^(^))e^W?7 (2.4.8) 
where X = log (7) and is therefore analytic O 
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Proposition 2.4.3. Let {'Ki,'Hi) he positive energy representations of levels it. Then, 

(i) The Lie algebra cocycle corresponding to DG = 'jT*U{Hi) is £i times the fundamental cocycle 



2ir 



(2.4.9) 



iB{X,Y)=i 

(ii) C^G and C^G are (canonically) isomorphic if, and only if £i — £2- 

Proof, (i) Fix ^ e W° and trivialise £^G near 1 as in §2.2. We begin by computing the corresponding 
local adjoint action. By (2.2.3)-(2.2.4) 



{g, z) -k {h, w) ■kl{g, z) = gh, zw 



= (ghg-' 



a«(7r(5))a«(7r(M) 
adTT{g)Tr{h)Tr{g)*) 



w 



(2.4.10) 



where the lifts TT{g),TT{h) G U{H) are arbitrary and we have chosen 7r((?)7r(/i) as a lift of [TT{gh)] and 
7r(g)* as a lift of [7r(5)~^]. Set h := ht = ex.pj^Q{tX) for some X G Lg and choose e*'"^-^^ as a lift of 
7r(/it). We will compute the derivative of the right hand-side of (2.4.10) at i = 0. Since ^ e W"" C 

e'^^W^ = 7r(X)e (2.4.11) 

t=o 



dt 



and therefore, assuming that ||^|| 



1 



di 



aj(e*'^(^)) = 



dt 



^,0 



(2.4.12) 



.0 V(e*-(^)C,6(^,e*-(^)0 

since, by skew-adjointness, the function at the denominator is even. Similarly, irlg)* leaves W° 
invariant by proposition 1.5.3 and therefore 

d 



dt 



7r(5)e*-(^)7r(ff)*C = A9MX)n{gr^ 



whence 



Thus 



dt 



d_ 
'dt 



ad'K{g)e'<''\{gy) = {'K{g)n{X)n{gr U) 
= (7r(ff)7r(X)7r(5)*^,0- 



a^(7r(5)7r(/it)7r(c/)*) 



and the local adjoint action of DG is 

{g,z){X,ix){g,z)-^ = {gXg-\ix + {■K{g)T:{X)T:{gr^,^) - (7r(X)^,0) 



(2.4.13) 

(2.4.14) 
(2.4.15) 
(2.4.16) 



where we have identified the Lie algebra of T with zR. To compute the Lie bracket, set g '■= gs = 
ex.pj^Q{sY), Y e Lq and choose the lift n{gs) = e'"^^^). Then ^l^^o'''^^*)*^ ~ -''^{Y)^ and therefore 



d_ 

ds 



(7r(ff,)7r(X)7r(5«)*C,0 = 



s=0 



{7T{X)n{g,r^, nig^rO = ([7r(y), 7r(X)]C, (2.4.17) 



s=0 



and it follows by the commutation relations (1.3.2) that the bracket on the Lie algebra of £*G is given 

by 

[{X, ix), (y, iy)] = {[X, Y],i£,B{X, Y) + dp^X, Y)) (2.4.18) 

where (3^ is the linear form on Lg given by (3^2) = (7r(Z)^,^) and d/3j(X, F) = /3j([X, F]). Notice 
that /3{ is continuous since ||7r(Z)^|| < C|Z'| 1 ||^||i. Thus, the cocycle classifying the Lie algebra of 
DG as a central extension of Lq is i£iB + df}^^ which is cohomologous to i£iB. 

(ii) follows from (i) and the classification of central extensions of LG [PS, 4.4.1 (ii)]. The isomorphism 
C^G = C^G is unique since any two differ by an element of Hom(LG,T) = {1} [PS, 3.4.1] O 
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Remark. Denote by LG the central extension of LG whose Lie algebra cocycle is iB{-,-). By [PS, 
4.4.6], LG is the universal central extension of LG and it is easy to deduce from (i) of proposition 
2.4.3 that CG ^ JjG/Ze where i is the level of W and .^^ C T c LG is the group of I roots of 
unity. It follows that any positive energy representation of LG at level (. gives rise to a continuous, 
unitary representation of LG such that the centre of LG acts by the character z ^ z^. Moreover, 
as conjectured by Prcsslcy and Segal [PS, §9.3], Ti, possesses by theorem 2.4.2 a dense subspace of 
analytic, and a fortiori smooth vector for the action of LG, 



CHAPTER III 



Fermionic construction of level 1 representations 

This chapter is devoted to the well-known quark model or Fermionic construction of the level 1 pos- 
itive energy representations of iSpin2„. This parallels the Clifford algebra construction of the spin 
modules of Spin2„ and realises the level 1 representations as summands of two distinct Fermionic Fock 
spaces, the Ramond and Neveu-Schwarz sectors J^r,J^ns- 

Our main interest in this construction comes from Algebraic Quantum Field Theory. Wc shall prove 
in chapter IV that the von Neumann algebras generated by the groups Lj Spiuj^ of loops supported 
in a proper interval I d m positive energy representations are type IIIi factors and satisfy Haag 
duality in the vacuum sector. These results are necessary for the very definition of fusion and will be 
derived from their well-known analogues for the free Fermi field. Another feature of the quark model 
is that the vector primary field is realised as a Fermionic field and therefore obeys bounds. The 
continuity properties of other primary fields, most notably the spin ones, arc not as easily derived in 
the fermionic picture and will be proved in chapter VI using the equivalent bosonic construction of 
level 1 representations of LSpin2„. 

In section 1, we review the Clifford algebra construction of the S02n spin modules. We do this in some 
detail as an explicit description of these modules will be needed elsewhere. In section 2, we construct 
the level 1 representations of LSpin2„ inside the Ramond and Neveu Schwarz Fock spaces Tr^Tms 
by using a global version of the quark model. In section 3, we identify the abstract action of L^'^so^n 
on Tr,Tns corresponding to that of L Spin2„ with well-known bilinear expressions in the Fermi field 
and use this to prove the finite reducibility of and Tms under LSpin2„. Finally, in section 4, we 
prove that the vector primary field defines a bounded operator-valued distribution by identifying it 
with a Fermi field. 

1. The finite dimensional spin representations 

We describe below the construction of the S02n spin modules following Brauer and Weyl's original 
lines [BrWe]. This stems from the simple observation that the Clifford algebra Ciy) oiV = M^" 
is a matrix algebra and therefore possesses a unique irreducible representation !F . Conjugating it by 
the automorphic action of S02ra on C{V) thus leads to unitarily equivalent ones and therefore to a 
projective representation of S02n on T. The latter lifts to an ordinary representation of the universal 
cover Spin2„ of S02n which decomposes as the sum of the two spin modules. 

1.1. Clifford algebras and CAR algebras. 

Let V = M^" with inner product _B(-, •) and C{V) the corresponding Clifford algebra, that is the 
complex *-algebra generated by the self-adjoint symbols 'ijj{v)^ v satisfying 

{V'(u), V'(w)} = i^{v)i{){v) + V(w)V'(m) = 2S(u, v) (1.1.1) 

C{V) is naturally Z2 graded by decreeing that the i!{v) are of degree one. We claim that C{V) 
is isomorphic to the matrix algebra Af2" (C) . This may be seen by rising the factorisation property 
C{Vi © F2) = C{Vi)®C{V2), where ® is the graded tensor product and the fact that C{M?) = M2(C) 
but is more conveniently obtained by giving a different presentation of C {V) which naturally suggests 
a module for it. 
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Introduce for this purpose an orthogonal complex structure j on V and denote by Vj the corresponding 

complex vector space with hcrmitian inner product {u,v) = B{u,v) +iB(u, jv). The canonical 
anticommutation relations or CAR algebra 2t(Vj) is the Z2-graded, complex *-algebra generated 
by the degree 1, C-linear symbols c{v), v &Vj subject to the relations 

{c(u), c{v)} = {c{u), c{vy} = {u, v) (1.1.2) 

These suggest that a natural 2l(lj)-module is the exterior algebra KVj = 0^=0-'^'^^' with the c{v) 
acting as creation operators, namely 

c{v) Vi A ■ ■ ■ AVm = V Avi A ■ ■ ■ AVm (1.1.3) 

so that 

c{vy viA---AVm = ^i-iy~'^{vj,v)vi A--- AViA--- AVm (1-1-4) 

3=1 

Lemma 1.1.1. The representation of 2t(Vj) defined by (1.1.3)-(1.1.4) is irreducible and yields an 
isomorphism 2l(V^) = End(Al^). 

Proof. Let tt be the above representation. Notice that the number operator A'' acting as multiplication 
by k on A*V, may be written as 

where Vk is any complex basis of Vj. Thus, if T G End(Al^) commutes with 2t(Vj), then [T,N] = 
and T leaves A^Vj invariant. Thus, Tfl = Xfl where fl G A^Vj is a generator and therefore T = A by 
cyclicity of 17. Thus, tt is irreducible and, by the double commutant theorem, 7r(2t(Vj)) = End(AVj) 
is of dimension 2^". Since 21(1^) is spanned by the monomials 

c{vij---c{vi^)c{vej* ■■■c{ve^y (1.1.6) 

where vi . . .Vn is a complex basis of Vc and 1 < ii < ■ ■ ■ < ik ^ n, 1 < £i < ■ ■ ■ < £m < n, its 
dimension is bounded above by 2^" and tt is an isomorphism O 

Returning to the Clifford algebra C{V), we notice that it is canonically isomorphic to 2t(V,) by 

il){v) c{v) + c{vy c{v) i (^jI){v) - iip{jv)j (1-1-7) 

and is therefore a matrix algebra whose unique irreducible module may be identified with AVj . 

Proposition 1.1.2. There exists a projective unitary representation T of S02n on AVj satisfying, 
and uniquely determined by 

r{R)^{v)T{Ry = iPiRv) (1.1.8) 

and extending the canonical action of the unitary group UiVj) C S02n given by 

T{U) viA---Avk = UviA---A Uvk (1.1.9) 

Moreover, T leaves the even and odd subspaces of AVj, namely AoVj = 0feA^'^\^- and AiVj = 
invariant. 

Proof. The natural action of SO2T1 on V induces an automorphic one on CiV) given by il}{v) 
ip{Rv), R e S02„. Conjugating the representation of C{V) on AVj by i? e 802™ gives of necessity 
a unitary equivalent one. It follows that there exists a unitary T{R} on AVj satisfying (1.1.8). By 
irreducibility, T{R) is unique up to a phase so that r(_Ri)r(i?2) = r(i?i_R2) and we get a projective 
unitary representation of S02n on AVj. By uniqueness, T extends the action of U{Vj). Let P € U{Vj) 
be multiplication by —1 on Vj so that AqV,, AiVj arc the ±1 eigenspaces of T{P). Since P commutes 
with S02„ on Vj, we get T{R)T{P)T{Ry = e{R)T{P) where e(i?) e T has square 1. Since S02n is 
connected, e{R) = e(l) and therefore AqV} and AiVj are invariant under S02n ^ 
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The projective representation of S02n on AVj lifts to an ordinary, unitary representation of the 
universal covering group Spin2„ of S02n which wc denote by the same symbol F. The lift is unique 
since any two differ by a character and Spin2„ is simple. We will show in §1.3 that AqVj and AiVj are 
irreducible under Spin2„ by using the infinitesimal action of S02n- For this purpose, we give below a 
more convenient description of AVj borrowed from [PS, §12.1]. 

1.2. Holomorphic spinors. 

The complex structure j on V induces a splitting Vc = V^'° © V^'^ of the complexification Vc where 
the summands are the ±z eigenspaces of j (8) 1. Both are isotropic for the C-bilincar extension of the 
inner product B on V, which we denote by the same symbol, since B{u, v) = B{ju,jv) = —B{u, v) if 
V € Y^'^ or V^'^. They are unitarily and anti-unitarily isomorphic to Vj by the maps 

v2 

and we shall identify Vj with V^'° via (7+. The latter induces an isomorphism of CAR algebras 
2t(T/j) ^ by c(/) c{U+f) and a unitary AU+ : AVj AV^'^ which is equivariant for the 

corresponding canonical actions of 2t(Vj) and 2l(V^'°). Transporting the action of C{V) via AU+, we 
see by (1.1.7) that il){v) acts as 

c{U+v) + c{U+v)* = c{U+v) + c{Ul^y (1.2.2) 

where u is the canonical conjugation on Vc- Wc may extend by linearity the definition of the symbols 

tpiv), V G V to C-lincar symbols ip(v), v G Vc satisfying 

{V'(m),V'(w)} = 2B(?i,u) and V (")*== (1-2.3) 

Similarly, wc extend the maps U± to C-linear maps Vc Vf',V;!'. As is readily verified, U± = 
\/2P± where the P± are the orthogonal projections onto V^''^ and V^''^ respectively. It follows from 
(1.2.2) that the ip{v), v eVc act on AT^c'" ^y \/2c{P+v) + \/2c(P~v)*. In particular, since the inner 
product (•, •) on Vc is given by {u, v) = B{u,v), we get 

'^l){v)vl^■■■ AVm = V2v hviA--- hVm ifweFc'" (1-2.4) 

and 

m 

ii){v) viA--- Avm = ^{-iy~^V2 B{v,Vj)vi A ■ ■ ■ A Vi A ■ ■ ■ A Vm H v £ V^^ (1.2.5) 

Let now R e S02n- We give below an explicit formula for the action of T{R) on AV^'°. By the 
cyclicity of G A^V^' under C{V) and (1.1.8), it is sufficient to give a formula for r{R)ri. Notice 
that the action of if! = i? ig) 1 on Vc leaves B invariant and therefore RV^'^ is an isotropic subspace 
for B. Thus, if J7 C RV^'^ is a subspace, the expression 

Det(C/) =?A(wi)---^(«fe) (1.2.6) 

where Ui - - - is an orthonormal basis of U is, up to multiplication by a complex number of modulus 
one, a well-defined element of C{V) by (1.2.3). Let now ?7 be a complementary subspace of RV^'^ fl 
V^ ' in RV^ ' and set 

Dct{RV"''^ / RV°'^ n Vc^) = Bct{U) (1.2.7) 

This is well-defined only up to elements lying in the two-sided ideal generated by the exterior algebra 
of -RV^'^ n V^'^. Since the latter annihilates CI, 'Det{RV^'^ / RV^'^ fl V^'^)f2 is a well-defined ray in 
AV^'*^. We now have 

Proposition 1.2.1. Let R e S02„, then 

C ■ r{R)Cl = C • Bet{RV°''^/RV°'^ n V°''^)fl (1.2.8) 
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Proof. The vector ^ = T{R)Q differs from zero and, by (1.1.8) is annihilated by ipiRV^'^). Conversely, 

we claim that any 77 satisfying these two requirements is a multiple of ^. Indeed, assuming ||^|| = \\ri\\, 
it is easy to see that the map xrj, x G CiV) is norm-preserving and therefore well-defined. Since 

it commutes with CiV), it is a scalar and therefore 77 = a^, a e C. We claim now that the right-hand 
side of (1.2.8) is non-zero. Let vi . . .Vk be a basis of a complementary subspace of -RVJ?'^ n V^'^ in 
RV^'^ so that the projections vf of the Vi on V^'° are linearly independent. Then, by (1.2.4)-(1.2.5), 
the leading term of T>et{RVl'^ / RVl'^ n l^c'^)^ is 

v+h---Av+VL (1.2.9) 

and therefore docs not vanish. We check now that Det(i?Fc'V-R^^c'^ ^ ^c'^)^ annihilated by the 
elements ^{RV^'"^). This is clear for 'il){v), v £ -RV^'^ H V^' since by isotropy 'ip{v) commutes with 
the Det term and therefore annihilates fl. If, on the other hand v does not lie in RV^' fl V^' then 
we may pick a complementary subspace of -RVJ?'^ n V^'^ containing v. The Dot term may therefore be 
taken of the form ■4>{v) A • • • and therefore is annihilated by ip{v). The identity (1.2.8) now follows O 

1.3. The infinitesimal action of S02n- 

We now characterise F infinitesimally. The bilinear form i? on Vc yields an isomorphism S02n.c — 
Vc A Vc where the latter acts on Vc by m A w w = B{v, w)u — B{u, w)v with commutation relations 

[ui A wi, U2 A V2] = (mi, W2)wi A -^2 + («i, "2)"! A U2 - (wi, ""2)^1 A U2 - (wi, W2)mi a U2 (1.3.1) 
Using this identification, it is easy to see that the map p : 502„,c ^ C'(y) 

u^v^ ^{■tl){u)il>{v) - ip{v)ip{u)) = ^{il>{u)ip{v) - B{u,v)) (1.3.2) 

satisfies [p{X), p{Y)] = p{[X,Y]) for any X,Y G S02n,c and 

[p{X),i;{v)]=i;iXv) (1.3.3) 

for any X € S02n,C;^^ G Vc- If € S02n, the exponentiation of (1.3.3) in C/(AV^'°) yields 

eP<^^^{v)e^P^^^ = tPie^v) (1.3.4) 

and therefore, by irreducibility, e^^^^ = r(e"^) in P[/(AV^'°) so that p is the representation of S02n 
corresponding to the projective action of S02n on AV^'°. We now use this to classify AqV^'*^ and 

Proposition 1.3.1. Let Vg^ be the irreducible Spm2n^modules with highest weights s± = 5(^1 H h 

^„_i±^„). Then, 

Vs^ S AeVc'° and Vs_ ^ Ai-eVc'° (1.3.5) 

where e = or 1 according to whether n is even or odd. 

Proof. Let ei, . . . , e2„ be an orthonormal basis of V satisfying je2k-i = e2fc- By (1.2.1), the vectors 

f±k = V2 {e2k-i T iP-2k), k = l...n arc orthonormal basis of V^'*^ and V^'^ respectively and 
B{fkifi) = ^k+ifl- If the maximal torus T of S02n is chosen as consisting of those elements whose 
matrices in the basis Ck are of the form 



^R{ti) \ 



with R{tk)=( '"^'l' -^^"^'^ ) (1.3.6) 

^ ' ' sm tk cos tk ' 



R{tn)J 

the Lie algebra t of T has a basis given by 

0fe = e2feAe2fe-i =i/feA/_fe (1.3.7) 
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SO that 0fe is a matrix all of whose entries are zero except for the kth diagonal block which is of the 
form ^ ^ Q ^. By (1.3.2), 6fe is represented on AV^'° by ^{ip{fk)'^{f-k) — 1) and therefore, by 
(1.2.4)-(1.2.5), 

■ f /feiA---A/fc, iike{ki,...,ke} 
Qkfk,A---Afk, = ^l (1.3.8) 
[ -fki A • • • A /fc, if fc ^ {fci, ...,ke} 

so that the vector /fci A • • • A /^^ corresponds to the weight J2p ^kp — \ T^k where the 6k are the 
dual basis elements to the —iQk- It follows that the part of AK^'*^ containing the top exterior power 
A^^c '° = C/i A • • • A /„ has highest weight s+ and the other has highest weight s_ with corresponding 
weight vector /i A • • • A /„_i. Thus, Vs_^ C AeV^'° and Vs_ C Ai_eV^'°. To conclude, notice that the 
parity subspaces of AV^'° are irreducible under the even part of the Clifford algebra and therefore 
502n since the former is generated by the il){u)ip{v) O 

Remark. By the tensor product rules of proposition 1.2.2.2, Homspin2„(Vc Vsj.,Vs-^) = C. The 
corresponding intertwiners may be constructed using the Clifford multiplication map 

Vc<^AVc'° ^ AVc'° v(^w^iIj{v)w (1.3.9) 

which, by (1.3.3) commutes with Spin2„. Its restrictions to Vc <^ AoV^'° and Vc (S) AiV^'*^ are the 
required intertwiners. 

2. The infinite— dimensional spin representations 

In this section, we construct the level 1 representations of L Spin2„ by using an analogue of the Clif- 
ford algebra construction of section 1 and realise them, grouped in pairs as summands of two distinct 
exterior algebras or Fermionic Fock spaces, the Neveu-Schwarz and Ramond sectors J^r,!Fns- 

We begin by discussing the representations of the Clifford algebra C(H) of a real, infinite-dimensional 
Hilbert space. As in section 1, these may be obtained by introducing an orthogonal complex structure 
J on Ti. and regarding the latter as a complex Hilbert space Ti.j. An irreducible representation of 
C{H) is then got via the canonical action of the isomorphic CAR algebra ^{Hj) on the Fock space 
AH J. Unlike the finite-dimensional case however, different complex structures Ji, J2 lead in general 
to inequivalcnt representations and we give below a necessary and sufficient criterion due to I. Segal 
[BSZ] for that to be the case. The discussion is technically simpler when Ji and J2 commute with a 
given complex structure i onH and we first formulate the criterion as the equivalence of representa- 
tions of the reference CAR algebra 2l(Wi). This is the context of complex fermions and is treated in 
§2.1. The more general case of real fermions is studied in §2.3. 

The complex Fermionic criterion leads at once to a projective representation of a distinguished sub- 
group of the unitary group of Tii on the Fock space ATij. In §2.2, we derive from it the basic 
representation of the loop group of Un starting from its unitary action on (5-^,0"), as done in 
[Wa3]. Similarly, the real Fermionic criterion yields a projective representation of a subgroup of the 
orthogonal group of Ti. extending the previous one. When applied to the orthogonal action of L S02ra 
on the Hilbert spaces of periodic and anti-periodic functions on with values in R^", this yields 
positive energy representations of L Spin2,j and is carried out in §2.4. These are classified in §2.3 and 
shown to contain all level 1 representations. 

2.1. Complex fermions and CAR algebras. 

Consider a complex, infinite-dimensional Hilbert space Ti, with hermitian form (•,•) and the corre- 
sponding CAR algebra 2l(W) defined as in section 1 by the C-linear symbols c(/), f gH subject to 
the anticomutation relations 



{c{f),c{g)}=0 



{c(/),c(5)*} = (/,5) (2.1.1) 
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Ql{H) possesses a canonical representation on the exterior algebra or Fermionic Fock space AH given 
by 

c(/) 51 A • • • A 5f„j = / A 51 A • • • A 5„ (2-1-2) 

so that 

m 

c(/)* 51 A • • • A 5™ = J2^-iy'\gjJ)9i A • • • A 5i A • • • A 5„ (2.1.3) 
j=i 

which is irreducible [BSZ, cor. 3.3.1]. Wc also consider the underlying real Hilbcrt space with 
inner product B{-, •) = 3?(-, •) and the associated Clifford algebra C{Hr) generated by the real-linear, 
self-adjoint symbols tpif), f € Hr satisfying 

{Hf),H9)} = mf,9) (2.1-4) 

The maps 

^(/) - c(/) + c(/)* c(/) ^ ^ (V(/) - im)) (2.1.5) 

extend to an isomorphism C{Hr) = 2t(H) which we shall however use in a somewhat opposite way to 
that of section 1. Indeed, choosing an orthogonal complex structure J on Hk differing from the original 
one and denoting by Hj the corresponding complex Hilbert space, we get 21(H) = C{Hr) = ^{Hj) and 
therefore a representation ttj of 2l(W) via the canonical action of 2t(Hj) on the Fock space J^j = AHj. 

The equivalence class of ttj depends upon J in a way explained below. The discussion is simpler if J 
commutes with the original complex structure on H so that it is unitary. We may then diagonalise it 

and write H = Ti.+ ® H- where the 'H± arc the ±« cigcnspaces of J. Then, Tij = Ti.+ ® H- where 
7i- = T-L*_ is H_ with a reversed complex structure and = AH+(8)AH1. The corresponding action 
of 2t(H) on J^j is explicitly given by 

'KMf))=c{U)+c{f_r (2.1.6) 
where f± are the projections of / on 'H± . 

In marked contrast to the finite-dimensional case, the automorphic action of the full unitary group of 
H is not implemented on Tj in the sense that, for a given u G U{H) there does not exist in general 
a unitary operator T{u) on Tj such that T{v)'!Tj{c{f))T{v)* = TTj{c{uf)). Notice though that the 
operator T{u), when it exists is unique up to a phase since ttj is irreducible. The existence of T{u) 
is in fact easily seen to be equivalent to the unitary equivalence of tt j and ttj where J = uJu* . The 
equivalence criterion given below determines a projective representation of a distinguished subgroup 
of U(H) which we presently define. Consider the restricted unitary group of H, relative to the unitary 
complex structure J given by 

C/,es(W, J) = {ueU{n)\ IIK J]||„s < oo} (2.1.7) 

where || . ||hs is the Hilbert-Schmidt norm. We topologise Urcsi'H, J) by endowing it with the strong 
operator topology combined with the metric topology determined by d(u,v) — ^ w, J]||hs. It 
contains the intersection of the unitary groups of Ji and Jij. The automorphic action of the latter is 
implemented on Tj by 

r(w).gi A • • • A .9™ = wgi A • • • A ug^ (2.1.8) 

we refer to this as the canonical quantisation of U {Ti) (1 U {Tij). The following result is due to I. Segal 
[BSZ]. A short proof as well as the details of (iii), may be found in [Wa3]. 

Theorem 2.1.1. LetTi be a complex Hilbert space and%{H) the corresponding CAR algebra. Then 

(i) Any unitary complex structure J on 7i determines by (2.1.6) an irreducible representation 
TTj o/2l(7i) on Tj ~ A7i+(8)A7i_ where the Ti.± are the ±i eigenspace of J. 

(ii) The representations ttj^ and nj^ are unitarily equivalent if, and only if Ji — J2 is a Hilbert- 
Schmidt operator. 
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(iii) For any unitary complex structure J, there exists a strongly continuous, projective uni- 
tary representation T of the restricted unitary group (2.1.7) on Tj satisfying and uniquely 
determined by 

r(u)7rj(c(/))r(u)* = TTjiciuf)) (2.1.9) 

2.2. The basic representation of LUn- 

Let LUn = C°°(5\ Un) and consider the action of LUn » Rot 5^ on tlic Hilbert space H = L2(S'\ C") 
where LUn acts by multiplication and Rot 5'^ by Ref — fe where /e(0) ~ f{4> — 0). We denote the 
standard complex structure on H by i. Thus, Rg = e*'''' where the self-adjoint generator of rotations 
d = i-^ is non-negative on the subspace spanned by the functions e*™^ (^v,v&C",m<0 and 
negative on H- = H^. Let J be the complex structure acting as ±i on W±. Up to a finite-dimensional 
ambiguity on the space of constant functions C" G 7i, J is the unique complex structure on Ti such 
that Rg is a unitary action on Hj decomposing into a sum of non-negative characters. In other words, 
J commutes with Re and the corresponding self-adjoint generator on Hj, namely J-^ is non-negative. 

Consider the representation ttj of the CAR algebra %{H) on !F = AHj = AH+(^AH- given as in 
(2.1.6). Re commutes with J and is therefore canonically quantised on J^, call the corresponding 
action Ue = T(Rg). Since Rg has non-negative spectrum and finite-dimensional eigenspaces on Tij, 
Us is a positive energy representation of Rot S-^ . Let 7 G LC/„ with Fourier expansion X^^^z 7(771)6*™^ . 
It is readily verified, using the basis e'™^ (g) w of W that 

ll[7,^]ilL = 45]H||7(m)f (2.2.1) 

m 

where ||7(to)|| is the Hilbert Schmidt norm on End(C"'). On the other hand, the operator norm of 7 
is equal to the supremum norm ||7||oo and by theorem 2.1.1 we get a continuous projective unitary 
action of LUn of positive energy on called the basic representation of LUn- 

2.3. Real fermions and ClifFord algebras. 

Let now 7Y be a real Hilbert space with inner product -B(-,-) and Clifford algebra CiTL). Every 
orthogonal complex structure J onH gives rise to a representation nj of C(W) on the exterior algebra 
AH J via the isomorphism C(H) ^ ^{Hj). Explicitly, 

njm))=c{f) + c{fr (2.3.1) 

where c(/) and c(/)* act as in (2.1.2) (2.1.3). We give below a criterion for the representations of 
C(Ti.) determined by two orthogonal complex structures Ji, J2 to be unitary equivalent. Its proof 
proceeds by noting that, up to the replacement ofWbyW®W = W(g)C and Jk by Jfe (8) 1, one may 
always assume that ,7i, J2 commute with a reference complex structure on H. The criterion is then 
obtained from that of theorem 2.1.1 in view of the following simple observation 

Lemma 2.3.1. Let Ti. be a real Hilbert space with Clifford algebra C{Tl) and Ji, J2 two orthogonal 
complex structures. Then, the representations of C{H) on AHj^, AHj^ are unitarily equivalent if, 
and only if those ofC{U ® U) on A{Uj^ ® WjJ, A{Uj^ WjJ are. 

Proof. We proceed as in [SS, lemma 1]. Let V : AHj^ — > AHj^ be a unitary C(W)-intertwiner. 
Then, 

V®V: A{Hj, ® HjJ ^ An.j,§)AHj, AHj.^AHj, ^ A{n.j, ® Hj,) (2.3.2) 

intertwines the action of C{n ® H) = C{n)§)C{n). Conversely, let U : Anj^§)AHj, AHj^^AHj^ 
be a C{H)®C{'H) intertwiner and f^i (g) fii e AHj^^ATij^ be the vacuum vector. We claim that 
U (rJi (g) r^i) = ^ (g ?7 for some ^, r? G ATij^ of norm one. Assuming this for the moment, one sees that 
the map V : ATij^ AHj^ given by 7Tj^{x)Qi Trj^ix)^ is well-defined and norm preserving since, 
for any x G CCH) 

hj2{xM = IMx) 1{^<^V)\\ = WUinj.ix) l)(ni f2i)|| = ||7rj,(a;)0i|| (2.3.3) 
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and therefore yields a unitary map intertwining C{H). Returning to our claim, let U{Cli fii) = 
Efe^fc O Vk where {r]k,Vk') = h,k'- Then, 

{'Kj^{x)Qi,ni) = {nj^ix) O 1(^1 0^1), Oi OOi) 

= {Uttj, {x) ^ lf/*C/(Oi ^ Qi), U{Qi ^ Oi)) 

= Z^i'^J2{x)^k,^k) 

k 

However, ttj^ is the GNS representation of C(H) = 2t(HjJ for the vector state (/>(a;) = {■kj^{x)^\,^x). 
By theorem 2.1.1, -kj^ is irreducible so that (j) is pure. It follows that all non-zero states {'!^j2{x)£,ki^k) 
must be equal. By irreducibility of ttjj, this is the case if, and only if all ^fe are proportional and 
therefore Uil\ ® ^\ = £^ ® t) &s claimed O 



It follows almost at once that ttjj is unitarily equivalent to ttj,-^ if, and only if Ji — J2 is a (real) 
Hilbert-Schmidt operator on Ti. As in theorem 2.1.1, this criterion leads to a projective representation 
of a distinguished subgroup of the orthogoanl group 0{H). More precisely, consider the restricted 
orthogonal group of H relative to J defined by 

Ores{n,J) = {R€0{H)\ \\[R,J]\U < 00} (2.3.5) 

where the Hilbert-Schmidt norm refers to [R, J] as a real operator. We topologise Ores(W, J) by the 

strong operator topology combined with the metric d{R, S) ~ || [R—S, J]\\hs- This gives, for any other 
reference complex structure ionH, commuting with J a continuous inclusion i7res(^i) J) C Ores(H, J). 
The following theorem is due to Shale and Stinespring [BSZ, SS] 

Theorem 2.3.2. LetH he a real Hilbert space with Clifford algebra C{H). Then 

(i) Any orthogonal complex structure J on H determines an irreducible representation ttj of 
C{H) on Tj = KHj given by 

^jm)) = c{f)+cifr (2.3.6) 

(ii) The representations wj^ and ttj^ are unitarily equivalent if, and only if J\ — is a Hilbert- 
Schmidt operator. 

(iii) For any unitary J, there exists a strongly continuous, projective unitary representation T of 
the restricted orthogonal group (2.3.5) on Tj satisfying and uniquely determined by 

T{R)7rj{^{f))T{Rr = TTji^PiRf)) (2.3.7) 

(iv) // J commutes with a reference complex structure i on H, T extends the representation of 
Uies{T^i,J) C Ores (W, J) givcn by theorem 2.1.1. 

Proof, (i) follows at once from the isomorphism C{H) = 2l(7Yj) given by (2.1.5) and (i) of theorem 
2.1.1. 

(ii) By lemma 2.3.1, AHj^ and AHjj are unitarily equivalent as C(H)-modules iff A.{Hj^ © T^Jk)' 
k = 1,2 are unitarily equivalent as C(W ® W)-modules. On the other hand, Ti ® H = H (8)k C 
possesses a natural complex structure commuting with Jk (E) 1 and since C(7i ® 7i) = 2l(7i ®r C), 
theorem 2.1.1 implies that the original representations are equivalent if, and only Ji (g) 1 — J2 (g) 1 
is a complex Hilbert-Schmidt operator on H (8)r C and therefore if, and only if Ji — J2 is a real 
Hilbert Schmidt operator on Ti.. 

(iii) Let R € 0{Ti) and regard it as a unitary operator Tij Tij where J = RJR~^. As such it 
extends to a unitary AR : AHj AHj satisfying ARTTj{c{f))AR* = 7rj(c(i?/)). Notice that [R, J] 

is Hilbert-Schmidt if, and only if J — J is. Thus, if i? G Orcs{'H,J), there exists by (i) a unitary 
V : AH J — > AH J intertwining C{H). The operator T{R) — V* RV is easily seen to have all the 
required properties. Moreover, by irreducibility, T{R) is uniquely determined, up to a phase by (2.3.7) 
and in particular, T{RiR2) = r{Ri)r{R2). As is readily verified, T is such that the following diagram 
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commutes 

Ores{n, J) -* Ures{n 0M C, J ® 1) ^ PC/(AWjgAWj) 




(2.3.8) 



pu{m.j) 



whore is the representation of U^esO^ <8*R C, J (g) 1) given by theorem 2.1.1 and A(m) = u®u. It 
follows that r is continuous since A is a homeomorphism onto its image. 

(iv) is clear in view of the uniqueness of the operators r(i?), (2.1.9) and the fact that the isomorphism 
CiTL) = ^{Hi) is equivariant for the automorphic actions of U{Hi) C 0{H) O 

2.4. The Ramond and Neveu Schwarz Fock spaces. 

We construct below positive energy representations of L Spiuj^ by mapping it to the restricted or- 
thogonal groups of suitable real Hilbert spaces and using theorem 2.3.2. These representations factor 
through the loop group of S02n and extend the basic representation of LUn C L S02n obtained in §2.2. 

Consider the Ramond and Neveu-Schwarz Hilbert spaces Wr,Wns of square integrable, C"-valued 
periodic and anti periodic functions on spanned by the functions e*™^®^ with mGZormG ^ + Z 
respectively. They are naturally complex Hilbert spaces with standard complex structure i but we 
shall regard them as real ones. As such, they support orthogonal actions of L S02n >^ Rot 5^ where 
the first factor acts by multiplication on C" = M^" valued functions and the second by Ref = fe ^■ 
Let H be Hb. or Hns and split is as a direct sum H+ ® H- where the H± are the (complex) subspaces 
spanned by the functions e""^ ^v, m <0 and m > respectively with m e Z for Hr and m e | + Z 
for TYns- Let J be the complex structure acting as multiplication by ±i on 7i±. If Ti. is endowed 
with the complex structure J, the action of Rot 5^ is unitary and has non-negative spectrum and 
finite-dimensional eigenspaces. Its canonical quantisation on .F = AHj is therefore of positive energy. 
Let Ores(W, J) be defined by (2.3.5), then 

Lemma 2.4.1. Let H = Hr or H^s and J the complex structure defined above. Then, LS02n C 

Orcsi'H, J) and the inclusion is continuous. 

Proof. Let 7 G LS02n- To compute ||[7, J]||hs, it is more convenient to complexify Ti and consider 
the splitting 

Wc = Wc'°eW^'^ (2.4.1) 

where 7^^°' ''^c ^ ^^"^ the ±1 (g) i eigenspaces of J $5 1 on Tic- If = Wns. these are spanned by the 
functions v{m) — ef^*^*)™^!!, v G Vc and m ^ respectively. For H = H„,, is spanned by the 
v{m) with m < or TO = andvG , the 1(8) i eigenspace of z (8) 1 on Vc while is spanned by 
v{m) with TO > or m = and v € V^'^, the — 1 (g) i eigenspace of i 1 on Vc- Using these basis, a 
simple computation shows that for 7 e LS02n, 

||[7® 1, J® l]|lL(Hc) < 4 E i\M + (2.4.2) 

where the 7(to) G End(Vc) are the Fourier coefficients of 7 and ||7(to)|| is the Hilbert-Schmidt norm 
on End(Fc)- The lemma follows since ||[7, ■^]||hs(w) = IK?*?) 1,-^® 1]||hs(Wc) <^ 

By lemma 2.4.1 and theorem 2.3.2, we get a continuous projective representation of LS02,i on the 
Fock space !F = AHj with Ti = Ti^ or Ti^s which, as remarked above is of positive energy. Notice that 
by identifying U,, with the subgroup of S02n commuting with the complex structure on K^" = C" , we 
get a natural inclusion LUn C LS02n. The restriction of TYr to LUn is the standard representation 
of LUn on L^(5^,C") considered in §2.2, and the restriction of Tins to LUn is unitary equivalent to 
L^(6'^,C"') by the map / — > e~*2 Since these identifications carry the complex structure J on 



The action of Rot on Wns is two-valued and is therefore really one of the non-trivial double cover of Rot 5^. 
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or Hks considered above to the one on i^(6'^,C") given in §2.2, the restrictions of J^r,J^ns to LUn 
are equivalent to its basic representation. 

Lemma 2.4.2. Let H = H„ or H^s and To = 0^>(, A'^'^Hj and Ti = 0j,>o K^^+'^Hj the even and 
odd subspaces of T . Then, each is invariant under L Spin2„ xi Rot and therefore defines a positive 
energy representation of L Spin2„ . 

Proof. Let P be multiplication by —1 on H. P is canonically quantised on !F = AHj and !Fo, T\ are 

the ±1 cigcnspaces of r(_P). The action of Rot 5^ on H. commutes with P and J. It is canonically 
quantised on T and commutes with r(P) and therefore leaves each invariant. L Spiuj^ commutes 
with P onH hence 

r(7)r(P)r(7)* = 6(7)r(P) (2.4.3) 

for some 6(7) G T depending continuously on 7. Since LSpin2„ is connected and £(7)^ = 1, we have 
e(7) = e(l) = 1 so that the JFfe are invariant imder L Spin2„. We now distinguish two cases. IfTi — TLm 
the action of Rot on 7Y is a genuine one and we therefore get a positive energy representation of 
L Spin2„ >^ Rot on JFq, -^i- On the other hand, the action of Rot on Ti = TY^s is really one of its 

non-trivial double cover Rot . This leads to a positive energy representation of Rot on T with 
characters z ^ z^, n on and 2", n e | + N on Thus, multiplying the action on by 
the character we get a positive energy representation of Rot 5^ on To,Ti and therefore one of 

L Spin2„ X Rot S'^ O 

2.5. The level 1 representations of LSpin2„. 

We prove below that the level of J^r and J^ns as positive energy representations of L Spin2„ is equal 
to one by computing the commutator cocycle for the action of the torus and the coroot lattice of 
Spin2„ and using the criterion of corollary 1.3.2.4. An alternative infinitesimal proof will be given in 
section 3. We begin by giving an equivalent description of the Fock spaces J^r and J^ns parallel to 
that of the finite-dimensional spin modules obtained in §1.2. 

Let H = Hr or H^s and J the complex structure of §2.4. Split the complexification He as 

Hc = Hc"(Sn°c^ (2.5.1) 

where the summands are the ±1 (8) i eigenspaces of J (g) 1. As in the finite-dimensional case, they are 
isotropic for the C-bilinear extension of the inner product B onH and are unitarily and anti-unitarily 
isomorphic to Hj via the maps 

U^:f^l^l^P^ (2.5.2) 

li H, = Hns) '^c'^ and H,^^ are spanned by the functions v{m) = e^-"^®*)™^ (g) v where v G Vc and 
mG ^+Zis^O respectively. If, on the other hand Ti. = TYn, Ti^''' is spanned by the v(m), with 
m e N_ and v G Vc or m = OandvG Vl'°. The latter is a summand of the splitting Vc = © V^' 
considered in §1.2 and corresponds to the 1 (g) i-eigenspace of i (g) 1 on Vc- Similarly, H'^^ is spanned 
by the v{m) with m e N+ and v gVc or m = and v gV^' . 

Using [/+, we identify Hj with and = AHj with AH^f . Transporting the representation of 
the Clifford algebra C(W) to the latter Fock space, we find as in §1.2 that it acts as 

i>{f)9l^■■■^9m = V2f ^g^^■■■^gm '^^ f &nlf (2.5.3) 

and 

m 

V'(/) 51 A • • • A 5^ = ^(-1)^-^ V2 P(/, gJ)gl^■■■^gi^■■■^gm if / e H^'' (2.5.4) 

where we have extended the definition of the symbols V'(-) to C-linear symbols V'(/)) / € He satisfying 
{V'(/),V'(5)} = 2B(/,5) and V(/)* = W) (2-5.5) 
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We now characterise explicitly the action of the coroot lattice of Sping^ on T. Let ei • • • e^n be an 

orthonormal basis of V such that ie^k-x = C'2k- Let T be the torus of S02ri consisting of block diagonal 
matrices of the form (1.3.6) and T its pre-image in Spin2„. The coroot lattice = Hom(T, T) C LT 
of Spin2„ embeds in the integral lattice I = Hom(T, T) of S02n- The latter has a Z-basis given, in 
the notation of (1.3.7) by iQ^ = ieik A e^k-x where to each A G 0^ «0fc • ^, we associate the loop 
Ca(0) = expy(— j(/>A). Let /±fe = \/2 {e2k-i <^ I T P-2k i) , k = 1 . . .n be the orthonormal basis of 
V^'°, Fj?'^ corresponding to ei • • • e2„ via (1.2.1) so that B{fk, fi) = 6k+i,o- Then, 

Lemma 2.5.1. In Tr, we have, projectively, 

Uide,)^ = -^i>{f-k{-im = /-fe(-l) (2-5.6) 

Proof. The proof of proposition 1.2.1 shows that if i? e Ores(W, J) is such that RH'^^DH'^^ is of finite 
codimension in i?7i°'^, then T{R)^l is given, as in (1.2.8) by Det(i?Wj!.'V-RWc'^ n n°c^)n. We choose 
now R = CiSk and compute From Qk = e2k A e2k-i = ifk A f-k, we find @kf±i = ±ihif±i so 

that 

exp{J2tkek)f±i = e^'*'f±i (2.5.7) 



and therefore 
Since 

we find 

so that 



CieJ±i{n) {ct>) = e(i®^)("±^'=')* ® f±i = f±i{n ± 5ki) {<f>) (2.5.8) 
C/;(m)®C/_i(m)0C/_i(O) (2.5.9) 



m>0,l 



Ci0,n°^'= C/;(m + 4;)©C/_i(m-4;)0C/-;(-4i) (2.5.10) 

m>0,l I 

Cie.<'V(Cie.<'' n n°/) - C/_fe(-l) (2.5.11) 
whence the conclusion O 

Lemma 2.5.2. .Fr and J^ns Qire positive energy representations o/LSpin2„ of level 1. 

Proof. By corollary L3.2.4, it is sufficient to compute the following cocyclc on A)^ x T where T is a 
maximal torus in Spin2„ and A^ = Hom(T, T) the corresponding coroot lattice. Define 

K(a, r) = r(Ca)r(T)r(Co)*r(T)* (2.5.12) 

Since F factors through LS02n, extends to a bilinear map / x T ^ T where T = T/X^ C S02ra 
and / = Hom(T, T) is the integral lattice spanned by the iQk- Moreover, the inclusion (7„ C S02ra 
identifies the diagonal torus of Un with T and the corresponding integral lattices. Thus, I,T C LUn 
and since the Ramond and Neveu-Schwarz Fock spaces are unitarily equivalent as L/7„-modules, we 
need only compute k in one of them, say !Fr. Notice that T C Un commutes with the complex 
structure J on Hr so that it is canonically quantised and fixes fl. By lemma 2.5.1 and (2.5.7) 

r(CieJ*r(exp^(/i))r(c.ejr(exp^(/j))*r! = r(CeJ*r(cxp^(/i))i=^(Afc(-i))n 

= r(CeJ*^V(expr(/i)/-,(-l))0 (2-5-13) 

where (•, •) is the basic inner product so that (6^, O;) = —6ki- It follows by linearity that 

K{a, expr(/i)) = e-<"'''> (2.5.14) 
and therefore that J^r and J^ns are of level 1 O 
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Proposition 2.5.3. Let Ho,'Hv,'Hs± be the level 1 representations o/iSpiiij^ and = J^ns or J^r 
the Neveu-Schwarz and Ramond Fock spaces. Then, denoting by J^o,^i the even and odd subspaces 
0^ T , we have 

Wo C J^NSfi 'Hv C J^NS,i (2.5.15) 

and 

Us^ C jT^,, Us. C jr^,i_, (2.5.16) 

where e = or 1 according to whether n is even or odd. 

Proof. Let !F = Tns- The action of S02n C LS02n on the complexification ofH = H^s preserves 
the decomposition (2.5.1) and therefore commutes with the complex structure J. Thus, S02n is 
canonically quantised on and acts as 

r{R)n = Q and T{R)vi{-ni) A ■ ■ ■ A Vk{-nk) ^ Rvi{-ni) /\ ■ ■ ■ A Rvk{-nk) (2.5.17) 

The lowest energy subspace of J-g is spanned by the vacuum vector O and therefore, by (2.5.17), 
J^Q = C = Vq as S02ri- modulcs. It follows by lemma 1.2.3.2 and lemma 2.4.2 that the closure of the 
linear span of r(LSpin2„)0 C is isomorphic to Hq. Similarly, the lowest energy subspace of !Fi 
is spanned by the vectors v{—^), v £ Vc and by (2.5.17) is isomorphic, as S02n-module to Vfc so 
that Hv C J^i. Let now = !Fr. The operators V(^)) v €:Vc satisfy Uei}{v)UQ = ^{Rev) = tjj{v) 
and therefore map J^{0) = AV^' to itself. This action coincides in fact with the Clifford algebra 
multiplication (1.3.9). The projective action of Spin2„ C LSpin2„ on JF leaves JF(0) invariant and, by 
(2.3.7) satisfies r(5)^(u)r(5)* = i){Sv). It follows by the irreducibility of A^c'" under C{V) that, 
as Spin2„ -modules ^(0) = AV^'°. The inclusions (2.5.16) now follow by proposition 1.3.1 and lemma 
L2.3.2 O 

Remark. Wc shall prove in the next section that the inclusions (2.5.15)-(2.5.16) are in fact equalities 
by using the infinitesimal action of L^°^S02n on Tr,Tns- 



3. The infinitesimal action of LP°'s02n on ^R-,^NS 

In this section, we prove that the even and odd parts of the Ramond and Neveu-Schwarz Fock spaces 
are irreducible under the action of L Spin2„ and therefore that the inclusions of proposition 2.5.3 are 
equalities. We proceed by studying the abstract action of Z/''°'s02n on J^r and !Fns induced by that 
of i Spin2„ and identify it with bilinear expressions in the Fermi field similar to those of §1.3. The 
irreducibility result then follows from the well-known fact that these give a level 1 representation of 
the Kac-Moody algebra so^n for which the even and odd parts of Tr, Tns are irreducible [IgF, G02] . 

In §3.1, we consider the algebraic Clifford algebra oi TL = Ti^ or Ti^s generated by the '0(/) where 
f Q His a. trigonometric polynomial and show that it acts irreducibly on the finite energy subspace of 
the corresponding Fock space. The bilinear expressions giving the action of soJn are derived in §3.2. 
Their identification with the abstract action of L'"''s02n then follows by Shur's lemma because both 
representations have the same commutation relations with the algebraic '0(/)- In §3.3 we derive from 
this the irreducibility of the even and odd subspaces of Tr,Tns under LSpiuj^. 

3.1. Algebraic Fermions. 

Lcit TL = Hb. or Wns and T the corresponding Fock space. The subspace .F"" C .F of finite energy vec- 
tors for the canonically quantised action of Rot given by Ue = Y{Re) is spanned by the monomials 
vi{—ni) A ■ ■ ■ A Vfe(— rife) where rij € N for !Fr and ^ + N for J^ns- Consider the algebraic Clifford 
algebra C^^^{H) C C(W) generated by the -^(v^n) := il>{v{n)), v G Vfc. By (2.3.7) 



?7eV(?^,n)f/; = e-'"V(w,n) 



(3.1.1) 
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SO that ^fin is invariant under the action of C'^^^{H) and, differentiating 

[d, tp{v, n)] = -nip{v, n) (3.1.2) 

We prove below that C"''s(W) acts irreducibly on ^fin- The proof is similar to that of lemma 1.1.1 with 

the replacement of the grading corresponding to the number operator by that given by the infinitesimal 
generator of rotations d. It relics on the fact that d can be written as a bilinear expression in the 
^jj{v,n) which we presently derive. To fix notations, if ej is an orthonormal basis of V, we denote 
ip{ei,n) by ipi{n) so that, by (2.5.5) 

{ipi{n),ipj{m)} = 2SijSm+n,o and Vi(«)* = V'i(-«) (3.1.3) 

d 

Thus, if we consider the tpi{n) as anticommuting variables, then ad+(V'i(— n)) = 2 where 
ad+(a)6 = {a,b}. Recall the definition of fermionic normal ordering 

{a{n)h{m) n <m 

\{a{n)h{rn) — h{m)a{n)) m = n = a{n)b{m) — H{n — m){a{n),b{m)} (3.1.4) 
—b{m)a{n) m> n 

where 

H{p) = i^ P = (3.1.5) 




and the quantum field theoretic prescription that products ipi^{ni) ■ ■ ■tpiki'^^k) should be written in 
normal order to prevent the occurrence of infinities. With this in mind, we have using [ab,c] = 
a{b, c} — {a, b}c 

-Antpi{n) = ^(pi^j{-p){i^j{p), ■} - p{tpj{-p), •}V'j(p))V'i(^^) 

= J^^'^^^^P^'^^^P^' (3.1.6) 

where p e N for Tr and | + Z for Tms- The operator J2j,pPo'4'j{~P)'4'j{p)o is well-defined on 
since the sum is locally finite. In fact, 

Lemma 3.1.1. The infinitesimal generator of rotations on JF''° is given by 

3,P 3,P>0 

Proof. Let D be the operator defined by the right hand-side of (3.1.7). By (3.1.6), [D,tp{v,n)] = 
—nip{v,n). Moreover, Dil = where £7 € ^ is the vacuum vector and therefore by cyclicity of fl 
under the action of the if){v,n), D = d <> 

Proposition 3.1.2. JT"- is an irreducible ^^^^{H) -module. Moreover, if T G End(^"°) commutes 
with C^^in), then T = X-1 for some A e C. 

Proof. Notice first that any vector ^ in JP""(0) is cyclic for C^s^j-c)^ j.e. C"''s('H)C = J^''". This is 
obvious if .7^ = J-'ns since J^''°(0) = C n and follows for from the irreducibility of jr""(0) = AV^ 
as C{V) C C^'s(7^;)_niodule which implies C{V)^ = AVj. If T e End(J^«") commutes with C^'s(7i;)^ 
it commutes with d by lemma 3.1.1 and therefore leaves JF''"(0) invariant. Thus, T must have an 
eigenvector E !F''"{0) with eigenvalue A, and by cyclicity of ^, T = A • 1. If 7^ V C -F"" is invariant 
under ^^^^{Ti.), then dV C V by lemma 3.1.1 so that V is graded, i.e. V — 0„ V{n). The corresponding 
orthogonal projection Py : .F"° V commutes with C^^^{H) and therefore Pv = 1 whence V = J-""" 
O 
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3.2. The action of L^°^so2n via bilinear expressions in Fermions. 

Let H = Hr or Ht^s and the corresponding Fock space. Denote by F : L''°'so2n — * End(^"") 
the projective representation determined by the positive energy action of L Spin2„ on via theorem 
1.1.2.1. 

Lemma 3.2.1. Let f € Tic be a trigonometric polynomial so that ipif) G End(J-""") and X G L^°^502n- 
Then 

[r(X),V(/)]=VW) (3.2.1) 

Proof. By theorem LI. 2.1, T{X) is essentially skew-adjoint on J^"" and e*^'^' = r(e*^) in PU{T). 
By the covariance relation (2.3.7), we have e*'"('^^-0(/)e~*'"'^'^) = '0(e*'^/) and applying both sides to 
^ S we find e*^*^^)f/'(/)C = ip{e*^^ f )e^^'^^^^. The relations (3.2.1) now follow by taking derivatives 
at t = 0. Specifically, V(/)^ e .F"" C V{T{X)) and therefore 

e'^^'^mm = + tr{X)i,{m + o{t) (3.2.2) 

Similarly, 

V(e*^/)e*rW^ = V(/ + tXf + oitM + tT{X)^ + o(i)) ^ 3) 

= i^im + mxm + Hmx)o + «(*) 

since, by (2.5.5), ||V'(5')|| < V2\\g\\. Letting t yields (3.2.1) O 

Specialising the above, we find 

[Eij{n), ^kim)] = Sj^ki'ii'm + n) - Si^ki'jirn + n) (3.2.4) 

where we denote T{X) and X by the same symbol and Eij G S02n — is the basis given by A Cj. 
Because of the irreducibility of the action of C"^'s(7Y); the above equations have essentially unique 
solutions in the Eij{n). To solve them, notice that the right hand-side of (3.2.4) may be rewritten 
using the identity a{&, c} — {a, c}b = [ab, c] as 

\ XI (^^ + "L^J . • } - {V'i (-P) , • }'^3 iP + ")) V'fe (?«) = 
p 

^X](^*^^ + ")'LV'i(-p),-} - {MP + n),-}'tpj{-p))^Pk{m) = 
^ " (3.2.5) 
2 X[^'(P + n)tpj{-p), V'fc(m)] = 
p 

^ + «)V'j(-p)o, V'fe(TO)] 
p 

Define now 

i^ii (n) = ^ E (" + P)^^ (^^^)° (3-2-6) 
p 

and use the above to define operators X{n) for any X e S02n- The following result is well-known, see 
for example [IgF] 

Proposition 3.2.2. For X,Y e S02„, the operators X{n) satisfy 

(i) [X{n),tp{v, m)] = tp{Xv, m + n) 

(ii) [X(n), y(TO)] = [X, Y]{n + m)+ n6n+mfi{X, Y) 

where (•, •) is the basic inner product on S02„- 

Proof, (i) follows from (3.2.5). From (i) we deduce that [X{n), Y{m)] — [X, F](n + m) commutes with 
the ^{v,n) and hence by proposition 3.1.2 is equal to a scalar X{X{n),Y{m)). Since [d,^{v,n)] = 
—mj){v,n), the operators Z{p) are homogeneous of degree —p and therefore A vanishes unless m+n = 0. 
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We may compute it in that case by evaluating (O, [X{n),Y{—n)]Cl) — (O, [X, y](0)O) and choosing 
for X, Y basis elements since A is bilinear in its arguments. From 

[ab, cd\ = {b, c}ad - {a, d}cb + {b, d}ca - {a, c}bd (3.2.7) 

which holds if all anti-commutators are scalars, we find for n > 

{n,[Eij{n),Eki{-n)]Q)= ^ (^^, [^V'i(n - P)V'i(p), ^V'fe(-« + g)V'^(-9)]^^) 

1 1 

0<p,g<n 
0<p.,q<n 

(3.2.8) 

where p,q gZ for J^ji and 5 + Z for J^ns- Using (3.1.4), we may rewrite (3.2.8) as 

J2 hk{^. \:^i{p)u-pro^) + ^Mp)M-pro^) 

0<p<n 

- E lMp)M-pm + 5i,k{^, lMp)M-pm 

0<p<n 




(3.2.9) 

The following lemma then shows that (ii) holds O 

Lemma 3.2.3. Let {■, ■) be the basic inner product on S02n- Then, {Eij,Eki) = 5j,k5i,i — SjjSi^k- 

Proof. Let V = M^". The form t{X, Y) = trv{XY) is symmetric, bilinear and ad-invariant and is 
therefore a multiple /3 of (•, •). To compute /3, let hi and /i* be dual basis of the Cartan subalgcbra 
t C S02n with respect to (•, •). Denoting by n(Vc) the weights of Vc, and computing with a basis of 
Vc diagonal for the action of i, we get 

/3dimt= T{h,,h')= E Khi)nihl= E ll^ll' (3.2.10) 
/ien(y) /ien(y) 

Since the weights of Vc are ±9i, we get /? = 2. To conclude, notice that in V, EijEki = SjkSu + 
^iiSjk - SikSji - SjiSik where CpgCr = SgrCp and therefore tiviEijEki) = 2{djkSu - SikSji) O 

3.3. Finite reducibility of Tr,Tns under LSpin2„. 

Proposition 3.3.1. Let T be the Neveu-Schwarz or Ramond sector. Then, the even and odd subspaces 
of T are irreducible under L Spin2„ and therefore 

J^NS='Ho®Hv and Tr = Hs+®Hs_ (3.3.1) 

Proof. Let F and tt be the projective representations of L^°^B02n on .7-""" determined by the action of 
i Spin2„ and the bilincars (3.2.6) respectively. By lemma 3.2.1 and proposition 3.2.2, F and tt have 
the same commutation relations with the ipif), f a trigonometric polynomial and it follows by propo- 
sition 3.1.2 that T{X) = wlX) + a{X) for some a{X) e C. Since the n{X) act irreducibly on the even 
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and odd subspaces of [IgF, thm. 1.3.21], [G02, §5.6] so do the T{X) and therefore, by proposi- 
tion 1.1.2.2 ^05-^1 are irreducible under L Spinj^. The conclusion now follows from proposition 2.5.3 O 

Remark. The fact that the abstract action of L^°'so2n and that given by the bilinears (3.2.6) coincide 
gives, by proposition 3.2.2 another way of showing that ^ is a level 1 representation of L Spin2„. 

4. The level 1 vector primary fields 

We show below that the level 1 vector primary fields define bounded operator valued distributions 
by identifying them with the Fermi fields within the construction of the level 1 representations of 
L Spin2„ given in sections 2-3. The same result holds in fact at any level and will be established in 
this generality in chapter VI. 

Let Vc be the complexified defining representation of S02n and Vq, T4± the trivial and spin modules. 
By the tensor product rules of proposition 1.2.2.2, the spaces Homspm^^CVi ® Vc,Vj) where Vi, Vj are 
admissible at level 1 are non-zero if, and only if {Vi, Vj} = {Vq, Vc} or {Vi, Vj} = {Vs_^_,Vs_}. Thus, 
by proposition 3.3.1, the non-zero vector primary fields at level 1 are endomorphisms of the spaces 
of finite energy vectors of the Ramond and Neveu-Schwarz Fock spaces. We shall construct them as 
such. 

Proposition 4.1. Let c6 : Tif" $5' Vc[z.z^^] Hf^ be a vector primary field at level 1. Then, (p 
extends to a hounded map L^(S'^,Vc) B{Hi,Hj) intertwining the action o/LSpin2„ xRotS*^ and 
satisfying 

mm < V2\\f\\ (4.1) 

Proof. We begin with the Ramond sector H — Hr. Since He = L^{S^, Vc) we may define a map 
(/) : L^{S^,Vc) B{Tr) by / ^ V(./) where the latter acts by (2.5.3) (2.5.4). If P„ e = 0, 1 are 
the orthogonal projections onto the even and odd subspaces of J-r, we claim that the restrictions 
of P^<j){ )Pi^^ to Vc[z,z^^] are primary fields of charge Vc- We have already noted in §3.1 that if 
/ is a polynomial, ip{f) defines an cndomorphism of the finite energy subspace JF^'". Moreover, by 
lemma 3.2.1 and the fact that Tq,T\ are invariant under LSpin2„, Pe4'{-)Pi^e intertwines the action 
of Lp°'s02„ as claimed. Notice in passing that the initial terms of P^(j){-)Pi-^, that is the restriction 
to Spin2„ intertwiners 

Ai-.V^'^ = J'l-M - J'M = A,yJ'° (4.2) 
coincided with the Clifford multiplication map given by (1.3.9). By construction, the Pj0(-)Pi_£ 
extend to L'^{S^,Vc) and, by (2.3.7) intertwine iSpin2„ xi Rot 5^. Moreover, by (2.5.5) 

mm' + \mr^\\ = mfM' (4.3) 

and (4.1) follows. The construction of the vector primary fields in the Neveu-Schwarz sector H = H^s 
proceeds in exactly the same way. Consider unitaries S± : L'^{S^, Vc) He given by / — > e^2(i®»)^y. 

These intertwine the actions of LSpin2„ and satisfy S^RgS^* = e^'^i^®')^ Rg. If 

Po, -Pi are the 

projections onto the even and odd subspaces of !Fns, then / Pitp{S-f)Po,Pofp{S+f)Pi are easily 
seen to be the required primary fields O 



CHAPTER IV 



Local loop groups and their associated von Neumann algebras 

This chapter assembles various results required for the definition of Connes fusion to be given in 
chapter IX. 

The notion of Connes fusion of positive energy representations of LG, G = Spiuj^ arises by regarding 
them as bimodules over the subgroups LjG, LjcG of loops supported in a given interval I C and 
its complement and using a tensor product operation on bimodules over von Neumann algebras due to 
Connes [Co, Sa]. Recall that a bimodule H over a pair (M, N) of von Neumann algebras is a Hilbert 
space supporting commuting representations of M and N. To any two bimodules X, Y over the pairs 
{M,N), (TV, P), Connes fusion associates an (M, P) bimodule denoted hy X MY. The definition of 
XMY relies on, but is ultimately independent of the choice of a reference or vacuum {N, iV)-bimodule 
V with a cyclic vector ft for both actions and for which Haag duality holds, i.e. the actions of N and 
N are each other's commutant. Given V, we form the intertwiner spaces X = Hom7v(V,X) and 
3) = Homjy(V, Y) and consider the sequilinear form on the algebraic tensor product X (g) 2) given by 

{xi yi, X2 1/2) = {xlxiy2yii^, ft) 

where the inner product on the right hand-side is taken in V. If xi = X2 and yi =2/2, Haag duality 
implies that X2X1 and 1/22/1 are commuting positive operators and therefore that (•, •) is positive semi- 
definite. By definition, the bimodule X^Y is the Hilbert space completion of X (8) 2) with respect to 
(•, •), with (M, P) acting as {m,p)x y = mx (g) py. 

Applying the above to the positive energy representations of LG requires a number of preliminary 
results which arc established in this chapter. Let Ve be the set of positive energy representations at 
a fixed level i. We wish to regard any (W,7r) &Pe as & bimodule over the pair no{LjG) ,Tro{LjoG) 
where ttq is the vacuum representation at level i whose lowest energy subspace is, by definition the 
trivial G-module. The well-foundedness of this change of perspective is justified by the following 
properties 

(i) Locality : 7r{LjG)" C n{LjoGy for any (tt, H) £Ve. In other words, H is a {tt{LjG) , 7r(L/cG) ) 
bimodule. 

(ii) Local equivalence : All (7r,7i) e Vf arc unitarily equivalent as P/G-modules. Thus we may 
unambiguously identify 7t{LjG)" with ttq{LiG)" where ttq € Vt is the vacuum representation 
and consider W as a (7ro(i/G)", 7ro(L7cG')")-bimodule. 

(iii) von Neumann density : Tr{LjG) x tt{LjoG) is strongly dense in 7r(LG). Thus, inequivalent 
irreducible positive energy representations of LG remain so when regarded as bimodules. 

The role of the reference bimodule is played by the vacuum representation (ttq, Ti-o)- Two crucial facts 
need to be established in this respect 

(iv) Reeh-Schlieder theorem : any finite energy vector of a positive energy representation tt 
is cyclic under Tr{LjG). In particular, the lowest energy vector O e Wo(0) is cyclic for 
TToiLiG)" and 7ro(L/cG)". 

(v) Haag duality : 'ito{LjG) = -kq{LicG) . 

Finally, another technically crucial property of the algebras 'jt{LiG)" is the following 

(vi) Factoriality : The algebras 'k{LiG)" with I C are type IIIi factors. 
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Properties (i)-(vi) were established by Jones and Wassermann for G = SUn in [Wa3] and, in unpub- 
lished notes for all simple, simply connected compact Lie groups using the quark model and conformal 
inclusions [Wal]. In section 1, we give a model independent proof of locality and von Neumman den- 
sity in the latter generality. The remaining properties are proved in section 2 by following Jones and 
Wassermann's original lines. 

1. Local loop groups 

For any open, possibly improper, interval I C S^, define the local loop group LjG = {/ G LG\ f\si\i = 
1}. The complementary interval J'^ is, by definition S^\I. 

1.1. Locality. 

The following is an immediate generalisation of proposition 3.4.1. of [PS]. 

Lemma 1.1.1. Assume G is simple. Then for any open interval I C S^, LjG is perfect i.e. it is equal 
to its commutator subgroup. In particular, Hom(L/G,T) = {1}. 

Proof. Consider the commutator map C : G x G ^ G, {g,h) ^ ghg~^h~^. Its differential at (1, 1) 
is given by the bracket [•, •] : g x g — > g and is therefore surjective since G is simple. By the implit 
function theorem, C has a smooth right inverse defined on a neighborhood U of the identity and 
mapping 1 to (1,1). It follows that L/C/ C L/G is contained in [LiG,LiG\ and therefore L/G = 
LiV^ C [L/G, L/G] since L/G is connected O 

Proposition 1.1.2 (Locality). ///, J c are disjoint open intervals and (tt, W) is a positive energy 
representation of LG, then 

n{LiG)" C 7r(LjG)' (1.1.1) 

Proof. For any E LjG x LjG the following holds in U{Ti.) : 7r(7/)7r(7j)7r(7/)*7r(7j)* = 

x(7/,7j), where x(7/,7j) G T does not depend upon the choices of the particular lifts and is multi- 
plicative in either variable. By lemma 1.1.1, x = 1 and 7r(L/G) commutes with ■jt{LjG) O 

1.2. The Sobolev ^ space. 

We establish below the density of the space of smooth, complex valued functions vanishing to all 
orders on a finite subset of in C°°{S^) for the Sobolev i norm. We shall use this result in §1.3 to 
prove von Neumann density by showing that the topology on LG obtained by pulling back the strong 
operator topology on the projective unitary group of a positive energy representation is weaker than 
the Sobolev ^-topology. The discussion below is taken from [Wal, Chap. VIII]. 

Let A C he a, finite subset and denote by C\{S^), k G NU {oo}, the space of smooth functions 
vanishing up to order k on A. If / : 5*^ ^ C is a trigonometric polynomial with Fourier series 
EfeO-fce''^' and s G R, define = Efe(l + |fc|)''l«frl' and |/|, = Efe(l + |fc|)1afe|. Denote by if^(5i) 
the completion of the space of trigonometric polynomials with respect to the norm || • jj^. It contains 
C°°{S^) since the Fourier coefficents of a smooth function decrease faster than any polynomial. 

Lemma 1.2.1. Iff,ge C°°{S^) and s > 0, then \\fg\U < IflsMU- 

Proof. Consider first the case / = Ofee*''^ and let g = J2„ ^nC*"^. Then 

= + Mf'K-k\' < \a,\\l + \k\r + I" - k\rK-k\' = \ak\\l + \k\r\\g\\i 

n n 

(1.2.1) 

since (l + |p + g|)< (l + |p|)(l + |g|). Thus, if / = Efe afce''=^ we have < Efe |afc|(l + |fc|)^||5||. = 

\f\s\\9\\s O 

Lemma 1.2.2. G^(5^) is dense in G°°(5^) for the jj • jji norm. 
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Proof. Consider first the case A = {0}. Let /„ = J2k=2 ^^'^ = fnfn{0)~'^. Then 

/ = lim„ fn exists in but lim„ /„(0) = oo and therefore Xn(0) = I7 Xn(0) = ^^id Xn ^ in Hi . 
Thus, ifhe C°^'{S^), then /i„ = h{l-Xn) € C\{S^) and by the above lemma, \\h-hn\\i < |/i|i||Xn||i 
which tends to zero. The general case A — {61, . . . ,9k} follows easily O 

Proposition 1.2.3. Cf{S'^) is dense in C°"(S'^) for the \\ ■ \\i norm. 

Proof. It is sufficient to establish the density of C^{S^) in C\{S^). Moreover, since 

ml < + = wfwh + wfwh < wnio + ml < (4^' + mni (i-2.2) 

for / e C\{S^), density for the norm will do. Let / G C\{S^). By the Stone-Weierstrass theorem, 
there exists a sequence gn € C^{S^\A) such that ||/ — 5„||oo ^0. If ^ = {6*1, . . . with the 
points arranged in incresing order, choose pi smooth and supported in {9i,9i+i) with j pi = \. Set 

9'n=9n- Ei Pi 9n{t)dt and C?„(0) = g'„{t)dt so that G„ e C^{S'\A). Since J^;^' / = 0, we 
have 

11/ - G„||oo < 11/ - 5n||oo + V \\p^\\oo / IQu ' f\dt ^ (1.2.3) 

o 

1.3. Von Neumann density. 

Our proof of von Neumann density follows Jones and Wassermann's original lines [Wal] . It bypasses 
however the use of conformal inclusions to obtain the general case from SUn or Spin2„ by making use 
of the Sobolev estimates of Goodman and Wallach [GoWa, §3.2]. 

Let 7 C 5^ be an open interval and A c I a finite set. Denote by LfG C i/G the normal subgroup 
of loops equal to 1 to all orders on A. Clearly, if I\A — Ji U . . . U J^, then LfG = Lj-^G x • • • x Li^G. 
We will prove that ^{LfG) is dense in tt{LjG) for any positive energy representation (tt, Ti). We shall 
need for this purpose a different version of the Sobolev estimates governing the action of Lq^. on the 
space of smooth vectors 7Y°° obtained in proposition II. 1.2.1. For X = X]fe^(^) ^ Lq^ and s G M 
define \\X\\l = Y.^{1 + \k\f'\X{k)\'^ and recaU that \X\, = Y.^{1 + \k\Y\X{k)\ where | • | is a norm on 
flc . Denote as customary by Lq the infinitesimal generator of rotations given by the Segal-Sugawara 
formula (II.1.2.1). 

Lemma 1.3.1. For any X e Lq^, ^ e H°° and e> the following holds 

||7r(X)e||<G,||X||i||(l + Lo)^mi (1-3.1) 

Proof. Let X = X{k) e g^^e^'^^ and ^ e W be a finite energy vector. By the estimates of proposition 
n.1.2.1, 

Mmf <c'{i+ \k\)\x{kni + Lo)Hr (1-3.2) 

Thus, if X = J2k-^(^) ^^'^ ^ eigenvector of Lq so that the Tr{X{k))^ are orthogonal, we get 

||7r(X)^|| < G||X|| 1 11(1 + Lo)^^||. More generally, if ^ = Em with Lq^ = and e > 0, then 

MxM<c\\x\\.J2\\(^ + Lo)Hm\\ 

m 

< c\\x\\.{j:{^ + m)— ) ' {y: 11(1 + Lor^uf) " (i-^-^) 

m m 

<C,||X||.||(l+Lo)^mi 

o 

Proposition 1.3.2. Let it be a positive energy representation of LG. Then tt (LfG) is strongly dense 
in ■jt{LiG). 
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Proof. Since L/G is connected, is suffices to show that Tr{V) C 'K{LfG) for a suitable neighborhhod 
1 e F C LiG for then 7r(L/G) = Un'^(^)" C 7r(L^G). Let W be a neighborhood of the identity 
in G on which the logarithm is well-defined and set V = LjU. If 7 = expj^Q{X) G LjG, we claim 
that for any ^ £ Ti, 71(7)^ — exp(7r(X))^ may be arbitrarily well approximated by exp(7r(y))^ with 
Y G Lfg. By the norm-boundedness of the unitaries 7r(7) it is sufficent to prove this on the dense 
subspace of vectors ^ € 1-1°° C H. Since these are invariant under LG by proposition II. 1.5. 3, the 
function F{t) = e-*'^C^)e*'^(^)^ is smooth and F{t) = e-*'^('^)(7r(X) - 7:{Y))e^''^^'>^. Therefore, 

< [\\e^^^'>F{t)\\dt (1.3.4) 
Jo 

<C,Mx\\X-Y\\r\\{l + Lo)'+'^\\ 

where we have used that LG acts continuously on each Sobolev space 7i*. The result now follows 
from the density of Lfg in Ljg with respect to the || • ||i norm given by proposition 1.2.3 O 

Corollary 1.3.3 (von Neumann density). On any positive energy representation n, we have 

-k{LiG)" V 7r(L/cG)" = -k{LG)" (1.3.5) 

Remark. The Sobolev estimates of proposition II.l. 2.1, namely ||7r(X)^|| < C|X| 1 ||(l + Lo)^^|| where 
\X\s = 1-^(^)1(1 + 1^1)" cannot be used directly to establish the above density result. Indeed, | • |s 
dominates the C{S^,q) norm for any s > and therefore Lfg is not dense in L/g for the corresponding 
topology. 

1.4. The Reeh— Schlieder theorem. 

Proposition 1.4.1 (Reeh-Schlieder theorem). Let (7r,7i) be an irreducible positive energy represen- 
tation of LG and I C an open interval. Then, any finite energy vector € Ti. is cyclic for LjG 
i.e. the linear span of n{LjG)(, is dense in H. 

Proof. This is proved in [Wa3, §17] O 

Corollary 1.4.2. If I C is an open non-dense interval and {'k,'H) an irreducible positive energy 
representation of LG then any finite energy-vector ^ gH is cyclic and separating for Mj = 7r(Z//G)", 
i.e.Mj^ = M^ = H. 

Proof. The result follows at once from the Reeh-Schlieder theorem and locality since M} D Tr{LjcG) 
O 

2. Von Neumann algebras generated by local loops groups 

In this section, we establish the Haag duality, local equivalence and factoriality properties for the von 
Neumann algebras generated by local loop groups LjG in positive energy representations. 

The proof of Haag duality relies on the modular theory of Tomita and Takesaki which we outline 
in §2.1. This allows in principle to compute the commutant of a von Neumann algebra M acting 
on a Hilbert space Ti. with a cyclic and separating vector O, in that it yields the existence of a 
canonical conjugation J onH such that M' = JMJ. When M is the von Neumann algebra generated 
by a local loop group LjG in the vacuum representation Tig and / is the upper semi-circle, the 
action of J corresponds to the map z — > z^^ on exchanging / and I'^. It follows from this that 
Tro{LjGy = 7ro{LicG)" and therefore that Haag duality holds. This explicit characterisation of J is 
obtained in §2.3 by using the fermionic realisation of TCq obtained in chapter III and a computation 
of the modular conjugation for local Clifford algebras due to Jones and Wassermann [Wa3] which we 
review in §2.2. The local equivalence and factoriality properties are proved in §2.4. 
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2.1. Modular theory. 

We outline Tomita and Takesaki's modular theory, details may be found in [BR]. Let M c be 
a von Neumann algebra with commutant M' . Notice that ^ G 7i is cyclic for M, i.e. = 7i iff it is 
separating for M' i.e. = 0, x £ M' implies a; = 0. Indeed, if ^ is cyclic and annihilated hy x G M', 
then xM^ = Mx^ = and therefore a; = 0. Conversely, the orthogonal projection p on lies in M' 
and (1 — p)^ = whence p = l. 

Assume now that ft G H is cyclic and separating for M so that MO = Ti = M'fl and H is the 

GNS representation corresponding to the (faithful and normal) state (j>n{x) — {xH,^l), x G Af. Let 
K be the densely defined conjugation given by kxO = x*^l on = MO. If (/iq is a tracial state 

i.e. (f)n{ab) = (pniba) then k is an isometry and therefore extends to the whole of H. As is easily 
verified, kMk' C M' and von Neumann's commutation theorem asserts that in that case kAIk = M' . 
More generally, k is closeable with closure k = JA2 where J is a conjugate linear isometry, the phase 
of the polar decomposition of k and the modulus As is a positive self-adjoint operator which measures 
the failure of c/io to be tracial. Tomita's fundamental theorem asserts that JMJ = M' and that, in 
addition A**MA~** = M. J and A** are called the modular conjugation and group. 

The modular group is a fundamental tool in the study of M in view of Comics' result that the class of 
A** in Out(M) = Aut(M)/Inn(M) is independent of the particular pair (0,H). This implies that if 
A'* acts ergodically, i.e. without fixed points on M then M is a factor (for Z{M) is fixed by Ad(A'*)) 
of type nil for in all other cases the modular group is inner, as a suitable choice of H, shows. An 
important special case arises when A** leaves no vectors in Ti fixed aside from O. Then A**a;A~'* = x 
for some x G M implies that xQ is fixed by the modular group and therefore xCl = aCl for some a gC 
Since O is separating, x = a and the modular group acts ergodically on M. 

The modular operators are hereditary in the following sense [Ta]. If A'' c M is a sub-von Neumann 

algebra such that A**A^A~** = N, then J and A** restrict to the modular operators for acting on 
fC = NQ. More precisely, if p G N' is the orthogonal projection on /C, then y ^ yp is an isomorphism 
of N onto pNp = Np c B(/C) for yp = implies yfl = y{l — p)Q, = and therefore y = since fl is 
separating. G /C is cyclic and separating for pNp and J and A'* leave K. invariant and restrict to 
the modular operators for pNp relative to O. Following Jones and Wassermann [Wal, Wa2, Wa3], 
we shall refer to the hereditarity of the modular operators as Takesaki devissage. 

2.2. Modular operators for complex fermions on 5*^. 

We describe, following Jones and Wassermann [Wal, Wa3], the modular operators for the local CAR 
algebras 2l(-L^(/, C")), J C 5^ in the Fock space corresponding to the basic representation of LUn- 
Their explicit knowledge will be used in §2.3 to deduce Haag duality in the vacuum representation of 
L Spin2„ from its fermionic realisation. 

Recall that the group 



acts on = {z\ \z\ = 1} by Mobius transformations. SU(1,1)± is the semi-direct product of the 
connected component of the identity SU(1, 1) by its group of components Z2 generated by the matrix 



acting on as the flip z — > z~^. SU(1, 1) acts by orientation preserving difii'eomorphisms of the circle 
and maps any three points zi,Z2,Z3 G to any other three points wi,W2,W3 provided Z2 and W2 
lie on the anticlockwise circular arcs going from zi to z^ and wi to respectively. In particular, 
there is a one-parameter group in SU(1, 1)+ of elements fixing the endpoints of the upper semi-circle 




(2.2.1) 




(2.2.2) 
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{z G S^\lmz> 0} given by 

t^d*=H^^l (2.2.3) 
\smn7rr cosnTrry 

Let now Ti = L'^{S^ ,C^) with CAR algebra 2t(?i) generated by tlic C linear symbols c(/) subject to 

{c(/),c(.g)} = {c(/),c(,9)*} = (/,.g) (2.2.4) 

Denote by C H the space of functions with vanishing positively moded Fourier coefficents, i.e. the 
boundary values of holomorphic functions on > 1 and by H- its orthogonal complement. Let J 
be the complex structure acting as multiplication by ±i on 7i± and denote hy Tij the Hilbert space 
H with complex multiplication given by J. We consider, as in §2.2 of chapter III, the corresponding 
representation of 2l(W) on the Fock space = AHj. The subgroup of the unitary group U{H) 
commuting with J is canonically quantised on by 

T{u)fi A---Afm=ufiA---Aufm (2.2.5) 

Moreover, unitaries of H anticommuting with J are canonically represented on by anti-unitaries. 

SU{1, 1)± acts unitarily on H by 

When restricted to SU {1,1), this action leaves 7i+ invariant since \a\ > \/3\ on this subgroup and 
therefore z z{az — /3)~^ is holomorphic on \z\ > 1. Thus, SU{1,1) commutes with J and is 
therefore canonically quantised on J^. On the other hand, the flip (2.2.2) acts by jf{z) = zf{z~^) 
and therefore anticommutes with J so that SU{1, 1)_ = jSU{l, 1) acts on by antiunitaries. 

For any open, non dense interval I C S^, denote by 21(7) C B{J^) the von Neumann algebra generated 
by the operators c(/) with / supported in I. Let now I = (0, tt) be the upper semi-circle. 

Theorem 2.2.1 ( Jones- Wasscrmann [Wal, Wa3]). 

(i) The vacuum vector il G A^Tij- C T is cyclic and separating for 21(7). 

(ii) The corresponding modular group A'f is the canonical quantisation of the action of the 
Mdhius flow (2.2.3) on U. 

(iii) The corresponding modular conjugation Jj is given by K~^r{j) where k = i"^ is the Klein 
transform corresponding to the natural Ii -grading e on T and j is the action of the flip 
(2.2.2) onH. 

(iv) Af leaves no vectors in T fixed aside from fl. 

Remark. Similar results are obtained for a general 7 C 5^ by using the action of SU(1, 1) on J^. 

Remark. It follows at once from Tomita's theorem and the above that 2t(7)' = J^{I)J = k~^21(7'^)k. 
Moreover, the 21(7) are type IIIi factors since A}* acts ergodically. 

2.3. Haag duality in the vacuum sector. 

Recall from chapter III that the Ncvcu Schwarz Hilbert space TYns of anti-periodic, C"-valued func- 
tions on carries an orthogonal action of L Spiuj^ xi Rot . li J is the complex structure acting as 
multiplication by i on the subspace of functions with vanishing positivcly-moded Fourier coefficients 
and by — i on its orthogonal complement, then by lemma III. 2. 4.1, LSpin2„ commutes with up 
to Hilbert-Schmidt operators and therefore acts on the Fock space Tns = ■'^^ns j- proposition 
III.3.3.1, the corresponding positive energy representation is the sum of the level 1 vacuum and vector 
representations. 

Tins is unitarily isomorphic to W = L^(5'^, C") considered in §2.2 via the map / — > z^ f ^Yiicli identifies 
the complex structures J and J. Transporting the action of L Spin2„ xi Rot via this identification. 
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we see that iSpinj^ acts on H by "yfiz) = z^'y{z)z~i f{z) and Rot 5^ by Ref{z) = e'^i f{e~'^^ z) ^. 
Denote by Fi the corresponding projective representation of L Spin2„ on ^ = ATCj. More generally, 
L Spin2„ acts on H (g) by w ^ w (g 1 and commutes, up to Hilbert-Schmidt operators with J' (g) 1. 
Since A(W (g C^^^) = AHj^ = T®^ , the resulting projective representation is equivalent to Ff^. 

Let, as in 2.2, 2l(J) be the von Neumann algebra generated in B[!F®^) by the c(/) with / supported 
in I. Notice that F£(LjSpin2„) commutes with 21(7^^) since, by (IIL2.1.5) and (IIL2.3.7), 

F,(7)c(/)F,(7)* = ]^t{l)m) - *V'(»/))r,(7)* = - iHlif)) = (2.3.1) 

whenever 7 G Spin2„ and / is supported in I". Let Af be the modular group for 2l(/) relative to 

the vacuum il*^^, then 

Lemma 2.3.1. F^(L/ Spin2„)" C 21(1) and is normalised by Af. 

Proof. We claim that LSpin2„ acts by even operators, i.e. that F^ commutes with the Z2-grading e 
on !F^^. Indeed, e is the canonical quantisation of multiplication by — 1 on ?i (g and therefore 

F,(7)eF,(7)* = x(7)e (2.3.2) 

where xil) = ^md depends continuously on 7. By connectedness of LSpin2„, x = 1. Now, by 
(2.3.1), re{Li Spin2„) commutes with 2t(/'=) and therefore, by theorem 2.2.1 lies in 21(7'=)' = K-^2t(7)K. 
Thus, since [e,re{Li Spin2„)] = 0, we get 

Te{Li Spin2„)" = kF^L^ Spin^J'n-^ C 2t(7) (2.3.3) 

To see that F£(L7 Spin2„)" is normalised by A}*, notice that if 7 e i/ Spin2„ and G SU{1,1) 
leaves 7 invariant, then in PU{T®^), T{A)Te{'^)V{A)* = F(^7A-i). Now A^yA''^ is multiplication by 

(_^)- ... (_^) y^T'-' 

(2.3.4) 

where w = A~^z. This is the action of a loop in L/ Spin2„ since S02n is a normal subgroup of 
M2„(M) and therefore, by the explicit geometric form of the modular group given by theorem 2.2.1, 
Ti{Li Spin2„)" is invariant under A}* O 

Remark. Notice that the inclusion 7r(L7 Spin2„)" C 21(7) and the evenness of the operators Ti{'^), 
7 e LSpin2„ imply that Tf {Ljc. Spin2„)" C T£{Li Spin2„)' and therefore give another proof of locahty. 

Lemma 2.3.2. F£(L/ Spin2„)"ri'^^ C !F'^^ is the vacuum representation o/LSpin2„ at level 

Proof. Let lC = Vf {L Spin2„)"ri'*^. IC is an irreducible L Spin2„ Rot module since if W C Ti' is a 
submodule and P is the corresponding orthogonal projection then W — r£(L Spin2„)"Pil®'^. Since P 
commutes with Rot , PQ,®^ = AfJ®^ with A e {0, 1} since the latter is the only vector in T"^^ fixed 
by Rot 5^ ^. It follows that W = or /C. Since fC is of positive energy, it is uniquely characterised 
by its lowest energy subspace and therefore isomorphic to the vacuum representation of level £. The 
claim now follows from the Reeh-Schlieder theorem O 

Proposition 2.3.3 (Haag duality in the vacuum sector). Let (tt, Wq) be the vacuum representation 
at level i. Then, 

7ro(L/ Spin2„)' = 7ro(7.jc Spin2„)" (2.3.5) 



This is not unitarily equivalent to the action on H given by "/f(z) = "f(z)f(z) since Spin2„ does not commute with 
the complex structure on C" . The latter action is easily recognised to be that of the Ramond sector whose quantisaton 
leads to the two level 1 spin representations of L Spin2„ 

^We are referring to the action of Rot transported from Hns not to the natural one on H 
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Proof. By lemma 2.3.1 and Takesaki devissage, the modular conjugation J/ of 9t(/) restricts to 

the one for T£{Li Spin2„)" on ri{Li Spin2„)"fi'^^ C which, by lemma 2.3.2 is isomorphic to Hq. 
When / is the upper semi-circle, Haag duality follows from (iii) of theorem 2.2.1 because, in PU (JF*^^), 

JTi{j)J = K-'T{j)T,{-f)TijrK = K-'T{,nj)K (2.3.6) 

and jjj is multiplication by z^j{z~^)z~i which lies in Ljc Spinj^. For a general /, the result follows 
by conjugating by an appropriate element of SU{1, 1) O 

Remark. Since conjugation by discontinuous loops normalises each Lj Spiuj^, Haag duality holds for 
any representation obtained by conjugating ttq by an element of iz(Spin2„) Spin2„ and in particular 
for all level 1 representations of LSpin2„. 

2.4. Local equivalence and factoriality. 

Proposition 2.4.1 (Local equivalence). All irreducible positive energy representations of level i are 
unitarily equivalent for the local loop groups Lj Spiuj^ . 

Proof. For £ ^ 1, local equivalence follows by conjugating by localised discontinuous loops. Indeed, by 
corollary 1.3.2.5, the action of iz(Spin2„) Spin2„ on the irreducible representations of level 1 is transitive 
since Spin2„ is simply-laced. Thus, if Hi is obtained from W2 by conjugating by discontinuous loops 
in a given L Spin2„-coset, choosing a representative equal to 1 on 7 yields a unitary equivalence of 
Til and 7^2 as Lj Spin2„-modules. 

For a general I, we shall need the fact that M = r^(i/ Sping^)" is a factor of type IIIi. Indeed, by 
lemma 2.3.1 and Takesaki devissage, Af is the modular group of M relative to Q^''^ which, by (iv) 
of theorem 2.2.1 acts ergodically on M thus proving our claim. Now, if ttq is the level 1 vacuum 
representation of iSpin2„, then A'' = tt® ^(ij Spin2„)" is also a type IIIi factor. Indeed, tt®^ is a 
subreprcsentation of so that if p G M' is the corresponding orthogonal projection, A'^ = pAIp = Mp. 
Moreover, the map x xp is an isomorphism since, by the Reeh-Schlieder theorem, any finite energy 
vector ^ e ttq^ is separating for M and therefore xp = implies a;^ = a;(l — p)(, = 0. Thus, 
Trf^{Lj Spin2„)" is a factor of type III and therefore so is N'. It follows that all subrcprcsentations of 
tTq^ are isomorphic since they correspond to the projections in N' and these are all equivalent. 
To conclude, note that by local equivalence at level 1, nf^ is locally equivalent to TTj^ (g) • • • ttj^ where 
the TTi- are any level 1 representations. By proposition 1.2.3.3, any irreducible positive energy repre- 
sentation of L Spin2„ at level ^ is a summand of some such tensor product and our claim is established O 

The proof of proposition 2.4.1 has the following important 

Corollary 2.4.2 (Factoriality). The von Neumann algebras generated in a positive energy represen- 
tation by the local loop groups Lj Spin2„ are factors of type IIIi ■ 

Remark. 

(i) Proposition 2.4.1 imphes that the local von Neumann algebras 7ri(L/ Spin2„)" generated 
in two positive energy representations {'Ki,'Hi) of equal level are spatially and canonically 
isomorphic. Indeed, it yields the existence of a unitary U : Hi — > H2 satisfying UTri{j)U* = 
772(7) in PU{H2) for any ^ & Lj Spin2„. If U' is another such unitary and V = U'*U, then, 
in U{Hi), 

T/^i(7)T/* =X(7)7ri(7) (2.4.1) 

where x{l) G T is a character of L/Spin2„ and is therefore trivial by lemma 1.1.1. Thus, 
in U{H2) Uwi{-y)U* = U'Vni{'y)V*U'* = U'iTi{'y)U'* and 

X — > UxU* (2.4.2) 

is a canonical spatial isomorphism 7ri(L/ Spin2„)" ^ tt2{Li Spin2„)". 

(ii) Notice that (2.4.2) yields an isomorphism of the central extensions of Lj Spin2„ induced by 
TTi and 712- Since i^i{Lj Spiuj^) and i^i{Li^ Spin2„) commute by locality, this isomorphism 
extends to one of the central extensions of Li Spin2„ x L/c Spin2„ corresponding to tti and 
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772- Using proposition 1.3.2, it is easy to show that it extends futher to one of central 
extensions of L Spin2„ thus giving an alternative proof of (ii) of proposition II.2.4.3. 



CHAPTER V 



Bosonic construction of level 1 representations and 

primary fields 



This chapter is devoted to the bosonic or Frenkel-Kac-Segal vertex operator construction of the level 1 
representations of L Spin2„. This stems from the a posteriori observation that they remain irreducible 
when restricted to the abclian group LT of loops in a maximal torus T C Spin2„. A suitable Stone - 
von Neumann theorem may then be used to reconstruct them from the Heisenberg representations of 
LT. Our interest in this construction lies in the fact that it gives a particularly convenient description 
of all level 1 primary fields which will be used in chapter VI to establish their continuity properties 
as operator-valued distributions. 

The vertex operator construction applies in fact to the loop groups of all compact, simply connected, 
simple and simply-laced Lie groups G and we shall treat it in this generality. In section 2, we study 
the restriction of positive energy representations of LG to the loop group LT = C°°{S^,T) of a 
maximal torus T <Z G and compute the corresponding projective cocycle on LT. As is well-known, 
the associated central extension factors as a product of two Heisenberg groups, one corresponding 
to the identity component of LT/T, the other to the product of the constant loops T c LT by the 
integral lattice T = IIom(T,T). Suitable versions of the Stone von Neumann theorem classifying the 
irreducible representations of these groups are obtained in section 3. 

We also compute in section 2 the commutation relations of LT with the infinitesimal action of L''°'g in 
a positive energy representation. In section 3, we construct operators in the irreducible representations 
of LT which mimick L^°^g in that they have the same commutation relations with LT. We then show 
in section 4 that they give level 1 representations of L''°'q. The reader familiar with the vertex operator 
construction may skip to section 5 where the construction of the level 1 primary fields is carried out by 
following a similar scheme. The equivariance properties of the primary fields with respect to LT are 
obtained and operators satisfying these constructed explicitly which, by inspection have the required 
commutation relations with 



We begin by briefly reviewing the formal variable approach of Prenkel, Lepowski and Meurman [FLM, 
chap. 2]. This gives a convenient way to encode the infinitesimal action of Lp°'0 on the finite energy 
subspace W° of a positive energy representation of LG. 

Let i be the level of H. The commutation relations satisfied by L^°^g on W'", namely 



may equivalently be written in terms of the generating function X{z) G End(W°)[[2;, z ^]] defined by 



1. Formal variables 



[X{m),Y{n)] = [X,Y]{m + n)+em5, 



'm- 



(1.1) 




(1.2) 
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as 



[X{z),Y{C)]=j:[X,Y]{m + n)C^^^+^'H-) +HX,Y)j:m(^) 

m,n \Z/ \Z/ 

= [X,F](C)<5(^)+£(X,F)^'0 



(1.3) 



where 



5{u) = Y^vr = diu-'^) and 5'{u) = Y^nvr = -5'{u-^) (1.4) 

are the formal Dirac delta function and its first derivative. Similarly, the relation [d, X{n)] = —nX{n) 
and the formal adjunction property X{n)* = —X{—n) are equivalent to 

[d,X(z)] = z-^ (1.5) 

X{zr = -X{z) (1.6) 

where the adjoint of A{z) = J2nez A{n)z~" is defined whenever the modes A{n) possess formal 
adjoints by ^(^i)*-^" so that it satisfies (1.5) if, and only if A{z) does. We will need, for later 

reference, the following elementary 

Lemma 1.1. Let u be a formal variable and define, for any a gC 
Then 

S{u) = {l-u)-^ + {l-u-Y^u-^ (1-8) 
5'{u) = u{l - u)-2 - (1 - u-i)-2u-i (1.9) 

Lemma 1.2. Set u = - for two formal variables C and z and regard 5{u) and 5'{u) as formal Laurent 
series in C,z. Then, for any f{z,Q) G C[[z,(,z~^,(~^]] such that /(C, C) O' well-defined formal 
Laurent series, 

f{z,Os{^) = f{C,Os{^) = f{z,z)s[^) (1.10) 

/(.,C)^'©=/(C,C)<^)+.|(C,C)<^)=/(.,.)<^)-c|(.,.)<^) (1.11) 

Remark. It is important to assume that f{z, C.) only contains integral powers of z, ( in the above 
lemma since f{z, () = (^) ^ clearly does not satisfy (1.10). 



2. Restriction of positive energy representations to LT 

Unlike the quark model of chapter III, the vertex operator construction is purely infinitesimal and gives 
an explicit description of the action of on the finite energy subspaces of level 1 representations 
only. These subspaces are studied as iT-modules in this section and will be reconstructed as such 
in section 4. Strictly speaking, they are not invariant under the identity component of LT /T and we 
shall trade the latter for its algebraic Lie algebra Lp°'t/t consisting of polynomial loops in t = Lie(r) 
with zero average. 

2.1. The loop group LT. 

Let T c G be a maximal torus with Lie algebra t and integral lattice I = {h & i\ exprp(^2TTh) = 1}. 
We denote by LT = C°°{S^,T) the loop group of T. Since 

0^27r/^t-^T^l (2.1.1) 
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is the universal covering group of T, we have 



LT^ifG C°°([0,27r],t)|/(27r) - /(O) e 2wl}/2nl = |J LTx (2.1.2) 



where LTx is the connected component of loops / whose winding number vj = ^^/(27r) — /(O) 

equals AG/. We therefore have an isomorphism LT = Lt/tx TxT, where Lt/t is the additive group 
of smooth loops in t of zero average and T = Hom(T, T), given by 

/ ^ (/ - /o - i^fiO - ^),cxp^(/o),expT(0i^/)) (2.1.3) 

where /o = ^ Jq^ f{O)d0- Since G is simply-connected, multiplication by i yields an identification 
of the integral lattice I with the coroot lattice c ii [Ad, thm. 5.47]. The simple-lacedness of G 
implies in turn that the latter is isomorphic to the root lattice A;^ C it* via the identification it = it* 
defined by the basic inner product (•, •). Using these identifications, we shall parametrise elements of 
T by associating to each a G Ar the homomorphism 

CaiO) = expT{-iae) (2.1.4) 

2.2. Commutation relations of LT and L^°'q. 

Let (tt, Ti) be a level i positive energy representation of LG and denote by Ug = e"^^ the corresponding 
integrally-moded action of RotS^. tt lifts uniquely over G C LG to a unitary representation com- 
muting with Uo which we denote by the same symbol. Recall from chapter II that the action of LG 
leaves the subspace of smooth vectors invariant and, by theorem II. 1.6. 3 satisfies 

7r(7)7r(X)7r(7)* = 77(7X7"!) - U j^J {^-^,X)^ (2.2.1) 

7r(7)d7r(7)* =^-^(77-^) - - (7"'7,7"'7)^ (2-2.2) 
for any 7 e LG and X G Lg. 

Proposition 2.2.1. The action ofTxT leaves the subspace of finite energy vectors invariant 
and satisfies, for any t gT and a G Ar 

[d,7r(r)]=0 (2.2.3) 
[d, 7r(Ca)] = 7r(C„)(7r(a) + i^) (2.2.4) 

Proof. The action of T leaves invariant since 7r{g)UeTT{g)* = Ug for any g G G. If a G A/j then, 
projectively 

HCcWeTTiC^r = 7T{UCc)g')Ue = 7r(cxpJ,(-^a0))C/e (2.2.5) 
Thus, 6 TT{exprp(^—ia9))U0 is a positive energy action of RotS^. Since it commutes with Ug, their 
finite energy subspaces coincide and therefore 7r(^a)'W" = W'". The relations (2.2.3)-(2.2.4) follow 
at once from (2.2.2) O 

Proposition 2.2.2. The action ofTxfon W'" satisfies, for any X G L''°^g 

'k{t)-k{X)-k{t)* = nirXT-^) (2.2.6) 

7r(Ca)7r(X)7r(Ca)* = niC^XQ') - i {a, X) — (2.2.7) 

In particular, 

7r(r)7r(Ca)7r(T)* = a(r)V(Ca) (2.2.8) 

where a(expj.(/i)) = e^"''*^ Moreover, if G and Xp{z) is given by (1.2), then 

7r{T)Xp{z)n{Ty = (3{t)X(,{z) (2.2.9) 

7r(Ca)^/3(-2)7r(Ca)* = z-^"'^^ X^^iz) (2.2.10) 
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Proof. The relations (2.2.6), (2.2.7) and (2.2.9) follow at once from (2.2.1). Since T and f commute 
projectively, the following holds in {/(W) for any /i g t, 

^(Ca)e*"(''V(Ca)* = eVe^) (2.2.11) 

for some c € iK. Applying both sides to ^ G H"" and taking derivatives at t = yields, by comparison 
with (2.2.7), c = —£{a,h} and therefore (2.2.8). Let now e Q/3 so that [ft, X;3] = {h,l3)Xp for any 
/i e t. Then, Ad(expy(/i))X/3 = e'^^'^^'Xp and therefore, in Lfl, 

(iMn)Q-\e) = e"-'<«''5>^X^ = X^in - (a,/?)) (2.2.12) 

Since Cq ^Ca = e t and this subspace is orthogonal to with respect to the Killing form, it 
follows from (2.2.1) that 

Tr{CaHXf3{n)MCc.r =7r{Xf3{n- {a,p))) (2.2.13) 
and therefore that (2.2.10) holds O 

2.3. The projective cocycle on T. 

The following result is due to Pressley and Segal [PS, prop. 4.8.1] 

Proposition 2.3.1. Let (tt, W) be a positive energy representation of LG at level i. Then, for any 
a, /3 e Ar, 

HCcMWCaTniC^r = (-1)^<«'^> (2.3.1) 

We shall derive proposition 2.3.1 from a somewhat more general result which will be needed in section 
5. Recall that the isomorphism it* = it corresponding to the basic inner product (•, •) identifies the 

weight and cowcight lattices Aw,A'^y since G is simply-laccd. In particular, any /i G Aw defines, 
in the terminology of section 1.3, a discontinuous loop C/i(^) = expj,{—iij6) which acts on Lg by 
conjugation. 

Proposition 2.3.2. Let (tt, W) be a level £ positive energy representation of LG. Assume that the 
finite energy subspace H''" C H supports a projective unitary representation p of an intermediate 
lattice Afi C A C Aw satisfying, for any X e L^°^g 

f^TT in 

p{nMX)p{nr=7r{C^XC-^)-iJ^ {Ui,X)— (2.3.2) 
Then, for any a G Ar and p. G A 

p(M)7r(Ca)p(M)*7r(Ca)* = i-lY^^'"^ (2.3.3) 

Proof of proposition 2.3.1. Let A = A^^ in proposition 2.3.2 and p the restriction of tt to Ar = T. 
By proposition 2.2.1, p leaves H"" invariant and, by (2.2.7) satisfies (2.3.2). The conclusion therefore 
follows from proposition 2.3.2 <> 

Proof of proposition 2.3.2. Notice first that (2.3.3) holds \i p = -a. Indeed, by proposition 
2.2.1 and (2.2.7), the unitary = 'K{C,a)p{—ct) leaves W"" invariant and commutes with the action 
of L'^°^Q. By proposition LI. 2. 3 it projectively commutes with LG and therefore, for any 7 S LG, the 
following holds in U (Ti) 

T„7r(7)T* = X(7)7r(7) (2.3.4) 
for some X{j) E T which defines a character of LG. By lemma IV. 1.1.1, Hom(LG, T) = 1 and therefore 
X = 1. In particular, 

p(-a)7r(Ca)p(-a)*7r(Ca)* = p{-a)TT{Ca)T* = p(-a)rXCa) = 1 (2.3.5) 
which coincides with the right-hand side of (2.3.3) since Ar is an even lattice when G simply-laced. 

We now establish (2.3.3) when a is a positive root and p G A is such that {p,a) G {0,1}. The 
homomorphism Ca(^) = exp(— i^a) may be written as a product of two exponentials in LG [PS, 
4.8.1], namely 

Ca = exp^G(-f (ea(0) - /a(0))) exp^G(|(ea(l) - /a(-l))) (2-3.6) 
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To see this, consider the loop CTc : SU2 — > G corresponding to the s[2(C)-subalgebra of g^. spanned by 
Sa,fa,ha = OL. This induces a homomorphism LSU2 LG in the obvious way mapping 

^-fC (2-3.7) 



to (a- Using (7a and the standard basis of s 12(C) given by 
(2.3.6) reduces to a matrix check. 

If h € t, then [/i, e„] = {h,a)ea whence Ad{expj,{h))ea = e^'^'^^Ca. Therefore, since Cn{0) = 

expj'{—iOii), we have CtJ.'^ain)Cpl^{0) = (g) e*^^""^"''*^) = ea{n — {a,n)){0). In other words, 

C,iiea{n)C'^^ = e„(n - (a, ^)) (2.3.9) 

Ct^UinX-^ ^ fc.{n+{a,y)) (2.3.10) 

Since — i/;^ G t and this subspace is orthogonal to Qa © Q-a with respect to the Killing form, (2.3.2) 
yields 

p(/i)7r(e„(n))p(/x)* = 7r(e„(n - (a, /x))) (2.3.11) 

p(/x)7r(/„(n))p(M)* = 7r(/„(n + {a, fj,))) (2.3.12) 
Thus, (2.3.3) holds if (a,/i) = 0. If, on the other hand {a,iJ,) = 1, then by (2.3.6) 

p(M)7r(Ca)p(M)*7r(Ca)* =exp(-|7r(e„(-l) - /„(1))) exp(|7r(e„(0) - /„(0))) 

•exp(-|7r(ea(l) - /.(-I))) exp(|7r(e„(0) - /„(0))) 



= exp(-|7r(e„(-l)-/a(l))) 
•exp(|7r(e„(0) - /^(O))) exp(-|7r(ea(l) - /«(-l))) exp(|7r(e„(0) - /a(0)))' 
•exp(7r7r(ea(0)-/a(0))) 

(2.3.13) 

where all exponentials are defined using the spectral theorem. As is easily checked using aa, we have 

exPicd (eo(0) - ./„(0)))(e„(l) - /„(-l)) exp^c^ (^^(O) - ./a(0)))^' - e„(-l) - .f„(l) (2.3.14) 

Moreover, since we are conjugating by a constant loop, no correction term arises from (2.2.1) and it 
follows that (2.3.13) is equal to 

exp(-7r7r(e„(-l) - /„(!))) exp(7r7r(e„(0) - /„(0))) (2.3.15) 

To proceed, we seek to diagonalisc the above unitaries. This is best done in LSU2 using the identity 

e„(-m) - /„(m) = V {m)ihc,{0)V {m)* (2.3.16) 

Igime ) • Since 

V-\m)V{m) = y (i/ia(0) + ea(-m) - /„(m)) (2.3.17) 

we have 



{V-\m)V{m),iKm^ = ~\\h^f = -m (2.3.18) 
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since G is simply-laced. Therefore, using (2.2.1), (2.3.15) is equal to 

e»'^V(y(l))expf-7r7r(i/i„(0)))7r(y(l))*7r(y(0))cxpf7r7r(i/i„(0)))7r(t/(0))* 



(2.3.19) 

=e'^^7r(y(l))^(expiG(-^»/ia(0)))^(V^(l))*'r(y(0))7r(expiG(^«/ia(0)))7r(F(0))* 
Since ex.\)gi,^{—i'iTha{Q)) = —1 lies in the centre of any central extension of iSU2, the above is equal 

to (-1)^ = {-lyM. 

To summarise, (2.3.3) holds if a is a simple root and /x € A equals —a or satisfies a) = 0, 1 and 
therefore if /z € A is the opposite of a simple root or a minimal dominant weight. Since each A/? cosct 
in A contains a minimal dominant weight, such a, /x span Kr and A respectively and it follows that 
p and the restriction of tt to T projectively commute. Thus, 

p(/x)7r(Ca)p(M)*^(Ca)* = oc) (2.3.20) 

where w(/i, a) e T is easily seen to be Z-bilinear in each of its arguments. Since a;(/i, a) = (— 1)^<'''") 
for a spanning set of fi and a, (2.3.3) follows O 

3. Level 1 representations of LT 

We classify below the irreducible projective unitary representations of LT, or more precisely L^°^i/ 1 x 
(T X T) satisfying the level 1 relations computed in the previous section and show that, like the level 
1 representations of LG they are parametrised by the dual of Z{G). Notice that, by proposition 2.2.2, 

7r(r)7r(/i(n))7r(T)* = 7r(/i(n)) (3.1) 

7r(Ca)7r(/i(n))7r(Ca)* = 7r(/i(n)) - ,5„,o(a, h) (3.2) 

so that L''°'t/t and T x T commute and we may therefore study the factors separately. In each case, 
wc introduce the vertex operators of Segal and Kac-Frcnkel. These arc formal Laiircnt scries having 
the same commutation relations with L^°^t/t x T x f as the generating functions for a Cartan-Weyl 
basis of L^°^Q^. In section 4, we shall show that their modes give, together with the action of i''°'t all 
level 1 representations of L^°'q. 

3.1. Stone— von Neumann theorem and vertex operators T x T. 

When restricted to T x T C LT, a positive energy representation has a somewhat hybrid nature. On 
the one hand, it possesses a lift to a unitary representation of T which is uniquely determined by 
the requirement that it should extend to one of G. On the other, proposition 2.3.1 implies that it 
is genuinely projective on T. We shall accordingly consider projective unitary representations n of 
T X T with a preferred lift over T which we denote by the same symbol. These will be required to 
satisfy (2.2.8) and (2.3.1) for i=l, namely 

7r(T)7r(Ca)7r(T)* = a(T)7r(Ca) (3.1.1) 
ACa)n{C0)7r{Carn{C0r = (-!)<"'''> (3-1.2) 

Two such {iTi, Hi), i = 1,2 will be regarded as unitarily equivalent if there exists a unitary U -.Hi ^7^2 
such that 

Utti{t)U* = 7T2(r) in [/(Wa) and UiriiC^p* = 7r2(Co:) in PU{n2) (3.1.3) 

Notice that if each tTj is the restriction of a positive energy representation of LG, any unitary equiva- 
lence U •.Hi^ W2 as LG-modules necessarily satisfies (3.1.3). Indeed, for any g G G with canonical 
lifts TTiig) e UiHi), 

U7T,{g)U* ^X{g)TT2ig) (3.1.4) 
for some X{g) e T which defines a character of G. Since G is simple, X = 1 and (3.1.3) holds. 

Since our goal is to reconstruct the finite energy subspaces of the level 1 positive energy representations 
of LG, we shall in fact be interested in projective representations of T x T on pre-Hilbert spaces H 
and demand accordingly that they be algebraically irreducible. We shall further assume that they are 
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the algebraic sum of their T-eigenspaces. To construct representations of T x T satisfying (3.1.1) and 
(3.1.2), wc need some elementary facts about cocyclcs on Aj^. Let F, A be groups with A abelian and 
recall that an A-valued cocyle on F is a map e : F x F — > ^ satisfying 

e(A, /u)e(A/i, p) = e{fi, p)e(A, /xp) (3.1.5) 

A coboundary b -.T xT ^ A is a, map of the form 

for some function a : F ^ A. As is readily verified, coboundaries always satisfy (3.1.5). Two cocylcs 
e, e' are cohomologous if they differ by a coboundary b, i.e. if e' = eb. If F is abelian, we may attach 
to any cocycle e a commutator map cj : F x F ^ ^ defined by a;(A, fi) = e(A, /u)e(/i, A)~^. w depends 
only upon the cohomolgy class of e and, by (3.1.5) is bilinear and skew-symmetric. The following is 
well-known, sec for example [FLM, propn. 5.2.3] and [FK, §2.3] 

Proposition 3.1.1. IfT = I/', then 

(i) The cocyles e and e' are cohomologous if, and only if they have the same commutator map. 

(ii) For any skew symmetric, bilinear form lo : T x T ^ A there exists a cocycle e whose 
commutator map is w. Moreover, e may be chosen with the following normalisations 

e(A,0) = l e(0,A) = l e(A,-A) = l (3.1.7) 

Let now e be a T-valucd cocyclc on Aji with commutator map uj{a, /?) — (— l)^"''^^ We consider the 
action of T x T on the group algebra C[A/{] and more generally on C[v + A^], v G A^k, given by 

7r(r)/ (m) = /x(t)/(m) (3.1.8) 

7r(Ca)/ = iae„/ (3.1.9) 

where is the operator of left translation by a and e^, acts as multiplication by the function 
II e{a, fi — v), fi G + Afl. Using the natural basis 5^ of C[i^ + A^], one readily verifies that 
7r(T)7r(Ca)7r(T)* = a{T)Tr{(a)- Moreover, (3.1.5) implies that 

^CaMCff) = eia, /3)7r(Ca+/3) (3.1.10) 

so that TT is a projective unitary representation ofTxT satisfying (3.1.1) and (3.1.2). Notice that the 

choice of the cocycle is immaterial since (i) of proposition 3.1.1 implies that any two choices e, ry satisfy 
e = r] ■ b ioT some coboundary b of the form (3.1.6). Thus, if Ma acts on C[i^ + Ar] as multiplication 
by the function /x — > a{fj, — v), Ma commutes with T and satisfies 

Man,iCa)M* = a(a)7r^(C„) (3.1.11) 

and therefore gives the unitary equivalence of tt^ and tt^. We now have 

Proposition 3.1.2. 

(i) For any v € A]y, the representation of T x T on C[iy + An] given by (3.1.8)-(3.1.9) is 
irreducible. Any operator on C[v + An] commuting with n is a scalar. 

(ii) C[i/ + Aft] and C[z/' + A^] are unitarily equivalent ijf v — v' G Ar. 

(iii) Let 7i be a pre-Hilbert space supporting a projective unitary representation tt ofTxT with 
a preferred unitary lift over T satisfying (3.1.1) and (3.1.2). IfTi. is the algebraic direct sum 
of its T-weight spaces and is irreducible, then for some v G Aw, H = C[u + An]. 

Proof, (i) The irreducibility of C[u + An] is clear since any non-zero submodule /C is the direct sum 

of its weight spaces and therefore contains a basis vector 5^, ^ E v + An- Thus, H = TCS^ C /C. Any 
operator S commuting with T necessarily acts as multiplication by a function fs since Tr{T)SS^ = 
^{T)SSfj, and therefore SSfj, = /s(a*)5^ for some /s(/u) € T. If S commutes with T, fs is invariant 
under translations and therefore S = fs{i^) • 1- 
(ii) liu-i/ G An, then by (3.1.5) 

e{a,n-i/) = e{a,n-u)^—^ 3.1.12 

e(/(x — u,!/ — v'j 
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for any a G An and fj, G u + Af{. It follows that the operator M acting on C[f + A^] as multiplication 

by M ^ e(/i — z/, — z/') satisfies MTri,{(a)M* = TT,y'{Ca) and clearly commutes with T thus giving the 
unitary equivalence of tt^ and tTj^'. The converse is clear. 

(iii) Let H = 0^gA,^ Hfj. be the weight space decomposition of H for the action of T and ^ Vv G Hv 
a vector of unit length. IC^ — ®aehR ' ^(Ca)^'!^ is invariant under T by (3.1.1) and (3.1.2) and 
under f. By irreducibility, Ti. = K,y = <C[u + A^] where the T-equivariant equivalence is given by 
7r(Ca)i^y Sa+iy and we may therefore assume that T x T is acting on C[j^ + A^]. Denoting the 
left- translation action of Ar on 7i by a — > La, we notice that, by (3.1.1) and (3.1.2) the operator 
I/*7r(Ca) commutes with T and therefore acts as multiplication by a T-valued function /i rj{a,^). 
Normahsing the Hfts iT{C,a) G UiTL), we may assume that r]{a,v) = 1 for any a. The 7r(Ca) give a 
projective representation of T and therefore satisfy 

ACM?) = e{a, /3)7r(Ca+/3) (3.1.13) 
for some function e : Aj^ x Aj^ T which, by the associativity of the multiplication in (/{Ti.) and 
(3.1.1) and (3.1.2) is a cocycle with commutator map co. Since n{(^a) = Lail{a,-), (3.1.13) yields, for 
any /j, G i/ + A^ 

r,{a, /3 + ^i)r]{|3, fi) = e{a, p)r]{a + 13, n) (3.1.14) 
Evaluating a± jj = u yields r]{a, fi) = e{a, — u) <> 

Recall now from section 2 that, on the finite energy subspacc of a positive energy representation, the 
infinitesimal generator of rotations d and the generating function Xa{z) satisfy 

[d, n{T)] = [d, niCa)] = n{Ca){n{a) + ^) (3.1.15) 

7r(r)X„(^)7r(r)* = a(r)X„ 7r(C;3)X„(^)7r(C0)* = z-^^'">X„{z) (3.1.16) 

Wc now give an explicit construction of operators possessing the same commutation relations in any 

of the irreducible T x T modules constructed above. 

Proposition 3.1.3. Let H = C[i^ + A^] be the irreducible representation ofTxf given by (3.1.8)- 
(3.1.9). Then 

(i) Any operator d onH satisfying (3.1.15) is given, up to addition by a constant, by 

d=\Y.<^k)T^^^^) (3.1.17) 

k 

where hk,h'^ are dual basis of ic with respect to the basic inner product. 

(ii) For a G An, the unique solution in Xa{z) e Eiid(7Y)[[z^^, z]] to the commutation relations 
(3.1.16) and 

[d,X^{z)] = z-^Xa{z) (3.1.18) 
is given, up to a multiplicative constant by 

XM) = (3.1.19) 

where Va = Lae}^ and e}^ acts as multiplication by the function fi — > e(/i — v, a) so that 

Vo,V0 = eiP,a)Va+0 (3.1.20) 
Vazl^ = (3.1.21) 

(iii) If the cocycle e giving the action (3.1.9) is chosen with the normalisations (3.1.7), then 
Xo{z) = 1 and Xce{z) has the formal adjunction property Xa{z)* = X^a{z). 

Proof, (i) The infinitesimal action of tc on W corresponding to tt is given by ■K{h)5^ — {h, ^i)5f^ and 
therefore satisfies 

[/i,7r(Ca)] = (/i,a)7r(Ca) (3.1.22) 
It follows that the operator d given by (3.1.17) satisfies (3.1.15). The uniqueness of d follows from (i) 
of proposition 3.1.2. 
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(ii) By (3.1.22), the operator z" satisfies 

7r(C/3)^"^(C/3)* = z"-^^'^> (3.1.23) 

As is readily verified, 

7r(T)y„7r(T)* = a(r)y„ and niCffWc^AC^T =V„ (3.1.24) 

and it foUows that Xa{z) = V^^;"+'^t^ satisfies (3.1.16). Moreover, using (3.1.15) 

[d,X„(z)] = z-^X,(z) (3.1.25) 

az 

so that Xa{z) does indeed satisfy the required commutation relations. The relations (3.1.20) and 
(3.1.21) follow at once from (3.1.5) and the fact that L^fiL*^ =/?—(«, /?) respectively. The uniqueness 

of the solution follows from irrcducibility. Indeed, if Yq,(z) satisfies the required commutation relations, 
th.enZa{z) = Ya{z)X-a{z) commutes with TxT and must therefore be a scalar function of z. (3.1.18) 
then implies that Za{z) is a scalar. 

(iii) If (3.1.7) hold, then Vo = 1 and Voy-a = e{-a,a)Vo = 1 hence V* = F_„ from which the 
claimed adjunction property follows. O 

Remark. Notice that the operator defined by (3.1.19) only involves integral powers of z since Aji is 
even and {a, /x) G Z for any a € A/j and jj € Aw- 

We conclude this subsection by addressing a minor technical point, namely the uniqueness of the 
direct sum of projective representations ofTxT satisfying (3.1.1)-(3.1.2). Recall from §1.3 of chapter 
I that a direct sum of projective representations {'JTi,'Hi) of a group F is a projective representation of 
r on restricting on each Hi to TTj. One such exists iff the pull-backs of the central extensions 

1 ^ T ^ UiHi) PU{Hi) 1 (3.1.26) 

to r are isomorphic and depends upon the choice of identifications ■7r*U{Hi) = iT*U{T-Lj). Since these 
are unique only up to multiplication by a character of F, a canonically defined direct sum does not 
exist in general. When F = T x T, the following holds however 

Proposition 3.1.4. Let (iTijTli) be projective unitary representations ofTxT satisfying (3.1.1) and 
(3.1.2). Then, there exists a direct sum representation of T x T on ^^Hi, unique up to unitary 
equivalence. 

Proof. Let e be a cocyclc on Kn with associated commutator map oj and choose lifts t/^ G U{'Hi) 
of 'Ki{C,a) satisfying U^^U^ = €{oi, /3)U^^p. The representation oi T x T on ^ Hi obtained by letting 
T e T act as 0^ 7ri(T) and (a as 0^ C/^ clearly is a direct sum representation of the Hi- Let now tt, p 
be two representations on W = Hi leaving each Hi restricting on each Hi to unitarily equivalent 
representations. Let e be a cocycle with commutator map ui and choose lifts Ua,Va S U{H) of 
""(Co)) p(Ca) respectively satisfying 

UaUp = eia, l3)U^+p and = e(a, /3)T4+/3 (3.1.27) 

By assumption, there exist unitaries Ii :Hi Hi such that 

IiPiTr{T)PiI* = Pip{T)Pi and kPiUc^Pil* = Xi{a)PiV„Pi (3.1.28) 

where Pi is the orthogonal projection onto Hi and Xi{a) G T. Comparing (3.1.27) and (3.1.28) shows 
that each Xj is a character of and is therefore given by a ^ a{Ti) for some Tj G T. It follows from 
(3.1.1) and (3.1.2) that 

7r{Ti)IiPiUc,PiI*7riTi}* = PiV^Pi (3.1.29) 
Since '7r{Ti)Ii intertwines the action of T, the unitary 0- n{Ti)Ii gives the equivalence of n and p O 
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3.2. Stone— von Neumann theorem and vertex operators for i''°'t/t. 

This subsection follows [FLM, chap. 3]. Consider the action of i''°'tc/tc on the finite energy subspace 
of a level 1 positive energy representation of LG. It satisfies 

[/ii(n),/i2(m)] = n5.a+mfi{hi,h2) (3.2.1) 

[d,h{n)] = -nh{n) (3.2.2) 

as well as the formal adjunction property 

h{n)* = -h{-n) (3.2.3) 

where h is the canonical conjugation on tc. An explicit representation of L''°'tc/tc satisfying the 
above may be obtained as follows. Write //""'tc/ic = V+0F_ where the V± are spanned by the 
h{n) = h® e*"^ with n ^ 0. Define an action of L^°\c/^c x Crf on the symmetric algebra 

S = SV+ = ^ S^V+ (3.2.4) 

k 

h{—n) hi{—ni) (g) • • • (g) hk{—nk) = h{—n) (g) /ii(— ni) (g) • • • hk{—nk) (3.2.5) 

h{n) hi{-ni) (g • • • (g hk{-nk) = '^ndn,nj{h,hj)hi{-ni) (g • • • hj{-nj) • • • hk{-nk) 

i 

(3.2.6) 

d /ii(-ni) • • • (g) hk{-nk) = (ni H h nk)hi{-ni) • • • hk{-nk) (3.2.7) 

where n, ni, ... rife > throughout. It is readily verified that the relations (3.2.1)-(3.2.2) hold. More- 
over, the hcrmitian form (•,•) defined on V+ by (/ii(n), /i2(w)) = n^n,m Qii,h2) is positive definite 
since /ii /12 ^ —{h\,h2) is a positive definite inner product on tc. (•, •) yields an inner product on 
S for which (3.2.3) holds. 

Let H be a pre-Hilbert space supporting a representation of i''°'tc/tc satisfying (3.2.1) and (3.2.3). 
By definition, H is of positive energy if H has an N-grading TL = 0„>o^('^)) with 6xmH{n) < 00 
and the operator d acting as multiplication by n on W(n) satisfies (3.2.2). 

Proposition 3.2.1. 

(i) The following holds on S, 

d=Y^ hk{-m)h''{m) (3.2.8) 

m>0 

where hk,h^ are dual basis 0/ tc for the basic inner product (•,•). 

(ii) <S = SV+ is algebraically irreducible under the action 0/ i''°'tc/tc. Moreover, T G End(<S) 
commutes with the h{n) iff T is a scalar. 

(iii) Let H be a unitary, positive energy representation o/L^^'tc/tc and define 

Vu = {y& HI h{n)v = for any h G tc and n > 0} (3.2.9) 

Then W = <S Vn where the unitary equivalence is given by p-1® u ^ pu where p is any 
polynomial in the h{n) and v e V-h- 

Proof, (i) Let D be the operator given by the right hand side of (3.2.8) and notice that D is 
well-defined since the h{m), m > are locally nilpotcnt on S. It follows from (3.2.1) that 

[D, h{n)] = -nh{n) = [d, h{n)] (3.2.10) 

Denoting the lowest energy vector in 5 by 1 G 5°^+, wc have Dl = = dl and it follows by cyclicity 
of 1 under the action of Lp°'tc/tc that D = d. 

(ii) If V C 5 is invariant under the h{n), it is invariant imder d by (3.2.8). Consequently, it contains 
a non-zero lowest energy vector v necessarily annihilated by the energy decreasing /i(n), n > 0. This 
can only be if € 5*^^+ and then <S = it(L''°'tc/tc)5''^V+ C V, where it denotes the enveloping algebra. 
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Similarly, any T commuting with the h{n) commutes with d and consequently leaves S^V+ invariant. 

It therefore acts on it as miiltiplication by a scalar A and by cycHcity, T = X. 

(iii) Let u G Vu- We claim that the map S ^ Ti, given hy p-1 ^ pu \s norm-preserving and therefore 
injective. Let p, q be polynomials in H{L^°^ic/ic) so that {pv, qv) = {q*py, y). Using the commutation 

relations of the h{nys, the product q*p may be written as the sum of a constant term tq and terms 
of the form ni) • hk{—nk)h[{mi) ■ h[{mi) where the rii and mj are positive. However, 

(/ii(-ni) • • • hk{-nk)h\{mi) ■ ■ ■ h[{mi)y, v) = {-!)'' {h[{mi) ■ ■ ■ h'i{mi)v,hk{nk) ■ ■ ■hi{ni)v) = 

(3.2.11) 

and therefore {pv^ qv) = To||i^|p. Similarly, {p ■ 1, q ■ 1) = tq and it follows that p ■ 1 (g) v ^ pv is a.n 
-£'''°'tc/tc-equi variant isometry S ®Vu ^ T^- To see that it is surjective, notice that Vu is invariant 
under d so that <S Vu is a graded submodule of H. Since the eigenspaces of d are finite-dimensional, 
it possesses a graded orthogonal complement /C invariant under Lp°'tc/tc- If /C ^ {0}, it possesses a 
lowest energy vector ^ since d is bounded below. However, ^ is necessarily annihilated by the h{n), 
n > and therefore lies in Vu, a contradiction O 



E±(a, z) = exp(- ^^"'") (3-2.12) 



Using (•,•) to identify with tc, we consider, for any a S t^. the elements a(m) G L''°'tc/tc and 
introduce the exponential operators 

a(m) 
m 

These are to be viewed as formal Laurent series with coefficents in the endomorphisms of <S. We will 

need the following elementary 

Lemma 3.2.2. // [a,b] commutes with both a and b, then [a,e''] = [a,b]e^ and e"e^ = e["'''le^e°. 

Proof. Induction shows that [a, 6"] = n[a, and therefore [a,e''] = [a,b]e''. It follows that 

ae* = e^{a + [a, b]) thus a"e'' = e^{a + [a, 6])" whence e"e* = el^'^-le^e" O 

Proposition 3.2.3. The following commutation relations hold 

E^{a, z)E^{l3, z) = E^{a + /?, z) (3.2.13) 

E^{a, z)E^{-a, z) = 1 (3.2.14) 

E^{a.,z)* = E^{a,z) (3.2.15) 

E^{a,z)E^{P,C)=E^{PX)E^{oc,z) (3.2.16) 



l_y E-{p,OE+{a,z) (3.2.17) 

where ( 1 ^ ^ ) defined by (1.7). 



Proof. All but the last relation arc trivial. The last follows from lemma 3.2.2 and the fact that 



„ m '-^^ n ^-^„m\Z' 

m>0 n<0 m>0 



o 
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Proposition 3.2.4. 

(i) For any a G tc, the formal Laurent series Xoi{z) = E~{a,z)E~^{a,z) G End(<S)[[^, 2;"-^]] is 
well-defined, satisfies 

[ft(n), Xa{z)] = {h, a)z''Xc,{z) (3.2.19) 

[d,Xc,{z)]=z^Xc,{z) (3.2.20) 

and the formal adjunction property Xa{z)* = Xa{z). 

(ii) The above commutation relations characterise X^iz) uniquely, up to a multiplicative con- 
stant. 

Proof, (i) Xa{z) is well-defined on S since, for any 'tij G S, only finitely many terms in E'^(a,z)'^ 
do not vanish. Moreover, [h{n), — ^,,,^0 ^ z''^{h,a)5n^i^ and therefore, by lemma 3.2.2, 

[h{n),Xa{z)] = z"{h,a)Xa{z). The second relation follows from the general fact that if (j){z) = 
J2n^nZ~'^ satisfies [d,(l){z)] = z-^(j){z) or equivalently [d,4>n\ = —n(j)n, then so do p{(j){z)) and 
exp((/)(z)) for any polynomial whenever these are well-defined. The adjunction property of Xa.{z) 
follows from those of the -E^(a, z). 

(ii) Let Yoc G End{S)[[z, z''^]] satisfy (3.2.19)-(3.2.20). The operator ^(2) = E-{-a, z)Ya{z)E+{-a, z) 
is easily seen to be a well-defined clement of End(5)[[z, z^-'^]] commuting with the h(n). By (i), it 
follows that 4'{z) = J2n '^nZ~" for some a„ G C. The relation (3.2.20) however imphes that a„ = if 
n^O O 

3.3. Irreducible representations of i^^'t/t xT xf. 
Proposition 3.3.1. 

(i) The tensor product representations of i^^'t/t xTxT on the modules <S C[z/ + A^] given by 
(3.1.8) (3.1.9) and (3.2.5)-(3.2.6) are irreducible. Moreover, SiSiCIu+Ar] anrf50C[i/'+Afl] 
are equivalent if, and only if v — u' € A^. 

(ii) LetH be a unitary positive energy representation of L''°^i/ixTxT satisfying (3.1.1)-(3.1.2), 
(3.2.1) and (3.1)-(3.2). If H is irreducible, it is unitarily equivalent to <S C[!/ + A/j] for 
some V G Aw ■ 

Proof, (i) Let 0^yc5(8)C[j^ + A^;] be a submodule. V is the direct sum of its T-weight spaces 
which are necessarily of the form (5^ where C «S is invariant under Lij t and therefore equal 
to or 5 by proposition 3.2.1. Thus, = »S for some \x and therefore, using the action of T, = <S 
for all /X G + Afl whence V = S. The last statement follows from proposition 3.1.2. 
(ii) By proposition 3.2.1, 1-1 = 8® Vn- Clearly, T x T leaves Vn invariant and the isomorphism is 
easily seen to be equivariant for this action. By irreducibility of H, V-j-c is irreducible under T xT and 
therefore, by proposition 3.1.2 of the form C[jy + Aji] for some jy G Aw O 

4. The vertex operator construction 

This section follows [FLM, chap. 7] and [G02, §6]. We show below that the vertex operators Xa{z) 
give rise, in any of the irreducible representations of //""'t/t x T xT classified in section 3, to level 1 
irreducible positive energy representations of //""'g and that the latter may all be obtained in this way. 

It will in fact be more convenient to work with the direct sum 

S(^C[Aw]= 5 0C[i/ + Afl] (4.1) 

of all irreducible Lp°'t/t x T x T~modules. By proposition 3.1.4, the action of T x T on the factor 
C[Avk] is unambiguously defined and we may, by uniqueness assume that it extends to one of T x A^ 
given by 

7r(r)/(M) = m(t)/(/x) (4.2) 
7r(A)/ = Lxexf (4.3) 
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As customary, L\ is the left-translation operator and e\ acts as multiplication by the function ji 
e(A, /u) where e is a T valued cocyclc on Kw whose commutator map uj satisfies cj(q!,/?) = (— l)^"-/^) 
whenever a,/3€ Ar. The choice of a particular uj satisfying this requirement is clearly immaterial. 

Choose e to be normalised in the sense of (3.1.7) and let e^(A, /x) = e(/i, A) be the transposed cocycle. 
Let 

Ux := 7r(A) = Lxex (4.4) 

and Vx = Lxe]^ so that 

UxU^ = e{X,tx)Ux+^, (4.5) 
VxV^ = ei^i,X)Vx+^ (4.6) 
UxV^U*,V; = 1 (4.7) 
and define for any a £ A^, the vertex operators 

Xc,{z) := E-{a, z)V„z''+^ E+ {a, z) = Y^ W^"" (4.8) 
We shall need the following 

Lemma 4.1. Let a e A^. Then {a, a) =2 iff a is a root. 

Proof. Let a e Ar of length \/2. It is clearly sufficient to show that wa is a root for some w G W. 
Write a = (3i -\ + l3r where the (3i are roots. Clearly, one cannot have {a,(3i) < for all i else 

II" - E/^'ll' = ll"ll' - 2E("'/^') + II E/'^ll' > (^-9) 

Thus there exists a (3i^ with {a, (ii^) G {1, 2}. If {a, (ii^) =2 then a = (3i^ and a is a root. Otherwise, 
let a^.^ gW he the simple reflection corresponding to I3i^ , then 

ai3,^a = a - f3i, = J2 ^^ (4-10) 

Iterating this argument shows that a^.^ ■ ■ ■ ap^^ a is a root for some sequence of distinct 1 < < r O 
Theorem 4.2. There exists a basis o/g^/tc given by root vectors such that 

7r(xa(n)) = Xc,{n) (4.11) 

7r(/i(n)) = h{n) n ^ (4.12) 

7r(/i) = h (4.13) 

7r(rf) = ^hkh^ + hk{-m)h''{m) (4.14) 

m>0 

defines a level 1 positive energy representation of L'^'^^q^ x: Cd on S ® C[Atv]. 

Proof. We begin by computing the commutation relations of the vertex operators Xa{z). Using 
(3.2.17), (4.6) and V^z'^Vp = ^«+<«./'>, we get 

X„(^)X^(C)=e(/3,a)(l-y (-j +— C'^+ — +— 7^(a, /3, ^, C) (4.15) 
where 

7^(a, /3, ^, C) = (a, z)ii;- (/3, C)i?+ (a, 2)^;+ (/3, C) = 7^(/3, a, C, z) (4.16) 

Similarly, 

X,(C)X„(.) = e(a, /3) (1 - i) ^'-^'^ y„,,.-^+^C'^+^+^7^(a, /3, C) (4.17) 

Since e(a,/3) = (-l)<"'^>e(/J, a), we get 

[X,(^),X;3(C)] = e{P,a)V{z,C)V^+0z'^+^+^C^+^+^n{a,P,z,O (4.18) 
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where, using (1.8)-(1.9) 



if (a,/3) 



'5'(§) if(a,/3)=-2 

(§)'<§) if =-1 
if(a,/3)>0 



(4.19) 



Let A c Afl be the set of elements of squared length 2. Then, for a,/3 e A, we get by (l.lO)-(l.ll) 
and (3.1.7), 



(4.20) 



"(0'^(§) +'5'(§) ifa + /3-0 z.e. ifr(a,/3) = -2 

[X„(z),X^(C)] = <j e(/3,a)X„+/3(C)5(f) ifa + /3eA ie. iff (a, /?) = -1 

ifa + /3^AU{0} z.e. iff (a, /?) > 

The commutation relations (4.20) show that the complex vector space [ C End(<S ® C[Avy]) spanned 
by the operators Xq(0) and /i, with a e A and /i e tc is closed under the commutator bracket 
and is a simple Lie algebra. By lemma 4.1, [ and have the same root system and it follows that 
there exists a Lie algebra isomorphism tt : flj, ^ I acting as the identity on the Cartan subalgebra 
tc. Set Xa = 7r~^(Xa(0)). The Lie algebra spanned by the modes of the Xa{z) and the h{n) is 
clearly a central extension of [[z, z^^] = '^~'^\- By (4.20), the corresponding cocycle is given by 
a(m)®6(n) m5m+n,o{a, b) where (•, •) is an ad-invariant bilinear form on I and is therefore a multiple 
of the basic inner product (•, •) on = [. By construction however, the two coincide on tc and therefore 
on and it follows that S (g) C[Avi/] is a level 1 representation of L'^°^2^. To conclude, notice that the 
operator d given by (4.14) satisfies by construction [d,Xa{n)] = —nXain) and [d,h{m)] = —mh{m), 
is bounded below and has finite-dimensional eigenspaces. Finally, the unitarity of the representation 
follows from the formal adjunction property h{z)* = —h{z) and X^iz)* = X-a{z) O 

Theorem 4.3. EachS®C[i^+Aj^] C S(^C[Aw] is invariant and irreducible under L^°^q and is the level 
1 positive energy representation whose lowest energy subspace is the minimal G - module with weights 
lying in v + Kr. The corresponding highest weight vector is 1® 5^ where ji ^ v + is the unique 
minimal dominant weight. It follows that S ®C[h.w] is the direct sum of all level 1 representations of 
each with multiplicity one. 

Proof. We follow [G02, §6.4]. By construction, S ® <C[v + A_r] is invariant under xT xf 

and therefore under the Xa{z). Since S (8) C[i/ + Ar] is a unitary representation, it is the sum of 
its irreducible summands. These correspond exactly to and are generated by highest weight vectors, 
i.e. elements satisfying, for some ^ G v + Ar 



h{n)U.fj, 
Xa{n)Vt^_, 



{h,iJ,)flij, heic 

/i G tc, n > O 

n > or n = 0, a > 



(4.21) 
(4.22) 
(4.23) 



The second condition implies that fl^ € I'E) C[Avk] since this is precisely the vacuum subspace for the 



h{n), n> and together with the first is equivalent to O^^^ = 1 (g) 5^. Next, 



(4.24) 



where the formal contour integration is shorthand for taking the cocfhcent of z -'^ in the power series 
expansion of the integrand. Since h{n)l (g) (5^ = for n > so that is fixed by E~^{a, z), we have 



Xc{n)l(^6i^ 



e(Q,M) 
2m 



-E {a, z)l iSi Sa+n 



(4.25) 
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The coefficient of z'' in the power series expansion of E {a, z) = expf^^^^g "'■^"^ z™ ) is if fc < 



and otherwise of the form "^"i"^-* plus terms involving powers of a(— 1) strictly smaller than k so that 
it does not vanish if A; > 0. Since the map p ^ p-1, where p is any polynomial in the h{n) with n > 0, 
is an isomorphism, we conclude that (4.25) vanishes iff 

« + + ^>1 (4.26) 

If n > 0, this is equivalent to {a,^) > —1 for any a i.e. (replacing a by —a) to \{a,^)\ < 1 so that /i 
is a minimal weight. Choosing now n = and a > yields {a, /x) > so that ^ is dominant and is 
therefore the unique minimal dominant weight mu + Ar. It follows that S (^C[A\y] is the direct sum 
of all level 1 representations of L^°'q since these are in bijective correspondence with Ajj cosets in Aw O 

Remark. As remarked in the introduction, the vertex operator construction does not provide one with 
a natural action of LG on the Hilbert space completion of S(E)C[Aw] ■ The infinitesimal action of L^°^g 
can however be exponentiated to LG by using analytic methods [GoWa, TLl]. When G = Spin2„ (or 
SU„), one may alternatively resort to the Fermionic realisation of the level 1 representations described 
in chapter III. The latter exponentiates to LG by construction and the isomorphism of Lp°'g-modules 
may be used to transport the action of LG on the fermionic Fock spaces to one on the completion of 
S(S)C[Aw]. 

5. The level 1 primary fields 

Having realised the finite energy subspaces of the level 1 representations of LG as summands of 
S C[Avk], we construct in this section the level 1 primary fields by following a scheme similar to the 
one adopted for the vertex operators Xa{z). We obtain in §5.2 their equivariance properties with re- 
spect to LT. The calculation relies upon the assumption that the primary fields extend to continuous 
operator-valued distributions and therefore has heuristic value only. We use it nonetheless to deduce 
their explicit form and then show in §5.3 that the guesses have the correct commutation relations with 
L-°'q. 

The form of the primary fields resembles that of the Xa{z) with an additional term accounting for the 
non-integrality of the weight lattice. In §5.5, we give the complete list of simply-laced G for which 
this correction factor cannot altogether be dispensed with. It comprises SU2 and Spin2„ with n not 
divisible by 4. 

Finally, in §5.4, we study the level 1 primary fields for iSpin2„. We consider the vector primary field 
and recover the result of chapter III that it is a Fermionic field. We also prove that all level 1 primary 
fields for L Spin^ are Fermi fields. 

5.1. Action of f and Lo on 5 (g) C[Avk]- 

We begin by identifying explicitly the operators giving the action of T C LT and Lq on S (S) C[Aw]- 
Notice that the latter supports two projective representations of T. The first is given by (4.4) and 
extends to one of Aw while the second is obtained by restricting the representation tt of LG to T C LT. 
Surprisingly perhaps, these do not coincide. In fact the following is true 

Proposition 5.1.1. For any a e A^, the following holds in PU{S ® C[Aw]) 

7r(Ca) = t/aX„ (5.1.1) 

where Xa € End(C[Avy]) acts as multiplication by the function Xa(/u) = r— • 

w(a,/x) 

Proof. By construction, the operators ?7^, /x € Aw satisfy the hypothesis of proposition 2.3.2. Indeed, 
Ui^h{n)U* = h{n) - (5„o(m,/i) and, by (4.8), U^Xc{z)U* = z" Xc,(z). They therefore satisfy 

UMCMwiC^r = i-lY^'"^ (5.1.2) 
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On the other hand, by (4.5), 

U^U^U^U:=i:}ili,a) (5.1.3) 
and therefore (5.1.2) continues to hold if 7r(Co:) is replaced by Wa = UaX^. It follows that the opera- 
tors Ca = Wa'!r{C,a)* commute with the U^. By proposition 2.2.2, they also commute with the action 
of L^^'t and therefore act as scalars O 

The following useful result may be found in [G02, §4.3] 

Lemma 5.1.2. Let V be an irreducible G-module with Casimir Cy- IfIl{V) is the set of weights of 
V counted with multiplicities, then 

dimV „ dimG , 

>Cv = — (5.1.4) 



T,f,en{v) IImIP rankG 
In particular, if G is simply-laced and V is a minimal representation with highest weight X, the level 
1 conformal dimension of V is equal to 

Cv 1„,,,2 



Proof. The map X (g) F — > ivv{XY) is a symmetric, bilinear and ad-invariant form on so that 

tvv{XY) =av{X,Y) (5.1.6) 

where (•, •) is the basic inner product and ay € C. The proportionality constant ay may be evaluated 
in two different ways. Choosing basis Xk, X'^ of dual for (•, •), we get 

dim(F)Cv = tr(XfcX'=) = ay dim(G) (5.1.7) 

On the other hand, if hi, h^ are dual basis of tc, we find by evaluating the trace in a basis of weight 
vectors that 

^ Wlif = tv{hih') = ay rank(G) (5.1.8) 

Eliminating ay yields (5.1.4). If V is minimal, all its weights he on the orbit of A under the Weyl group 
and have multiplicity one by proposition 1.2.2.1. Thus, X^^£n(y) IImII^ = dim(y)||A||^. Moreover, if G 
is simply-laced, we find from (5.1.4) 

,dim (G) -rank (G) 
rank(G) 

and therefore (5.1.5) O 



= 2 '\LJr^r (5-1-9) 



Let now Lq be the infinitesimal generator of rotations given by the Scgal-Sugawara formula 

Lo = i(ix,(0)XXO) + ^ X,(-m)X'(m)) (5.1.10) 

m>0 



where k = 1 + Then 



Corollary 5.1.3. The action of the infinitesimal generator of rotations Lq on S ® ClKw] is given 
by 

Lo = ]-hkh'' +Y.hk{-m)h''{m) (5.1.11) 



2 

m>0 

where hk,h'' are dual basis of tc for the basic inner product. In particular, 

Lol(g<5p = ^(m,m)1«)<5/x (5.1.12) 

Proof. Let D be operator defined by the right-hand side of (5.1.11). It satisfies by construction 
[D,X(n)] — -~nX{n) and therefore differs from Lq by an additive constant on each irreducible sum- 
mand S ig) C[/x + Ajj]. Choosing n dominant minimal, Lq acts on the corresponding highest weight 
vector 1 (8) 5^ as multiplication by the conformal dimension of the lowest energy subspace oiC[iJ. + Ar] 
and therefore, by the previous lemma, by Since Dl igi S/j, = -^^^j the two operators coincide O 
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5.2. LT— equivariance of primary fields. 

Assuming that the level 1 primary fields extend to operator-valued distributions, we derive below 
their commutation relations with LT . Although the continuity properties of these fields will only be 
established in chapter VI, the present discussion serves as motivation for the next subsection. 

By proposition 1.4.1, the charges of the level 1 primary fields arc necessarily admissible at level 1 and 
are therefore the minimal G-modules since G is simply-laced. Fix one such Vk and let (t)ji : Hf° (g) 
Vk[z,z-'^]^ H'f be a primary field of charge Vk- Since Hf, Wf are summands of W° = 5 O C[Kw], 
we regard as a map W° Vk\z, z~^] — > W° by extending it by zero. By definition, it satisfies 

[K{X),<l>M = <t>3i{Xf) (5.2.1) 

for any X G L^°^q and / € Vk[z,z~^]. We assume in this subsection that (f)ji extends to a jointly 
continuous map n°° (g) C°°{S^,Vk) ^ n°° . It follows by continuity that (5.2.1) holds on H°° for any 
X G Lq and / e C°°(S'^, Vk) and therefore that, for any j e LG 

Al)Mf)Air =Mlf) (5-2.2) 

To see this, it is sufficient to consider the case 7 = exp^Q(X) since LG is generated by the image 
of the exponential map. Let F{t) = e-*''('^Vj»(e*^/)e*''(^)C where ^ G n°°. The LG-invariance 
of Ti°° (proposition II. 1.5.3) and (5.2.1) imply that F is differentiable and that F = whence 
F(l) = F{0) = 

We now restrict our attention to 7 G LT and rephrase (5.2.2) in terms of the generating function 
^jii^) = X^raez '^)'^~"~'^*'''^'°~^^^ where, as customary (f>ji{v,n) = (f)ji{v (g) e'"^) and the A. 
are the conformal dimensions of 7ii(0), Vk and Wj(0) respectively. Let G Vfc be a vector of weight 
lie Aw and, for n G N set u^(n) = e™^ (g G C°°{S^, Vk). Clearly for h e tc and r G T, 

h{'m)v^{n) — {h, ji)Vfj_{n + m) and Tv^{n) = ii{T)v^{n) (5.2.3) 

Moreover, since Ca(^) = exp(— iQ;6'), we find CaV/xin) = v^(n — (a,/x)). Thus, in terms of the formal 
power series cfijiiv^, z) = X]„ez 4'{vp,{n))z~'^, we have 



[h{n),(l)ji{vij,,z)] = {h,ii)z^(l)ji{v^,z) 

Tr{T)(t)ji{v^, z)Tr{T)* = IJ.{T)(i)ji{v^, z) 

7r(Ca)<^,i(^;^,z)^(Ca)* = ^-<"'''V,,(t;^,2) 



(5.2.4) 
(5.2.5) 
(5.2.6) 



and, by (5.1.5) 

[Lo,ci>ji{v^,z)] = {z-^+Ak)(pji{v^„z) = {z-^ + ^^^)<l)ji{v^,z) (5-2.7) 

5.3. The construction of level 1 primary fields. 

We turn now to the construction of the primary fields (pji{z). It will be convenient to consider all 
fields with a given charge Vk at once by working with <l>(z) = ^jiff'jiiz)- Since Vk is minimal, 
the spaces Hom(Hi(0) (g Vk,'Hj{Oj) are at most one-dimensional by corollary 1.2.2.3 and the indi- 
vidual <j>ji{z) may be recovered by sandwiching $(2) between the orthogonal projections Pj,Pi onto 
Hf" C 5(gC[AH'] respectively. Clearly, if G Vfc is a weight vector of weight ji, ^n{z) = ^{v^, z) 
satisfies (5.2.4)-(5.2.7). 



To determine the form of '^fi{z) from these commutation relations, fix for any coset /i + Ar C Aw a 
representative [/x] G Aw and set [a] = for any a G Ar. Let fi G Aw and set 

%{z) = E- in, z)V,z^+'^ (^-^-l) 
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It is easy to check, using proposition (5.1.1) that ^ij, satisfies (5.2.4)-(5.2.6). Moreover, by corollary 
5.1.3, 

[Lo,^^{z)]=z-^^%{z) (5.3.2) 

and we should therefore be considering $^(2)2;"'^^'^ instead. By analogy with the expressions for the 

vertex operators Xa{z), we shall retain the erroneous z instead. We show below that, as /i spans 
the weights of Vfe, the ^ij,{z) describe the components of a primary field of charge Vk- We shall need 
for this purpose an explicit description of the infinitesimal action of g on any minimal G-module. 

Lemma 5.3.1. Let {/j,} C Aw be the collection of weights of minimal length in a given Aa-coset. 

Then, the subspace ofS®C[A\y] spanned by the vectors 1 (8" (5^ is invariant and irreducible under the 
action of g given by the operators Xa{0) and h. It is therefore isomorphic to the minimal G-module 
V\ whose highest weight A is the unique dominant element in {n}. The Q-action is explicitly given by 

/ilO^^ = (/i,/i)l0 5^ (5.3.3) 

^' ^1 if{a,fi)>0 I.e. iff\\a + n\\>\\n\\ ^ ' 

Proof. Let ^ be of minimal length so that ± q|P > for any root a and therefore (/ti, a) e 

{— 1, 0, 1}. Proceeding as in the proof of theorem 4.3, we find 



1 f dz 

^a(O) 1 ® = ^ / -jXec{z)l ® 5^ 



e{n,a) I dz ^i^^^^^^i^ 



2m 



^^•-,t-)+—E-{a,z)l®5a+^ (5.3.5) 



e{lJL,a)l^5a+^l \i{a,^i) = -l i.e. iff ||q! + ^|| = ||^|| 
if(a,/-i)>0 i.e. iff ||q! + > ll^l 

Thus, the span oi 1 ® 5^ with fi varying in the vectors of minimal length in a given A/j-coset is 
invariant under the Xa{Q). Since its weights coincide by proposition 1.2.2.1 with those of Va the two 
representations have the same character and are therefore isomorphic O 

Theorem 5.3.2. Let V be a minimal G^module. Then V has a basis of weight vectors such that 
the assignement 

V, $^(z) = E'{^^,z)V,z^+^ '^^;^l~_\^ E+{^,,z) (5.3.6) 
is the direct sum of all level 1 primary fields of charge V . 

Proof. Set r]a{u) = ^ _/'^P and notice that ?7u+a = Vu for ^'^Y ^ € Aji since uj{a, /?) (_l)("'/3> 

for any a,P £ A/j. Moreover, [z^+a] = [i/] and [a] = for a G A^^ implies that ?7^(i/+a) = 77ju(i/)?7^(a). 
We now have 

X„{z)%{0=e{i^,a)(l-^y"'\^)^V„+^z"+^+^C+^+^ (5.3.7) 
where 

n{a, M, z, C) = E- (a, z)E- [n, C)E+ (a, z)E+{n, Q = Tl{n, a, (, z) (5.3.8) 
On the other hand, 

^,{Q)X^{z) = e(a,M)^,(a)(l - ^"'"^ (^) '^F,+„.«+^+^C''+^+^^,7e(a,M, C) 

(5.3.9) 

Thus, since 

e(a,/x)r?^(a) = e(M,a)S(a,M)|^^ = e(a, /x)(-l)<"'''> (5.3.10) 
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we get 

[X„{z), $40] = aWiz, QV^+^z'^+^+^C+^+^v^.nc^, M, z, Q (5.3.11) 

where 

P(.,C) = (^) 

fo if(a,/x)>0 (5.3.12) 

^U§)^§) if(«,M)=-i 

In the latter case, we get by (1.10), the fact that TZ contains only integral powers of z, ^ and that a 
has integral eigenvalues 

[X^{z), %{0] = e(M, a)[^ys[^)v^+^z^+^+^C^+^+^v,nc',l^, z, C) 

= e(/.,a)5(^)$c«+40 
The theorem now follows from lemma 5.3.1 O 

Remark. The additional factor ai(/Li, • — [.])e~"^^''''~['l^ used in the definition of the primary field is 

required to ensure that $^(2) has the correct commutation relations with the Xa{z). It can only 
be dispensed with if Aw, or less ambitiously the intermediate lattice Ar C A C Aw containing 
the collection of weights {^} of a given primary field possesses a skew-symmetric form w satisfying 
u!{ii,a) = (— l)^'''") whenever /i G A and a G Aji. Such a form need not exist. For example, when 
G = SU2, the weight lattice is cyclic and therefore does not possess non-trivial skew-symmetric forms. 
On the other hand, a suitable uj would satisfy uj{a, = (— l)<"'f ) = —1 where a is the positive root 
of SU2 and ^ the corresponding generator of the weight lattice. In §5.5, we give the complete list of 
intermediate lattices A possessing such an lo. We simply note here that it comprises integral lattices, 
since in that case w(A, /i) = (— 1)<-^'''>+<-^'-^><''''*> has the required properties. This fact will be exploited 
below to study the vector primary field for LSpin2„. 

5.4. The level 1 primary fields of iSpiug^. 

We consider now the case G — Spin2„ and redcrive the result obtained in chapter III that the level 1 
vector primary field for L Spin2„ is a Fermi field. Its construction within the vertex operator model 
is an instance of the celebrated Boson-Fermion correspondence. 



(-1) 



Lemma 5.4.1. Let A^ c A c Aw be an intermediate lattice which is integral and choose uj such that 

w(A, 11) = (_i)(A,/^>+(A,A>(**,**> (5.4.1) 

Then, if X,fi G A are of norm one 

{**).M0}=| ©■"'^^K) 'f'^"-" (5.4.2) 

I otherwise 

Proof. Notice that the skew-symmetric form given by (5.4.1) is well-defined and bilinear since A is 
integral and therefore || Aj||^ = ^ ||Ai||^ mod 2. Moreover, since Ar is even, uj{ij,,a) = (— 1)<'*'"> 
whenever fj, G A and a G A^ and it follows that (5.3.1) reduces to 

^^{z) = E-{fx,z)V^z^+^E+{n,z) (5.4.3) 
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Thus, 



^.(.)$.(C) = A) (l - ^) (^) 1^.,,.^-^+%^ C-+^-%^7e(A, (5.4.4) 



where 

n{x, ^l, z, c) = E- (A, z)E- (m, 0E+ (A, C) = n^^, a, C, z) 

so that 



(5.4.5) 



$^(C)$A(2) = e(A,/i) 1 



Vx+f.z^+^+^e+—+^n{X,^i,zX) (5.4.6) 



(5.4.7) 



c 

Since e{X,n) = e(/i, A)(-l)<^''*>+<^-^><'''''> = -(-l)<^'^>e(/i, A), we get 

{$,(.), $,(C)} = e(M, A)P(., OV.+.z'+'^+'^C^'^^'^m, ^, C) 
where, using (1.8) 



-(-o=G)-^[(-f)""-(-»-'(i-i)""(f)-""' 

if (A, ii}>0 



(5.4.8) 



1(f) MO if(A,M) = -l 
Since / is an integral lattice and A, fi are of norm one, (A, fi) € {—1, 0, 1} with (A, /x) = — 1 iff /x = —A. 
In the latter case, we get using (1.10) and the fact that TZ only contains integral powers of z and (, 

s(^)n{X,ii,z,0 = s(^)tZ{X,-X,C,0 = l (5.4.9) 
Moreover, since e is normalised, e(A, —A) = 1 and Vq = 1. Thus, if A = —jj., 

{^x{z),^-x{C)} = {^'s[^z\-^ 

as claimed O 

The following is well-known [G02, §7.1] 



(5.4.10) 
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Proposition 5.4.2. 

(i) The level 1 primary fields of L Spin2„ whose charge is the vector representation are Fermi 
fields. 

(ii) All level 1 primary fields of L Spiiig are Fermi fields. 

Proof, (i) The root lattice of Spin2„ is the Z-span in R" of the vectors 9i — Oi+i, i = 1 . . . n — 1 and 
On-i + On and is therefore the lattice of integral points with even sum of coordinates. The dual lattice 
Aw is / + ^(01 + • • • + 9n) where / = Z" is the integral lattice. The minimal dominant weights are 
V ~ 9i and s± = ^(^i + • • • + 9n-i ± 9n) and correspond to the vector and spin modules respectively. 
Let now A € w + Ar = / of norm one so that A = ±6i and the corresponding operator on <S (g) C[Av^] 
has integral eigenvalues on 

= -5 ® C[/] =S(g> C[Aii] 0<S ® C[v + Ar] (5.4.11) 

and half integral eigenvalues {i.e. elements of i + Z) on 

= 5 ® C[s+ + /] =5®C[s++Afi]©5®C[s_+Afl] (5.4.12) 

The notation J^^g and refers to the fact that, by theorem 4.3 and and proposition III. 3. 3.1 these 
subspaces are isomorphic, as ^''"'gp-modules to the finite energy subspaces of the Neveu-Schwarz and 
Ramond Fermionic Fock spaces constructed in chapter III. By (1.10) 



(5.4.13) 



Moreover, the modes of $a clearly preserve the splitting S ® <C[Aw] = ^n's^-^r- Thus, defining, 
for any i, ^ei{z) = 'tl}f^{z) + ipf'{z) where 

V'^W^ V'f(^) = ^*e,(n)^"" (5.4.14) 

nel+z nez 

and noticing that the formal adjunction property ^g.{z)* = ^^g.{z) is inherited by ipf^{z) and il>f'{z) 
so that V'-f (-n) = Vf^(n)*, lemma 5.4.1 and (5.4.13) imply that 

{Vr(n),^f (m)} = = {Vf (n), (m)} (5.4.15) 

and 

{Vr(n),Vf(m)*} = ^"'"'^- mnUf{mr}=il , "° ^^-^-'^^ 

[0 on J^'^ [SnmSij on 

and in particular 'ipf^{z) = on and ipf'{z) = on .F^^ 

(ii) A similar analysis holds for all primary fields of L Spiug since in that each of the cosets v + Ar, 
s± + Ar are integral O 

Remark. The same computation as that performed in the proof of theorem 4.2 shows that the 
components of the spin primary fields for XSpin^g give rise to two (non-commuting) action of Z/P^'eg. 

Indeed, in this case the highest weights of the spin representations, namely s± = ^{9i-\ h i±9n) 

with n = 8 have squared length 2 and it follows that s±+Ar are both even lattices which, by inspection 
coincide with the root lattice of Eg . 

5.5. Appendix : intermediate lattices with the extension property. 

Let G be simply-laced. We give below the list of intermediate lattices Ar d A C Aw possessing 
the extension property, i.e. a skew- symmetric, bilinear form lu G Hom(A A A,T) satisfying uj{a,fi) 

■ whenever a e Ar. The existence of such a form simplifies the formulae (5.3.1) giving 
the primary fields whose charges have their weights in A. It also removes the sole obstruction to 
extending the representation of LG on the Hilbert space completion of 5 (8) C[Avi/] to one of the group 
of discontinuous loops whose endpoints differ by an element of Z{G) lying in the image of A [TL2]. 
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Lemma 5.5.1. If A/ An is cyclic of order k then A has the extension property if and only ifk{X, A) e 2Z 
where X G A is a generator. In this case, the extension is unique and takes values in {±1}. 

Proof. If : A a A ^ T is an extension then kX € Ar and therefore 1 = uj{kX,X) = (-1)'=<^^^>. 
Conversely, if k{X, X) G 2Z then the skew-symmetric form u{a®mX, j3®nX) = (_i)("./3)+«(".a>+'"(>.^*> 
defined on An ® ZA descends to one on Ajj ® ZA/ — fcA ® fcA = A satisfying the extension property O 

Proposition 5.5.2. The following is the complete list of subgroups {1} ^/^ Z c Z{G), G simply-laced 
such that (27rz)~-'^ exp~-'^(^) has the extension property. 

(i) Subgroups o/Z(SU2n) of even index and all subgroups o/ Z'(SU2n+i). 

(ii) The subgroup Z C Z(Spin2„) such that Spin2„ /Z = S02n and all subgroups o/Z(Spin8„). 

(iii) Z{Eq) 

Proof. We proceed by enumeration according to the Lie theoretic of G. In what follows, 6*1, 
i = l. . .n and (•, •) are the standard basis and inner product in M", I the self-dual lattice 0^ ^jZ and 

/o = {Ae/||A|=EiAie2Z}. 
su„ 

The roots axe 0i - 6j, i ^ j and span Ar = {a e I\ \a\ = 0}. The weight X = di - ^{9i H h 6'„) 

does not lie in Ar nor do fcA, fc = 0. . .n — 1 and therefore A generates Aw/ An = Z{SUn) ~ Z„. 
Thus, for any m|n, the index m sublattice of A^/ is generated by An and mX and possesses the exten- 
sion property if, and only if n/m||mA|p = m{n—V) e 2Z and therefore iff n is odd or n and m are even. 

Spin2n5 n > 3 

The simple roots are Qi — Oi+i, i = 1 . . .n — 1 and On-i + On and span An = I^- The weight lattice 
is easily seen to be I + ^{6i + ■ ■ ■ + 9n)^ with minimal dominant weights given by u = and 
s± = ^[di -\ -|- 9n-i ± ^ra). We must distinguish two cases : 

n even. Then 2s± = {9i + 02) -\ h {On-i ± On) = mod A^ and 2v = 20i = mod An so that 

Z(Spin2„) ^ Z2 X Z2 and each of the minimal weights generates a subgroup of order 2. In S02n, 
expj^{—2TTiv) = 1 and therefore Zj possesses the extension property since 2||w|p = 2. The groups Z2''' 
have it if and only if n is a multiple of 4 since 2||.s±|p = ^. Lastly, if Z(Spin2„) has the extension 
property then so do Z2''' and therefore n is a multiple of 4. Conversely, if that is the case, the skew- 
symmetric form uj{a ®pv® qs+,(3®p'v ® q's+) = iPi'-iP' (^i){a,f>)+{o'..p'v+q's+}+{pv+qs+,(3) defined on 
An®vZ® s+Z descends to one on Aw = An®vZ® s+Z/{-2v ®2v® 0)Z + {-2s+ ® ® 2s+)Z. In 
this case the extension is unique only up to multiplication by the non-trivial Z2-valued skew-form on 

Z2 X Z2. 

n odd. Then 2s± — 0i + {O2 + O3) + ■ ■ ■ + {0n-i ± On) = v mod An and therefore Z(Spin2„) = Z4 with 
V of order 2 and s± of order 4. Therefore An + v possesses the extension property because 2\\v\\^ = 2 
but Z(Spin2„) doesn't for 4||s+||2 = n e 2Z -h 1. 

Ee 

The simple roots of Eq are ai = ^{Oi — O2 — ■ ■ ■ — Oj + 9g,), 0:2 = O2 + Oi,a3 = O2 — Oi, . . . ,ae — 9^ — 64. 
The fundamental weight Ai = — 1(6*6 + 6*7 — ^s) does not lie in the root lattice and therefore generates 
Aw /An = Z3 [Bou, Planche V]. Moreover, 3||Ai||2 = 4. 

Er 

The simple roots of are ai = ^(^1 — ^2 ^y-l-^s), 0^2 = ^2 + ^1, 013 = ^2 — ^1, • • • , a? = ^6 — ^5- 

The fundamental weight A2 = ^{Oi + ■ ■ ■ + 0q~ 29-j + 2^8) does not lie in the root lattice and therefore 
generates Aw / An = Z2 [Bou, Planche VI]. Moreover, 2||A2|p = 5. 

Es 

i?8 has trivial centre [Bou, Planches VII] and therefore no intermediate lattices O 
Remark. Notice that the above list agrees with the isomorphisms Spiug = SUi. 



CHAPTER VI 



Analytic properties of primary fields 



This chapter is devoted to the study of the continuity properties of primary fields of L Spin2„ . These 
are required to construct (at first unbounded) expHcit intertwiners for the local loop groups by smear- 
ing the fields on functions supported in complementary intervals. Wc show that any primary field 
</» : nf" (g) Vk[z, z-i] n'f such that one of the Spiuj^-modules 'Hi{0),Vk,'Hj{0) is minimal extends 
to a jointly continuous operator-valued distribution (g) C°°{S^ ,Vk) — > Hf satisfying as expected 

^jbrnf^iiiT = ^M) (1) 

for any 7 e L Sping^. When the charge Vk is the vector representation, (j) satisfies stronger continuity 
properties and extends to a bounded map LP'{S^, Vk) — > BiTii, Hj). 

The level 1 result is obtained in section 1 from the bosonic construction of the primary fields given in 
chapter V. The level £ result is proved in section 3 and follows because the primary fields belonging 
to the above class may be obtained as ^-fold tensor products of level 1 primary fields. Some care is 
required in checking this and the corresponding finite-dimensional analysis is carried out in section 2. 
The identity (1) is proved in section 4. 

1. Continuity of level 1 primary fields 

As observed by Wassermann [Wa5] , the continuity of the level 1 primary fields depends upon the fact 
that they may be written as the product of generating functions whose modes are bounded operators. 
We begin by studying these. The notation follows chapter V. 

1.1. Norm boundedness of the vertex operators for T xT. 

Recall that the action of tc on C[A|y] is given by 

hS^ = {h,n)S^ (1.1.1) 
Lemma 1.1.1. Let rj be a T -valued function on Aw and 

Xxiz) = Vxz^+^r,{-) = ^XA(m)^-™ (1.1.2) 



Then, X\(m) is bounded in norm by one. 

Proof. By (1.1.1), Xx{m) = Vxr]{-)Pm where Pm is the orthogonal projection onto 

(1.1.3) 

The claimed boundedness follows since V\r]{-) is unitary O 

1.2. Norm boundedness of pre-vertex operators of small conformal dimension. 

This subsection follows [Wa5] . Recall from §3.2 of chapter V the definition of the exponential operators 

E-ia, z) = exp(- ^ ^^-") E^^a, z) = exp(- ^^-") d-^-D 

n<0 n>0 
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which are formal power series with coefEcents in End(»S) and the fact that 

Z' 

We have now 



E^{(x,z)E-{li,Q = [}--^ E-{(3X)E+{a,z) (1.2.2) 



Proposition 1.2.1. For any a e it = M" such that {a, a) < 1, the modes Y{n) of the pre-vertex 
operator 

Y^{z) = E-{a, z)E+{a, z) = exp(- ^ ^z^) exp(- ^ ^^"") (1.2.3) 

n<0 n>a 

satisfy 

\\y{n)n < iivii (1.2.4) 

for any Z and ip G S. 

Proof. Consider first the case {a, a) = 1. Then, 



y„(^)y_„(C) + 0"V_„(c)y„(^) = [(i - ^)"' + (i - f (^)"' 



n{a,z,0 (1.2.5) 



where 

']l{a,z,Q = E-{a,z)E-{-a,C)E+{a,z)E+{-a,Q ='Jl{-a,C,z) (1.2.6) 
By (V.1.8), the bracketed term is equal to and since Tl{a, C, C) = 1) we find by (V.1.10) 

Uz)Y-40 + (J)"V_4C)i"a(2) = S[^) (1.2.7) 

Writing Ya{z) = X^^^n-z ^-a(C) = Xln^"-^~" ^'^^ recalling that the formal adjunction property 
Ya{z)* = Y_ce{z) implies that 6* = a_„, we get by taking modes on both sides 

ana^ + a*^_ian-i = Sn,m (1.2.8) 

and in particular 

||a„^|| < IIVII (1.2.9) 
The general case may be settled by the following factorisation trick. The space V+ = z~^ic[z~^] splits 
as for any orthogonal decomposition tc = tj. ® t^.. Correspondingly, 

S = ^S''V+ =S^(^S^ (1.2.10) 

k 

and 

Yx^X'{z)=Yx{z)^Yy{z) (1.2.11) 
for any A G i}^, X' G t^. If (a, a) < 1, wc may find, by possibly enlarging tc if it is onc-dimcnsional, 
itB a' ± a such that {a © a', a © a') = 1. The modes Ya(Sa' {n) satisfy (1.2.4) and are equal to 

^ Yo,{p)(^Y„,{q) (1.2.12) 

p+q=n 

Let d — di + d2 he the infinitesimal generators of rotations on S^,S^. Let ry G 5^ be the lowest energy 
vector so that Ya'{z)r] = E~{a',z)ri and therefore Ya'{0)T] = 77. If ^ € is any eigenvector of di, 
then 

Uf\\vf = U®vf>\\Ya^a'{n)^®vf= E ra(p')a'ra'(9')'7f > raWCf Nl' (1.2.13) 

p' +q'—n 

since the vectors Ya{p)^, Ya{p')^ have different energies and are therefore orthogonal for p ^ p' and 
the same holds for Ya{q)r} and Ya{q')£, whenever q' . Thus 

WainM < m (1.2.14) 
Lastly, if ^ = ^ ^„ is a sum of eigenvectors of di with distinct eigenvalues, then 

WYaimM' = E ll^a(m)C„|p < E ll^-f = ll^f (1-2-15) 

O 
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1.3. Sobolev estimates for products of norm bounded homogeneous fields. 

This subsection follows [Wa5]. Let J^i, i = 1 . . . k he inner product spaces supporting positive energy 
representations U'g = e*^''- of (a cover of) Rot 5^ Call a field Yi{z) = Fi(n)^;-" e End(:Fi)[[^, z''^]] 
homogeneous if [di,Yi(n)] = —nYi{n). 

Proposition 1.3.1. Let Yi{z) ■ ■ ■Yk{z) be homogeneous fields with uniformly bounded modes acting 
on T\ - ■ ■ Tk- Then, the modes ofY{z) =Yi{z)® ■ ■ ■ ^ Yk{z) satisfy 

\\Y{m)£,\\ < C{1 + \m\f-'\\{l + df-'£,\\ (1.3.1) 

for any i & T = J^i® ■ ■ ■ ® Tk where d = dl®l®■■■®l^ ■ ■■ ®1® dk 

Proof. We have 

Y{m)= ^ Y^{p^)(^---®Yk{pk) (1.3.2) 

PiH |-Pfc=m 

Assume the Ti support positive energy representations of an s-sheeted cover of Rot . If the right 
hand-side is applied to ^ e .7^ of energy n > 0, the sum reduces to one involving only terms for which 
Pi < n for any i. Their number is boiiiidcd by that of solutions of = m, p, < n, Pi € s~^'E. 
However, p^ =m — J2j:jiiPj > rn — n{k — 1) and hence for any i, 

m — n{k — 1) < Pi < n (1.3.3) 

so that there are at most s'^~^{l + nk — m)''^^ < s''^^ {l + nk+\m\)''^^ solutions since pfe is determined 
once pi, . . .pk-i are fixed. It follows from ||A B\\ < \\A\\\\B\\ for operators A, B (Cauchy-Schwarz) 
that 

\\Y{m)C\\ < Cs''-\1 + nk + m)'=-i||C|| 

<C'{l + \m\)''-\l + n)''-^U\\ (1.3.4) 

= c'(i + H)'=-i||(i + d)'=-ia 

where C, C are constants independent of m and ^ and we have used (1 + rf)^ = (1 + n)^. The claimed 
inequality therefore holds for eigenvectors of d and hence for any ^ G since it is stable under taking 
orthogonal sums of eigenvectors O 

1.4. Continuity of the level 1 spin primary fields. 

Theorem 1.4.1. Let (pg ■ Ti-f" (E" Vs[z, z~^] Ti^p be a level 1 primary field o/LSpin2„ whose charge 
is one of the spin modules. Then (ps extend to a jointly continuous map 7i°° (8) C°°(S^, Vs) 

Proof. Denote as customary by 7i*,7i* the completion of 7i^'",7i^'" with respect to the norm ||^||( = 
||(l + (i)*^|| where d is the infinitesimal generator of rotations. The weights of the spin representations 
are of the form /x = |(ei0i + • • • + e„0„) where Ci € {±1} and may therefore be decomposed as 
orthogonal sums of A = vectors Aj with (Aj,Aj) < 1. By theorem V.5.3.2, the corresponding 
component of (pg factorises as 

^t^iz) =Y^,iz) ® ■ ■ ■ ^Yxjz) ^V^zf'+^Tji-) (1.4.1) 

for some T-valued function rj on Ayy. By lemma 1.1.1 and proposition 1.2.1, all factors have modes 
bounded in norm by 1. Thus, if ^ € Hf" is of energy n>m, proposition 1.3.1 yields 

||<i>^(m)C||t = (l + n-m)*||<i>^(m)^|| 

<C(l + |m|)^(l + n-m)*||e||A 

= C{l + H)^ ^^l^lly^' mA^t (1-4.2) 
<C(l + H)^+^||aA+t 
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whence, for any ^ e W"" 

||$4m)e||t<C(l + |m|)^+l*l||C||A+t (1.4.3) 
since ^ may be written as an orthogonal sum of eigenvectors of d. Next, if 

f= cim,^.v^{m)€Vs[z,z-'] (1.4.4) 



mGZ 



where n(s) is the set of weights of V^, we have, by definition (j)s{f) = X)™ p, o-m,iJ.^fi{Tn). Then, 

WMmWt < Cj2\''m,,\{l + |m|)^+l*l||^||A+t < C'|/U+|t|||e||A+t (1.4.5) 

and (t)s extends to a continuous map C°°(5\ Vs) B{nf'^*,nj) O 

Remark. Notice that the estimates (1.4.5) are not quite optimal. For example, for LSping, the 
spin primary fields are Fermi fields by proposition V.5.4.2 and therefore extend to bounded maps 

2. Finite— dimensional Sping^— intertwiners 

By lemma 1.2.3.1, any Spin2„-module admissible at level £ is contained in an £-fold tensor product 

Vp-^ (X) • • • <Xi Vpi, where the Vp are admissible at level 1 and therefore minimal. In this section, we prove 
an analogous factorisation for intertwiners (j) : Vi 'E) Vk ^ Vj when Vi, Vk,j are admissible at level i 
and one of them is minimal. This will be used in the next section to show that level £ primary fields 

corresponding to the vertex ( x/^j^ ) can be written as the tensor product of level 1 primary fields. 



, ^1 . 

2.1. Minimal representations. 

Recall from proposition 1.2.2.1 that the weights of a minimal G-module V lie on a single orbit of the 
Weyl group and satisfy (/U, a^) G {1,0,-1} for any root a and corresponding coroot = ha- If 
/X, Ji are weights of V, then Jl = fi + ai + ■ ■ ■ + ak where the are possibly repeated roots. Since 
(A*;Cti) > for all i would imply > there exists an such that {n,a^) = —1 and therefore 
IIa* + = \\lA\- iteration of this argument produces a permutation r of {1, . . . , fc} such that 
||/x + q:^(i) + • . . + a^(j)|| — W^W for any J = 1 . . . fc. In representation theoretic terms, the weight spaces 
of a minimal representation are one-dimensional and if t^jj, are eigenvectors corresponding to the 
weights ju, fj, then, up to a non-zero multiplicative constant, v-jx = Ga^^^^ ■ ■ ■ Ca^fi, V/j,. Indeed, by elemen- 
tary s[2(C) theory, for any j G {l...fc}, ea^^^^^ea^^^_^^ ■■■ea^^^^Vf, 7^ since (aJ./i + aiH haj-i) = 

— 1 and therefore vji and ec^^j.) • • • Ca^^^-^v^ are proportional since they lie in the same weight space. 

If , VJy are irreducible representations of highest weights S, v and Vs is minimal, the tensor product 
(8) decomposes according to proposition 1.2.2.2 as 

V.^Vs = ^V^^~, (2.1.1) 

6 

where i5 varies among the weights of Vs such that u + S is dominant. 

Lemma 2.1.1. Let V^, Vs he irreducible representations with highest weights v, 6 and corresponding 
eigenvectors v^, vs- Assume Vs is rninirrial so that V^ (SiVs decomposes according to (2.1.1). Then, if 
S is a weight of Vs such that u + S is dominant and is a corresponding non-zero weight vector, the 
orthogonal projection of ^ on V^^g c V^ ®Vg is non-zero. 

Proof. Let U^^g e V^_^g c K (g) be a non— zero highest weight vector. We claim that (f2^_|_j, tij/ (S) 
Vg) ^ 0. Indeed, if the contrary holds, we shall prove inductively that 

{^^+~s, fcc,(>,) ■ ■ ■ fo^^m^^ O • • • e^iVj) = (2.1.2) 
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where a\ . . .ak are (possibly repeated) simple roots and a is any permutation of {1,. . . ,k}. Since 

such vectors form a spanning set of the cigcnspace of VJy ® Vs corresponding to the weight v + 5, it 
follows that ^^^g = 0, a contradiction. To prove the inductive claim, notice that 

-{ai,,S+ (ai H ^aj-i))/a<,(,._i) • ■ ■ fa^^^v^ ® • • • e^, ■ ■ ■ e^^v-^ 

+/a„(fc_i) ■ ■ ■ fa„f^i)Vi, (g) Ca^ • • • Ea^ fa^^Ca- -^ ■ ■ ■ Cq^Wj 

where j is the largest element of {!,..., fc} such that aj = ao-(fe)- Now, if fa„(k)'''fa„{i)Vi' ® 
f^ak ' ' ' ^ai^j is non— zero, then Bajf^a^-i ' ' ' Cai 

^ and therefore by elementary s[2(C) theory, 

fa„^(iaj_i ■ ■ ■ Ga^Vg = siucc S + (ai + • • • + ctj-i) is a minimal weight and therefore (aj,(5 + (ai + 
• • • + ctj-i)) G {1,0, —1}. Therefore, if fa^(k) ' ' ' /«<,(!) ® ^cck ' ' ' ^ai^g 7^ 0, the last term on the 
right hand-side of (2.1.3) vanishes and by the inductive hypothesis and the fact that is a highest 
weight vector, (2.1.2) holds O 



2.2. Admissible intertwiners for Spin2„. 

We begin by collecting some elementary facts about the spin representations of Spin2„ which may be 
found in section III.l. The complexified definining representation V = = C^" has a natural bilin- 
ear, non-degenerate symmetric form B{-, •) which yields an isomorphism S02n,C = V AV where the 
latter space acts on V by u/\vw = uB{v, w) — v{u, w). If fj, ^ j = —n ... n is an orthonormal basis 
of V satisfying B{fj,fi.) = 6j+kfl^ a basis for S02n,c is given by the elementary matrices Fij = fiA fj. 
The Cartan subalgebra corresponding to the block diagonal matrices in S02n,c is then spanned by 
Fi^^j, 2 = 1... .Ti. The roots of Spiuj^ are ^j. + 9i, —n < k ^ ±1 < n where the i = 1. . .n are 
the dual basis to and, by definition = —9i. The sl2(C)-subalgebra {ea, fajha} of S02n,c 

corresponding to a = ^fe + is given by {i^fe,;, -Ffe,-fe + Fi-hF-i,-k}- The weight vectors in V are 
exactly the fj since Fi^^ifj = {6ij - di-j)fi = 6j{Fi^-i)fj. 

The spin representations are obtained via the representation of the Clifford algebra of V generated 

by the C-linear symbols "fpiu), u Cz V subject to the relations ^j{u)ip{v) + ijj{v)ip{u) = 2B{u,v), on 
the exterior algebra AV^'° where is the subspace spanned by the fj, j > 0. The action is given 
explicitly by 

f V2u A wi A • • • A Wfc if u e V^'° 

ip(u)viA---Avk= < ^ (2.2.1) 
\ V2j2ji-'^y^^B{u,Vj)viA---AVjA---AVk ii u G V^'^ 

The representation is obtained by letting the Lie algebra element uAv act as j{ip{u)ip{v)—ip{v)tp{u)) = 
^{il){u)'ip{v) — B{u, v)). The even and odd parts of the exterior algebra are clearly invariant under this 
action and are irreducible. Their weights are easily read from 

F,_J,,A...A/,,=(WOW_.)-i)/,,A...A/,,= If /" (2.2.2) 

so that the vector /j = /^^ A • • • A fj^ corresponds to the weight — 5 X) ^'i + J2p ^jp ■ The highest weight 
of the half of the exterior algebra containing the top exterior power A"F^'° has therefore highest 
weight s+ = |(^i H + On) and the other has highest weight s_ = ^(^i H + 9n~-i — 9n)- 

Finally, the Clifford multiplication map V ® KV^'^ AV^''^ given hy v ® fj '4>{v)fj commutes 
with the action of Spin2„ and gives therefore rise to two intertwiners V ® Vg^ Vs^ ■ 

Lemma 2.2.1. Let Vi,Vj,Vk be irreducible representations of G = Spin2„, one of which is minimal so 
that HomciVi V/j, V^) is at most one-dimensional. If all are admissible at level I and HomG(Vi 
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Vk,Vj) = C, there exist minimal G -modules Vi^ , Vj^ , V^p , p = 1 . . .£ and intertwiners (j}p G HoniGr (V^jp (g) 
Vkp,VjJ such that 

e e e 

ViCi^Vip VjCi^Vjp VkCi^Vkp (2.2.3) 

p=i p=i p=i 

and the corresponding restriction of ®p^p to an intertwiner (g) 14 — > 1^- is non-zero. Moreover, if 
Vk is minimal then one may choose Vi^ = Vj^ and Vfe^ = C for p = 1 . . .£ — 1 and V^i = Vfe so that 

^p(j)p is of the form 1 (g) ■ ■ ■ (g) 1 (g) (pp. 

Proof. Up to a permutation of the modules, we may assume that Vk is minimal and that (/z, 0) < (A, 0) 

where /x, A are the highest weights of Vi and Vj respectively and 6 is the highest root. If (/x, 6) < 

Vi is contained, by lemma 1.2.3.1 in some tensor product V^^ (g) • • • Vif_^ with minimal factors. Then, 

Vi C Vi^ (g> ■ ■ ■ (g> Vi,_, O C (2.2.4) 
Vfc C C O • • • O C O Vfc (2.2.5) 

Vj CV,®---® V,_, ® Vk (2.2.6) 

and ^ = 1(8)---(8)1(8)1 clearly restricts to a non-zero intertwiner. Assume now that (/U, 0) = (A, 9) = 
i> 2. If Vfc is the trivial representation then Vi = Vj and, by lemma 1.2.3.1, C V^j • • • (g) V^^ for 
some minimal Vi^ and the lemma holds. We shall treat the cases when Vk is the vector or one of the 
spin representations separately. 



Vk=Vs^._ 

Let s and s be the highest weights of Vk and of the other spin representation so that s = s± = 
5(^1 + • • • + On-i ± 9n) and s = s^. We have A = /i + cr where a = ^(ei^i + • • • + e„^„) for some 
Ei G {±1} is a weight of Vk = Vs. Up to a permutation of Vi, Vj, wc may assume that /ii = Ai + i. 
Since Ai + A2 = (A, 9) = (/U, 9) = /Ui + /U2, we have /X2 = A2 — 5 and therefore /Ui — /i2 = Ai — A2 + 1 > 1 
so that p = yu — ^1 is a dominant weight. Let Vp be the corresponding irreducible representation. Since 
(p, 9)=i — l,Vpis contained in some tensor product V^^ (g) • • • (g) Vi^_^ with minimal factors. Thus, by 
(2.1.1) 

ViCVp^Va CVi,®---^ Vi,_, ® (2.2.7) 
Ffe C C (g • • • (g C (g (2.2.8) 
Vj cVp^V-sCVi,^---^ Vi,_^ (g V-s (2.2.9) 

since ii = p + 9\ and X = ii + cf = p + ct' where cr' = ^1 + ct is a weight of V-g. If ip : Vq (g — > is 
Clifford multiplication, we claim that the intertwiner (j> = l(g---(g)l(g^ has a non-zero restriction 
to Vi(^Vk ^ Vj. To see this, notice that the highest weight vector Vp, in Vi C Vp (Si is the product 
Vp (g v$i = Vp ® fi of the corresponding highest weight vectors. If v^r & Vg is of weight a so that 
Vcr = Aj.^^^ifj , then (/)(w^ i^v^) = Vpi^tplfii^v^) = Vpi^ fiAv„. Since /i Av^r eV- is of weight a + 0i 
and A = p + (cr + ^i), lemma 2.1.1 implies that (j){vp, (g Vcr) has a non-zero projection on V^- C (g V^- 
whence the conclusion. 



Vk = Vn. 

Up to a permutation of Vi and Vj , we may assume that A is obtained from p by adding a box to the 
corresponding Young diagram, i.e. X = fi + 6j where j >3 since (A, 6) = (p, 9). Let 

a = 1(^1 + ... + ej_,-9j 9n) (2.2.10) 

so that it is a weight of Vg with s = s± according to the parity of n — j + 1. As is readily verified, 
p = fi — a is dominant and satisfies {p,9) = £ — 1. Thus, if Vp is the corresponding highest weight 
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representation, then C V^^ • • • (8) Vi^_^ where the Vi^ are minimal. It follows by (2.1.1) that 

ViCVp^V,cVi,0---0 Vi,_, O (2.2.11) 

VkCC(g)---(g)C(g)V^ (2.2.12) 

Vj cVp^VsCVi,^---® Vi,_, ® (2.2.13) 

since ii = p + a and X = fi + 9j = p + a + 9j where a, a + 9j are weights of Vs and V- respectively. Let 
tp : Vs(S> ^ 1^ be Clifford multiplication and </> = ■ -(^li^ip. We claim that if V/j, G Vi C Vpi^Vg 
is the highest weight vector then <p{vi^ (g) fj) is a non-zero highest weight vector in Vj C VpiSiVs so that 
(j) restricts to a non-zero intertwiner (Xi ^ Vj. To prove our claim, assume that (j){v^ "X" /j) = 0. 
Let Vp G Vp he the highest weight vector and Vcr = f\i=i...j-ifi & Vg a. vector of weight a so that 
i}{f-j)v^ = 0. Then, 

= {(t){Vp, iSi fj),VplSi Ipi fj)Va) 

= (1 «) ^p{fj)Vf„ Vp (g) ipifj)v„) 

(2.2.14) 

= {Vp, Vp ® i;{f-j)^p{fj)Va) 
= 2{Vp,Vp Va) 

in contradiction with lemma 2.1.1. Let now Ca G S02n.c be a root vector corresponding to the simple 
root a. Then, ea4>{vp ® fj) = 4>{vp Cafj)- Since eafj has weight a + 6j, this does not vanish only if 
a = 9j-i — 6j and in that case is proportional to ^{vp (g) fj-i)- To conclude, it is therefore sufficient 
to prove that (f){vp (g fj-i) = 0. To this end, notice that the weight spaces of Vs are one-dimensional 
and Vp may therefore be written as 

^/^ = X] Vp-{a'-a) O Va' (2.2.15) 

where a' ranges over all weights of Vg differing from a by a sum of positive roots, v^' = A^.^i^ifi and 
the Up_(CT'-CT) G Vp have weight p — {a' — a) . Since such a' are of the form a' = \{9i + • • • + 9j-i — 
^j^j ~ ' " ~ ^n9n) where e ranges over all even sign changes of the variables 9j,. . . ,6n, we find that 
fj-i Avcr' = and therefore 

<P{vp Ck) /j_i) = 1 ® ^{fj-i)vp = (2.2.16) 

O 



3. Continuity of higher level primary fields 

Theorem 3.1. Let7ii,7ij he irreducible positive energy representaMons at level £ with lowest energy 
subspaces Vi.Vj and Vk an irreducible Spin2„ -morftite admissible at level £. If one of Vi,Vj,Vk is 
minimal, the (projectively unique) primary field ip : Hf" (g) Vfe[2;,2;~-^] W-" extends to a jointly 
continuous operator-valued distribution TLf ® C°°{S^,Vk) //, in addition, Vk = C^" is the 

vector representation, ijj extends to a bounded map L'^{S^,Vk) B{T-Li,T-Lj). 

Proof. By corollary 1.2.2.3, D = dim(Homspin2„ (V^ ® Vfc,^j)) < 1- If -D = 0, then V = and there 
is nothing to prove. If, on the other hand D = 1, then by lemma 2.2.1, we have 

i i I 

Vi^^V^ Vj^^Vj^ Vk^^Vk^ (3.1) 

p—i p—i p—i 

where the Vi^ , Vj^ , Vfe^ arc minimal and therefore admissible at level 1. Moreover, there exist intertwin- 
ers ipp G Homspin2„(Vij, (gVfep, Vjj,) such that (gpV'p restricts to a non-zero intertwiner tp : Vi®Vk ^ Vj . 
Let , Hj^ be the irreducible level 1 positive energy representations with lowest energy subspaces 
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Vi^ and Vj^ respectively. The lowest energy suspaces of the level £ positive energy representations 

i e 
ni,,...,i, = I^Hi^ Hj,,...,j, = (g)H,-, (3.2) 

p—i p—i 

contain Vi and Vj respectively and therefore, by lemma 1.2.3.2, 'Hi^^...^i^ and contain as 

submodules Hi and Hj respectively. Denote by Pi and Pj the corresponding orthogonal projections. 
Let (j>p{z) : (g) Vfep[2;,^;~^] — > Hj^ be the level 1 primary field with initial term ipp. Then 

<t){z) = Pj<i)i{z) ® ■ ■ ■ ® (j)e{z)Pi (3.3) 

is easily seen to be a primary field of type Hi (S) Vfc[2;,i;~^] — > Hj when Vfc[2;,i;~^] is embedded in 
Vfej [z, z~^] ® ■ ■ ■ ® Vki [z, z~'^] in the obvious way. Since the initial term of (/) is 99, (/) 7^ and therefore, 
up to a non-zero multiplicative constant, tp = tj). We proceed now as in the proof of theorem 1.4.1. 
By theorem V.5.3.2, each (j)p is a product of vertex operators with uniformly bounded modes and 
therefore so is c/>. It follows, by proposition 1.3.1 that (/) extends to a jointly continuous bilinear map 
C°^'(S\ Vfc) O Hf. Finally, if I4 is the vector representation we may, by lemma 2.2.1, choose 

(j}{z) of the form 

Pjl0---(g)l(g)*(2)Pi (3.4) 

where \1/ is a level 1 vector primary field and is therefore continuous for the i^-norm by proposition 
III.4.1 O 

Remark. Let ^!>, 0* be a primary field and its adjoint with corresponding vertices ^ V-\/^ ^ 
( Vt \ 

I I . If one ofVi,Vj,Vk is minimal then, by theorem 3.1, the defining identity for 0*, namely 

{4>{m,v) = {^,4>*i7)v) (3.5) 

where ^ e Hf'\ ry G HJ" and / G Vk[z,z-'^], extends to^ eHf,r] e Hf and / € C°°(5'i, V'fe). In 
particular, 

ct>* (7)^ <!>{/)* and <^(/) C </.*(/)* (3.6) 

so that, for any / G C°°{S^,Vk), 4>{f) and 0*(/) are densely defined, closeable operators. 



4. Intertwining properties of smeared primary fields 

Proposition 4.1. Let (j) : Vfe[^;,^;~^] — > be a primary field extending to an operator- 
valued distribution. Then, the following holds projectively on H^, for any 7 e LG xi RotS^ and 

fGC^isWk). 

^j{imf)Mir ^ Hif) (4.1) 

Moreover, if d is the integrally-moded infinitesimal generator of rotations, then 

e''U{f)e-'''' = Hfe) (4.2) 

where feicj)) = f{(j)-9). 

Proof. We use a standard ODE argument. Notice first that by continuity, <f> intertwines the action 
of is on Hf and Hf, i.e. 

Tri{X)^m - m^oiX)^ = 4>{Xf)^ (4.3) 

for any X e Lg, / G C°°(5'\Vfe), and ^ G Hf. Define now F{t) = e-*'^^(^V(e*^/)e*'''^-^^^ where 
X,f,^ are as above. Then, using the invariance of Hf under LG (proposition II. 1.5. 3) and the 
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C°°-continuity of (j), 

F{t + s) = e-(*+«)'^^(^V(e*^/ + sXe'^f + o{s)) (e*^*(^)^ + s7ri(X)e*^*(^)^ + o(s)) 

= + s(-^,(X)</.(e*^/)e*--(^)C + <^(Xe*^/)e*^'(^)C + s<^(e*^/)7r,(X)e*^'(^)c) + o{s) 
= F{t)+o{s) 

(4.4) 

where o(s)s-i as s ^ in and therefore in H. Thus, F G Ci(]R,H) and F = so that 
F = F(0) = ^. It follows that (j) intertwines the one-parameter subgroups of LG and therefore LG 
itself. The commutation properties with Rot follow in a similar way O 



Remark. 

(i) Recall that the central extensions of L Spin2„ corresponding to tt^ , ttj arc canonically iso- 
morphic by proposition II. 2. 4. 3 and denote either of them by £Spin2„. It is not difhcult to 
show that a more astringent relations than (4.1) holds, namely the (non-projective) identity 

^jmimiw = <p{if) (4-5) 

for any ~j £ C Spin2„ . 

(ii) Somewhat conversely, Wassermann has pointed out that it might be possible to use the 
continuity of the level 1 spin primary fields and (4.1) to give an alternative proof of propo- 
sition II. 2. 4. 3 for G = Spin2,j. Notice first that it is only necessary to prove this at level 
1 since the level ^ representations are contained in the £-fold tensor product of the level 
1 representations. Moreover, we already know that the central extensions corresponding 
to the level 1 vacuum and vector representations are isomorphic since these arise as sum- 
mands of the Neveu-Scharz Fock space (proposition III. 2. 5. 3). The same holds for the 
level 1 spin representations since they are summands of the Ramond sector. Thus, it is 
sufficient to prove the isomorphism of the central extensions corresponding to the the vac- 
uum representation (7ro,7io) and one of the spin representations (7rs,7is) at level 1. Let 

: Wq" ® Vs[z,z~^] Hg" be the corresponding primary field. By theorem 1.4.1 and 
proposition 4.1, the following holds projectively for any / e C°°{S^ ,Vs) and 7 G LG 

TTs{i)Uf)Mir = uif) (4-6) 

This identity may be used to define a continuous map between the two central extensions 
by associating to any hft 7ro(7) S U{Ho) of 770(7) the unique unitary lift TTsij) of 775(7) such 
that (4.6) holds without any additional phase corrections. However, the proof that it is a 
homomorphism requires, to the best of our knowledge, a proof of the fact that the definition 
of the map is independent of the particular / chosen. 
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Braiding properties of primary fields 



We outline the theory of the Knizhnik-Zamolodchikov equations satisfied by the four-point functions 
of primary fields and deduce from it their braiding properties. We also compute the simplest instances 
of braiding. Finally, we show that, when smeared on test functions, the primary fields satisfy the same 
braiding relations provided the supports of the functions are disjoint. 

1. The Knizhnik-Zamolodchikov equations 

Fix a level i G N and consider a collection of non-zero primary fields ^n' corresponding to the 

vertices 

K \ ( kn-l \ f h )( kl \ 

^„ J \ In «n-i J \ ^2^l J \ J 
Notice that Vk^ = Vi^ and Vk^ = V*^ and that, up to a scalar the initial terms of 0„ and (pi are the 
canonical intertwiners Vi„ (g) V^* — > C and C (g) Vi^. Fix T e Wo(0) — C of norm one and define 

the n-point function 

F={<l)n{Vn,Zn)---Mvi,Zl)^,V (1-2) 

a formal Laurent series in the variables Zn - ■ ■ zi. The G-equivariance of the primary fields and the 
fact that G fixes T imply that F takes values in (V^ • • • (8) ^fe* We shall prove that F satisfies 
a first order partial differential equation. Attach for this purpose an endomorphism to any pair 
1 < *, j < by setting 

= 7ri{Xk)nj{X'') (1.3) 

where tt^ is the action of on the ith factor of (Vj* (g) • • • (g) V^^)'^ , {^fe}, {X'^} are dual basis of 
with respect to the basic inner product on g^, and the summation over k is implicit. Notice that flij 
is independent of the choice of the basis Xk and, in particular flij = 'Ki{X'^)-Kj{Xk) = flji- Moreover, 
flu acts as multiplication by Cfe^ , the Casimir of Vfe^ and V^. . 

Recall that on each Hf^, we have Lq = d+ Aj^. Here, as customary d is the normalised generator of 
rotations, Lq is given by the Segal-Sugawara formula and Aj^ = where Ci^. is the Casimir of Vj^. 
and K = £ + Therefore, by (1.4.4), 

Zi-^(t>i{vi,Zi) = [d,(l)i{vi,Zi)] - A4,.(l)i{vi,Zi) = [Lo,(j)i{vi,Zi)] - Ak^cpiivi, Zi) (1.4) 
azi 

Using the explicit expression of Lq, 

^° = + ^ X,(-m)XXm)) (1.5) 

m>0 

and the equivariance properties of primary fields, we find 

k{z~ + Ak,)F =^([[ ct>j{vj,zj)[Xki0)X\0), Mvi, Zi)] JJ Mvj,Zj)r, T) 

' j>i i>j 

+ iH ^ji^J' ^3)[^k{-m)X''{m), (piivi, Zi)] Y[ (l>j{vj,Zj)T, T) ^^ ^^ 

m>0 j>i i>j 

=lc,,F + y: ^^jF + E (E - ) " "^i^ + E ( "^i^ 

i>j m>0^j>i ^ i>j V »/ 

119 



120 VII. BRAIDING PROPERTIES OF PRIMARY FIELDS 

where the last equality is obtained by moving the Xk{p), p < to the left and the X''{q), q > to 
the right and using X (p)T — ii p > 0. Thus, with the understanding that the denominators below 
are to be expanded as if |2;„| > • • • > \zi\, F satisfies the Knizhnik-Zamolodchikov equations 

Notice that A^j^ = so that (j)i{vi, zi)T — X]n>o •^~"'/'i(''^1j ^)"''~ and, formally lim^j^o 0i('yi; ■Zi)T = 
Vi. Similarly, limz^^ooizn*" (j^nivn, 2„) • • • , T) = (• • • ,u^) where we have used the antilinear identifi- 
cation V^^ — > V/j„. Thus, the function 

H{Z2,. ..Zn-l) = {(l)n-l{Vn-l,Zn-l) ■ ■ ■(p2{V2,Z2)vi,v:^) = lim .Zjt*" F (1.8) 

zi— ►O 

satisfies, for i = 2 ... n — 1 the equations 

We specialise now to the case n = 4. Set w = zz and 2; = Z2, then (wd^ + zdz)H = k.~^{^i2 + ^^23 + 
03i)i?. However, on (F^* • • • V^* )*^, we have J2t=i ^i(^) = ^ ^ 9 and therefore 

3 3 

O12 + ^23 + O31 = ^{Y1 MX")) - ^{^n + J^22 + J^33) = ^(^^44 - ^^11 - ^22 - $^33) 

i=l i=l 

= K{Ak, - Afci - Afe, -Ak,) = -k{A^, + A^3) 

(1.10) 

It follows that the reduced four point function z) = uA*:^ z^*'^ H satisfies wdw^ — —zdz'^ and 

therefore only contains monomials in ^ = zw~^ . Moreover, since C^^C* = zd^^, ^ satisfies as a 
function of one formal variable 

d^^U ^i2 + nA, (111) 
where — 1)~^ is to be expanded as if |C| < 1- 

Aside from (1.11), ^' satisfies a number of algebraic identities. To see this, let vi G Vk^ be a highest 
weight vector for {eg, f$, he} with hevi = Sivi. Since Vi is of lowest energy, /6i(l)t^i = and therefore 
vi is of highest weight for {/6((1), ee(— 1), £ — he} with eigenvalue £ — s\. Thus, by elementary sl2(C) 
theory, ee{—lY~^'^^^vi = 0. On the other hand, a simple induction shows that, for any n e N 

{h{v3,w)(j)2{v2,z)ee{-l)"-vi,V4) = {-l)"{w-\3{ee) + z-'^Tr2{ee))"-{Mv3,w)(j)2{v2,z)vi,V4) (1.12) 

so that the right hand- side vanishes for n = £ — Si + 1. An additional set of identities for \1/ may be 
similarly derived from the equation ee(— 1)^~**~''^U4 = which holds whenever t;4 € V4 is of highest 
weight for {ee, fe, he} with hev^ = S4V4- This completes the proof of the first part of the following 

Proposition 1.1 (Tsuehiya-Kanie) . Let 4>?,.(t>2 be primary fields with vertices ^ ^ ^, ^ 
and conformal weights A3, A2 respectively. Define the reduced four-point function 

*j = W^''Z^^{(I)3{V3,W)^2{V2,Z)V1,V4) = ^{'(p3{V3, n)^2{V2, -n)vi, V4) (^^^ (1.13) 



a formal power series in the variable (, = (^~~) with coefficents in {Vk^ ® Vj* ® V^^ ® ^fc*)*^- Then '^j 

on I CI < 1 such that 

d^, 1 /rii9 1^9^ N _ 



converges to a holomorphic function on |C| < 1 such that $j — ( ^^"^j satisfies 
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and the algebraic equations 

{n2iee) + CMee)Y~''+'^j{vuV2,vs,V4) = (1.15) 
whenever vi is a highest weight vector for {eg, fe, kg} with hevi = sivi, and 

iCTT2ife)+Mfe)Y~''^''^jivuV2,V3,V4)=0 (1.16) 

whenever V4 is a highest weight vector for {ee,/^,/!^} with hev\ = SiV\. The set of^j corresponding 
to all intermediate Vj is a basis of the space of solutions to the above system of equations near 0. 

Remark. The convergence of '^j follows at once because vj/^ is a formal power series solution of (1.14), 
which has a regular singularity at ^ = 0. The completeness of the set of reduced four-point functions 
is stated as Proposition 4.3 of [TKl]. Its proof contains a gap bridged by the treatment given in 
[Wa2]. 

2. Braiding of primary fields 

Theorem 2.1 (Braiding), iet 0^^^ , (/)^^^ be primary fields corresponding to the vertices ( ^ j and 



k2 
3 ki 



. Then the product </'fc^j(^'3, u')0^fc^ (^2, z) defines a single-valued holomorphic function on 
{{Wjz)]^ ^ [0, oo)} when it is evaluated between finite energy vectors. Moreover, 

4lM,w)<f>%M,z) =Y.bH4:hi^2,z)cPll{vs,w) (2.1) 

h 

where bh & C and the sum on the right hand-side spans the products of all primary fields with vertices 
k2 \ I ^3 \ corresponding to any intermediate Vh- 



k4 h y ' \ /i fci 

Proof. By the commutation properties of the primary fields with L^°^q, it is sufiicient to prove (2.1) 
when it is evaluated between lowest energy vectors. Let be the reduced four point-function in 
the variable C = corresponding to 4>klj'f'%i- the previous proposition, $j = ^2 — 

Afej + — Aj converges to a homolorphic function on \(\ < 1 which may analytically be continued 
to a single-valued function on C\[0, oo] satisfying (1.14)-(1.16). Near oo, we may rewrite (1.14) in 
terms of the local coordinate r] = Since (d^ = —ridr,, $j satisfies 

d<^j_l/ 1^12 ^ 1^23 \^ _ 1/ 1^13 + ^(A2 + A3) ^ »23 \^ ^2.2) 

drj K\ rj 77(77 — 1)/ "'kV rj rj — l)'' 

where we used (1.10). On the other hand, the boundary conditions may be rewritten in terms of rj as 

{m2{ee)+Meg)f-''+^^,{v^,V2,V:i,V4)=Q (2.3) 
(7r2(/e)+7?7r3(/e))'"'^+'$j(wi,f2,t'3,t'4) =0 (2.4) 

It follows that $jr?~(^=+'^=*) = *jC^ is a solution of (1.14)-(1.16) with respect 77 when (14^ ® V^^ ® 
V;* (g) Vfc* )*^ and (14^ ® I4* V"^* (g) V^J^ are identified in the obvious way. By proposition 1.1, it 
may be therefore be written as a sum of reduced four point functions corresponding to the vertices 

k^h ) ' hk ) multiplied by an appropriate power of -q. Writing C, = zw~^ and 77 = wz~^, the 

powers of z and w are easily seen to cancel and (2.1) is proved O 

Remark. 

(i) The braiding coefficients b^ in (2.1) are only defined up to multiplication by non-zero con- 
stants accounting for the multiplicative ambiguity in the choice of the initial term of the 
various primary fields. A further lack of determination arises if the Hom spaces correspond- 
ing to some of the vertices are of dimension greater or equal to 2. However, once a definite 
choice of initial terms is made, the bh are unambiguously defined and may be computed by 
expressing the analytic continuation of the reduced four-point function corresponding to 
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the left hand-side of (2.1) from ^ = to c» in terms of the reduced four point functions 

corresponding to the right hand side evahiatcd at C~^- 
(ii) The existence of braiding is perhaps best demonstrated using the Knizhnik-Zamolodchikov 
equations in their PDE form. These define a flat connection on the configuration space of n 
ordered points in C for the (topologically) trivial bundle with fibre (V^f ® ■ ■ ■ ® Vf^_^)'~^ . The 
permutation of the fields 4>i and 4>i+i is then obtained by analytic continuation along a path 
connecting (zn ■ ■ ■ Zi+\,Zi . . .zi) to {zn ■ ■ ■ Zi, Zi+\ . . .zi). The above one-variable approach 
is possible because the connection is invariant under the diagonal action of SL{2, C) and 
gives an effective method for computing the braiding coefficients. 



3. Abelian braiding 

The simplest instance of braiding is th(^ abelian braiding obtained from Knizhnik-Zamolodchikov 
equations with values in a one-dimensional space. We compute it below 

Lemma 3.1. Let Vi, i = 2... 4 he irreducible G-modules such that V4 C V2 (X" V3 with multiplicity 
one and assume that the generator o/Hom(3(V2 ® V3, V4) is the initial term of a primary field (fy^ y^. 
Then, 

V. (^)'^ll vo (^) = V, (^Xs vo (^) (3-1) 

where A 7^ 0. In fact, let the initial terms of (j>y y^, i = 2,3 be the canonical intertwiners <C'E)Vi —^ Vi 
and denote those of (fi^^ y^ and (j)y^ y^ by ips and (p2 respectively. Then 

(i) // (fis, (p2 are normalised by setting ip2 — ipsu where cr : V3 (8) V2 ^ V2 (8) V3 is permutation, 
then A = e~"^'^ where (3 = ^(C4 — (^2 — C3) and the Ci are the Casimirs of the corresponding 
representations. 

(ii) //V3 = V2, and ip3,ip2 are normalised by equating them so that <f)\2 = ^fls! then A = ee~"'^ 
where e = ±1 according to whether V4 C V2 (S) V2 is symmetric or anti- symmetric under the 
action of &2- 

Proof. By assumption, W = {Va® ® ® C)^ = HomG(V2 V3, V4) is one-dimensional and the 
Knizhnik-Zamolodchikov equations with values in W have a unique non trivial solution / given by 
the reduced four-point function of the left-hand side of (3.1). The vanishing of A would lead to that 
of /, a contradiction. 

(i) Q23 acts on W as multiplication by Indeed, 

O23P = P7r2(Xfc)7r3(X'=) 

= ^P{TT2{Xk) + 7r3(Xfc))(7r2(X^) + nsiX'^)) 
= \n4{Xk)TT4{X'')P - ip(C2 + C3) 

= ^(C4 - C2 - C3)P 

Thus, the Knizhnik-Zamolodchikov equations read /' = /3(C~1)^^/ and, up to a constant, / = {^—1)^ 
where, in accordance with our conventions on the definition of braiding, the function is defined with 
a cut in the C ^ 1 plane along [0, 00] so that / is continuous on C\[0,oo]. Since the leading term of 
/ at is (ps, we get / = e^"''^(z — l)^(p3. Similarly, the leading coefficient at 00 of the reduced four 
point-function g corresponding to the right hand-side of (3.1) is (^2 so that g{ri) = e~^*^(?7 — l)^(p2 
where 77 = C"^- If C e (-00, 0) so that argC = tt, then (C - I)'' = e-''"^C'^{l/C - 1)1^ and therefore 
the analytic continuation of fa at 00 is e'''^^^^ r]~ ^ [ri — lYip^a whence A = e""^^^^ as claimed. 

(ii) follows at once from (i) since ^p^a = eips O 



- lp(7r2(Xfe)7r2(X^) +7r3(Xfe)7r3(X'=)) 

(3.2) 
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4. Braiding of smeared primary fields 

Proposition 4.1. Let (j)kj,4>ji, 4>kh, <Phi be primary fields of charges U, V, V, U respectively satisfying 
the braiding relations 

(l)kj{u,w)(j)ji{v,z) = ^^bh(t>kh{v,z)(j)hi{u,w) (4.1) 

h 

If all fields extend to operator valued distributions, then for any f G C°° {S^ , U) and g € C°° {S^ , V) 
supported in I = (0, tt) and = (tt, 27r) respectively, the following holds 

(l^kj{f)<t>ji{9) = ^bh(l)kh{gea,h)4>hi{fe-aih) (4-2) 
h 

where ajh = Aj + Afe - - A^ and e^{d) = e'*"^ for 9 G (0, 2it). 

Proof. By continuity, we need only prove (4.2) when both sides are evaluated between finite energy 
vectors and by the commutation relations of the primary fields with L''°'g it is sufficient to consider 
lowest energy vectors. Moreover, we may assume that / and g are of the form a (g) w, b 'E) v where 
a,b G C°°(S'^,C) are supported in 1,1'^ respectively and {u,v) G U x V. Let ^,r] be lowest energy 
vectors, then 

{<l>kj{f)4'ji{9)^,v) = '^anbm{(t)kj{u,n)(j)ji{v,m)^,r]) = ^a„b-n{(l)kj{u,n)(j)ji{v,-n)^,r]) (4.3) 

n,m n>0 

an absolutely convergent sum since the Fourier coefBcents a„, bm of a, b decrease rapidly and, by the 
continuity of (^fej,</'jj, \\(l>ji{u,n)^\\ < C(l + |n|)''^% \\(j)kj{v,m)r]\\ < C(l + |m|)''« for some iSji, (3k j > 0. 
Let 

^;-(C) = ^(0fc,(w,n)</.,-i(t;,-n)C,r?)r (4.4) 

n>0 

be the reduced four-point function corresponding to the product (pkjipji- Fj is convergent on |<^| < 1 
and extends to a single- valued holomorphic function on C\[0, oo). The function a*6(0) = J^^ a{—<p)b{9- 
^)|^ has Fourier coefficients a_„6„ and is supported away from so that a* 6(C|C|~^)-Pj(C) is smooth 
on C\{0}. Thus, (4.3) is equal to 

limj^ a^b{e)FM'%-= a*bie)Fj{e'')- = UmJ^ a*b{9)Fj{re'')- (4.5) 

Let now Gh be the reduced four-point functions corresponding to the products (pkh^hi- From the 
braiding relations (4.1), wc have Fj{() = J2h^hC°'^''Gh{C~^) where ajh = Aj + A/j — Aj — Ah and 
(4.5) is therefore equal to 

/■27r jn 

J2bhlm,r-^' / a*be^^,{9)Gh{r-'e-'')- 

dB_ 

Since (6* a)e-p, = e~^'^*'*(6e^) * (ae_^), the above yields, by the continuity of <^kh and <^hi-, 

^bh^{bea-Jn{ae-oc,H)-n{(l>kh{v,n)(l)hi{u,-n)^,r]) = ^bh{4>kh{9eajH)4>hi{fe-ajh)^,v) (4-7) 

h n>0 h 

as claimed O 



(4-6) 



= V6;,limr"^'' / e2-"^^^6*ae_„.,(0)G4r-ie*^); 
u ''X'l Jo 



CHAPTER VIII 



Braiding the vector primary field with its symmetric powers 



In this chapter, we compute the structure constants governing the braiding of the L Spin2„-primary 
fields whose charges are the vector representation and one of its symmetric (traceless) powers. As 
explained in chapter VII, the braiding coefficients may be obtained via the analytic continuation from 
to oo of the solutions of the underlying Knizhnik-Zamolodchikov equation. In section 1, we study 
this problem for a related third order Fuchsian ODE discovered by Dotsenko and Fateev. Its solutions 
arc expressed as generalised Euler integrals and their analytic continuation computed by contour 
deformation. In section 2, we compute explicitly the matrices of the Knizhnik-Zamolodchikov 
equation. Finally, in section 3 we show that the Knizhnik-Zamolodchikov equation reduces to the 
Dotscnko-Fateev equation and deduce the analytic continuation results for the former from those of 
the latter. 



1. The Dotsenko— Fateev equation 

The Dotsenko-Fateev equation is the following third order Fuchsian ordinary differential equation 
with regular singular points at 0, 1, oo [DF, eqn. (A. 9)] 

Kxz + K2{z-1) L^z^ + L^jz - If + Lszjz - 1) M,z + M2{z - 1) 

^ ^ z{z-l) ^ z^z-iy z^{z-\y ^ ^ ' 
where 

Jfi = -(5 + 36 + 3c) = -((/ + 3a + 3c) (1.2) 

Li = (6 + c)(26 + 2c + 5 + l) i2 = (a + c)(2a + 2c + 5+l) (1.3) 

i^-i = (& + c)(2a + 2c + ,g + 1) + (a + c)(26 + 2c + ,9 + 1) 

+ (c - l)(a + 6 + c) + (3c + s()(a + 6 + c + 5 + 1) ^^"^-^ 

Ml = -c(26+2c + 5f + l)(2a + 26 + 2c + 5 + 2) M2 = -c(2a + 2c + 5 + l)(2a + 26 + 2c + 5 + 2) 

(1.5) 

and a,b,c,g G C arc free parameters. In §1.2, we prove that if a,b,c,g lie in a suitable range, the 
generalised Euler integrals 

tUh - l)\h - Z)%{t2 - l)\t2 - zyih - t2Ydtidt2 (1.6) 



where the Cj are contours joining one of the points 0, z,l,oo to another, yield solutions of (1.1). 
Following [DF], we show in §1.3 how different choices of the Ci lead to a basis of solutions diagonalising 
the monodromy at a given singular point and in §1.4 compute the analytic continuation of solutions 
from to 00 by deforming the contours. We begin by establishing the convergence of (1.6). 

1.1. Convergence of contour integrals. 

We shall need a special case of a more general result of Selberg [Sel] 
Proposition 1.1.1 (Selberg). The improper integral 

J2{a,Pn)= I I t'i{l-hft^{l-t2f\h-t2rdhdt2 (1.1.1) 
Jo Jo 
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is absolutely convergent if 

5ia,5?/3,3?7 > -1 5?(2a + 7)>-2 SR(2/3 + 7)>-2 (1.1.2) 

and is equal to 

A r(ji + i)T{a + jj i)i + i)r(/3 + u ~ 1)1 + 1) 

11 r(i + i)r(a + /3 + j-2 + 2) ^■■> 

Remark. If a, /?, 7 satisfy (1.1.2) then J2(a, /?; 7) 7^ since r(C)~^ vanishes iff C € {0, -1, -2, . . .} and 
3?(^+l) > i, K(a+/?+^+2) = 3?(a+i(2/3+7)+2) > 0, 5i(Q+/3+7+2) = 5i(i(2a+7)+i(2/3+7)+2) > 
0. 

Corollary 1.1.2. Let a,b,c,g gC satisfy 

Ka,5?6,5?c,% > -1 ^{2a + g),^{2b + g),^{2c + g)> -2 (1.1.4) 

SR(a + 6 + c + 5) < -1 5i(2a + 26+2c + 5) < -2 (1.1.5) 

o 

Then, for any pair of contours Cj : / — > with interior Ci{T) c \ {0,1, z, 00} and end-points 
Ci{dl) e {0, l,z,oo}, the improper integral 

t^tl - l)\ti - z)Xit2 - l)\t2 - zYiti - t2ydtldt2 (1.1.6) 

Ci C2 

is absolutely convergent, locally uniformly m^;eC\{0,l}. 

Proof. This foUows by a tedious case-by case analysis. When both Ci and C2 have their end-points 
at and 1, the result is an immediate corollary of proposition 1.1.1 since \{ti — zy{t2 — zy \ is bounded 
on Ci X C2 locally uniformly in z. The other cases follow in a similar fashion after a change of variable 
bringing the end-points of Ci and C2 onto 0, 1 O 

1.2. A derivation of the Dotsenko— Fateev equation. 

We prove in proposition 1.2.1 that the integrals (1.6) are solutions of the Dotsenko-Fateev equation. 
The proof proceeds as follows. We consider the multi-valued function 

$ = r (f - l)\t - z)'=s"(s - lf{s - zY{t - sf (1.2.1) 

and associated holomorphic differential form w = (^dt A ds on Cz = {{t,s) € €?\t,s ^ {0, 1, z}, t ^ s} 
and prove that the cohomology class of oj satisfies (1.1). Integration by parts then shows that Jc^xC2 ^ 
satisfies (1.1). 

A word of explanation is owed to the geometrically minded reader. A more elegant approach to the 
above, indeed one that yields solutions of (1.1) for all values of a, b, c,g, is to consider over each fibre 
oi Cz ^ C ^ C \ {0,1} B z the fiat line bundle £ determined by $. w may then be interpreted as 
a section of the cohomology bundle whose fibre at z is {Cz , C) and correspondingly it should be 
integrated over homology cycles in H2{Cz, ) of which the Ci x C2 we have chosen arc not elements. 
Explicit basis elements of H2{Cz,£^) are described in [Ko] but leave one with the problem of showing 
that these may be deformed to the more singular contours we have been using. This is necessary for 
the computations of §1.4 below critically depend upon the use of these simpler contours. On the other 
hand, the deformation result requires a substantial amount of book-keeping, see for example [TK2, 
§5] where a somewhat simpler case is treated. We have therefore opted for a more bare-handed and 
direct approach. 

The proof of proposition 1.2.1 relies on the computation of the exterior derivative d of a number 
of differential forms of the kind $/ where / is meromorphic. These are more easily spelled out by 
omitting $ and using the twisted differential d = d + d log $ given by 

d = d+{- + - — - + + -^)dt +{- + + + -^)ds 1.2.2 

t t—1 t—z t—s s s—1 s—z s—t 
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since d{^f) = {^d + $rflog$)/ = ^df. We begin with a digression. 

The prototype of the derivation of the Dotsenko-Fateev equation is that of the hypergeometric one 
satisfied by the integral 

e{t-if{t-zydt (1.2.3) 

which we briefly sketch. The basic multi- valued function \s ^ = {t — 1)'' {t — zY with corresponding 
twisted differential d = d+ {j + + jz:^)dt. Given our convention on omitting differentiation by 
z is given by V = ^ — jzr^ so that the basic class to = ^dt and its derivatives w^'^^ = V^uj are 

uj = dt J = -c^ a;" = c(c-l)-^^ (1.2.4) 

t~z ^ '{t-zY ^ ' 

The hypergeometric equation may be obtained almost at one stroke by writing 

dt ,a b c ^ dt 







~/ 1 \ dt ,a b c , 

= ^t^) = -(t^ + ^i + r:T + rf 



(t-^)2 H t-1 t-z't-Z 

1 „ ,a b . , adt b dt 
= c~^uj" - (- H 7)c <jO 



(1.2.5) 



" z z — 1 z t z—lt—1 

The last two terms can be eliminated from (1.2.5) by using 

Q = d{t-l) = dt+ {a—^ +b + c—^)dt = (1 + a + 6 + c)w - (2 - l)w' - a— (1.2.6) 
t t — z t 

and 

{) = dt = dt + {a + b—!— + c—!—)dt = {1 + a + b + c)lo - zlj' + b-^ (1-2-7) 
t — 1 t — z t — 1 

Substituting (1.2.6)-(1.2.7) into (1.2.5) yields 

- ib + c)z + {a + c){z-l)^, ^ cjl+a + b + c)^ ^ ^ ^ 
z[z — 1) z[z — 1) 

so that the cohomology class of iv satisfies the hypergeometric equation 

u," + + - + + = (1.2.9) 

z[z - 1) 

with a = -c, /3 = -(1 + a + fe + c) and 7 = -(a + c) [In, §7.23]. 

We turn now to the differential equation satisfied by the contour integrals 

/ / e{t-l)\t-zYs"-{s-lf{s-zY{t-sYdtds (1.2.10) 

The twisted differential is given by (1.2.2) and differentiation by z acts as V = ^ — c{j^ + jz^)- 
Denoting the anti-symmetrisation of a differential form with respect to the permutation a{t, s) = 
{s,t) by [0] = — a* (I), the basic class and its derivatives are 

,dtAds, „ , ^^,dtf\ds, ^, dthds 

oj = dt hds u)' = —c 

and 



. = dtAds -' = -c[^] -'' = <c-l)[^]+c^[ ^^--_^^ ] (1.2.11) 



;;; , , x / , dt A ds , „ 9 , dt A ds , „ , „s 

= -de -Die- 2)[j^] - Se^e - Dij^^^^,^^] (1-2.12) 

Proposition 1.2.1. Let a,b,e,g£ C lie in the range (1.1.4)-(1.1.5) so that the integrals 

eit - lf{t - zYs'^is - l)\s - zY{t - sYdtds (1.2.13) 



Ci C2 

where Ci and C2 are as in eorollary 1.1.2, eonverge and define multi-valued holomorphic functions of 
z. Then, these satisfy the Dotsenko-Fateev equation (1.1). 
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Proof. The strategy is similar to that used for the hypergeometric equation above. We start from a 
given cohomological identity involving uj and some additional terms and gradually eliminate these by 

using other cohomological identities. Write 

~. ds , , ^.,dtf\ds. , dt Ads , ,a b ^ , dt A ds , 

a b dtAds a dtAds b dt A ds 

~ + (^-1)2^^ t-Z ^ ^ t ^ ^ (Z- 1)2^ t-1 ^ 

= _e-i(c - + c-\c - + ^ V" + c-i(^ + V (1.2.14) 

,„ , . dt A ds , . , X 1 , a b ^, dt A ds , 

a .dt A ds, b .dt A ds. 

The last two terms may be expressed in terms of oj and its derivatives by writing 

Tr/ ,^ , 1 /, , g^r, ,i ,dt A ds ^ , ^.AtAds^ 

= l)rfs] = {l + a + b + c+^)[dt Ads] - a[ ] + c{z- 1)[ ] 

2 f t — z 

, 9x / ,N / .dtAds, 
= 2(1 + a + 6 + c+ - (z - l)w' - a[ ] 

and 

, .dtAds. .dtAds. 



(1.2.15) 



= d[tds] = {l + a + b + c+^)[dtAds]+b[ 



■ cz\ 



2" ' ' t-1 ' ' t-z ' 

, 9^ ,,, dtAds. 

= 2{l + a + b + c+^)u)- zw' + b[-j—Y-] 

To eliminate [{t — z)~^{s — z)~^dt A ds] from (1.2.14), we use 

~, ds . , ^ ^ , dt A ds . q , dt A ds , ,a b ..dtAds. 
' = '^t^J = - ^)[(^] - f[ (t-.)(.-.) ] + ^-z + 
a, dtAds, b ,dtAds, 



(1.2.16) 



z' t ' z-V t-l ' 

= c-'co" - c-\- + -^y 

z z — 1 

o,. dtAds , a, dtAds, b .dtAds, 

- ^'+2 h-z){s-z) ^ - -z^-r-^ - ^[t^tI 

Finally, to eliminate [{t — z)~'^{s — z)~^dt A ds] from (1.2.14), write 

~. ds , , ^ , . dt A ds , fa b \ , dt A ds 
= ^[7^^T7-^] = (c-l)[ 



(1.2.17) 



{t-z){s-z)' ^ ^^{t- z)^{s - z)' \z z-lj ^{t- z){s- z)' 
a.dt Ads , b , dt Ads 



(1.2.18) 



z\t-z)s^ z-V{t- z){s-iy 

This introduces the additional terms [{t — z)~^s~^dt A ds] and [{t — z)~^{s — l)~^dt A ds] which may 
in turn be eliminated by using 

Tr ds , , q., dtAds , .dtAds, dtAds , „ 

= d[^J = (c + f)[ (,_^)(^_^) ] + a[^J + %-z)is-l) ^ ^'-'-''^ 

. ds , ,^ , ..dtAds, .dtAds, dtAds , ,^ „ „„s 

= d[it -z)— -] = (! + a + b + c + g)[^] - az[j^] - biz - DI (^^^y(^] (1.2.20) 

A straightforward check now shows that, up to coboundaries, u satisfies (1.1). To conclude, notice 
that if / is one of the differential forms of which we have taken the twisted differential, then 



J d($/)= J $/ = (1.2.21) 

C1XC2 C1XC2 a{CixC2) 
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since, by (1.1.4)-(1.1.5), $/ vanishes on d{Ci x C2) = C^{dl) x C2 U C2 x C2{dl). Thus if P{£) is 
the Dotsenko-Fateev differential operator, Jq^-^u^ -P(^)'^ = and it follows that J(j^^q^ w satisfies 
the Dotsenko-Fateev equation since / -^uj = ^ / 1-^- This is clear if the end points of the Cj lie in 
{0, 1, 00} and follow in general because $ vanishes on d{Ci x C2) by (1.1.4)-(1.1.5) O 

1.3. Monodromy properties of contour integrals. 

Following [DF], we show below how suitable choices of contours in the integral representation (1.6) 
lead to basis of solutions of the Dotsenko-Fateev equation diagonalising the monodromy at a given 
singular point zq G {0, 1, 00}. We restrict our attention to 00 = and oc' since these are the only cases 
we shall need. For graphical simplicity, the contours are represented with z lying on the negative real 
axis (—00,0). To fix conventions, all functions of the form where to is a function of t\,t2 will be 
defined on the w plane with a cut along [—00, 0] so that sxgw e (— tt, tt) and 

, ,x fw^e"''^^ iflmw>0 

(-wY = { ... (1.3.1) 
yw^e''^^ iflmw<0 

The complex powers however are defined with a cut along z G [0, 00] . 

Proposition 1.3.1. Let the parameters a,b,c,g of the Dotsenko-Fateev equation lie in the range 
(1.1.4)-(1.1.5). Then the integrals (1.6) corresponding to the double contours 



t2 t2 



tl ti 

10,2: -2 ^rr^ /^,2: \^ 3? (1.3.3) 

t2 t2 

l0,3-- ■ Ioo,3-- 2 1 2P (1.3.4) 

t2 t2 

yield solutions having the following monodromy at z = and z = 00 respectively. 

Io,i = z°ipo,i + zOiz)) 7oo,i = f-) ~^\poo,i + -0{-)) (1.3.5) 

\z/ z z 

Io,2=z'+^+^{pO,2+zO{z)) ^-.2=(-) (Poo.2 + -0(-)) (1-3.6) 

a, / 1 \ -2(l+a+b+c+f ) 1 1 

Io,s = z^^'+''+'+^Hpo,s + zO{z)) /cx>,3 = (-) (Pcx>,3 + -0(-)) (1-3.7) 

\z/ z z 

The leading coefficients are given by 

Po,i = ^{l + e'^a)J2i-{2 + a + b + c + g),b;g) = 1(1 + e^-f) J2(a, 6; .g) (1.3.8) 

/9o,2 = B{a+l,c+ 1)B{-{1 + a + b + c),b+l) poo,2 = S(a + 1, 6 + 1)B(-(1 + a + 6 + c), c + 1) 

(1.3.9) 

Po,3 = ^(1 + ^"^'V2{a. c; <?) p^,3 = ^(1 + e''^)^2(-(2 + a + 6 + c + 



(1.3.10) 

where B is the Euler (3 function, and do not vanish if g ^ —1. 

Proof. Consider Joo,i first. The integrand in /oo,i may be written, up to a complex phase factor 
as z'^'^i^iz) where ip{z) = tl{ti - 1)^(1 - tiz-^Yt{{t2 - if {I - t2Z-'^Y{tx - t2Y is single-valued on 

/ \-2c 

|2:| > 1 when |t2| < 1- Thus, = [\) ^(7) where ^ is holomorphic and single-valued in a 
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neighborhood of 0. The leading term of ^' may be computed by deforming successively the contours 
Ci, C2 and using Selberg's formula 



J Ci J C2 

Jo Jc-? 



^C2 

1 







t'l{l-h)%{l-t2)\h-t2ydtidt2+ / / tl{l-h)X{l-t2f{h-t2Ydhdt2 

Jo Jcl 

(1.3.11) 

where the C\ and C| lie below the real axis and join to ti and ti to 1 respectively. Since 3?(^i — ^2) > 
along C\ we may deform it onto the segment (0, ti) to get a contribution 

/ [ \t{i-h)%{l-t2)%-t2\'dhdt2=l [ [ tUl-tl)''t^{l~t2)%-t2\'dhdt2 {1.3.12) 

Jo Jo ^ Jo Jo 

On C|, (1.3.1) gives {ti — t2Y = e™^{t2 — . Deforming onto the real axis we get the contribution 

^i.g /'\a(^_^^)6^a(^_^^)6|^^_^^|5^^^^^^^gi.sl f\a^l-t,)''t-^^l-h)''\h-h\^dhdt2 

Jo Jti ^ Jo Jo 

(1.3.13) 

And therefore, *(0) = ^(1 + e^'^f) J2(a, 6; 5) which, in view of the remark following proposition 1.1.1 
vanishes iff g e 2Z + 1. However, by (1.1.4)-(1.1.5), % > -1 and SRg < -1 - 5R(a + 6 + c) < 2 and it 
follows that \E'(0) is non-zero if 5 7^ 1. /oo,3 is treated similarly by setting ti — zu^^ , where the Ui lie 
on contours C- joining to 1. Performing the change of variables, one finds 

/Ix -2(l+a+6+c+f) r r 

-{-) / / duidu2 

Jc'Jc, (1.3.14) 

^_(2+a+6+c+fl)^^ - U^Z-yH - Wi)'=«-('+"+'+^+'^^(l - U2Z-^)\1 - U2f{u^ - U2Y 



loo,3 



The coefficient of the leading term at z = oo is obtained as for loo.i and is equal to ^(1 + e*'^3) J2(— (2 + 
a + b + c + g),c; g) so that it does not vanish if ^ 1. Finally, /oo,2 is obtained by setting t2 = zu^^ 
where U2 S C'2 runs from to 1. This yields 

/In -(l+a+6+2c+g) 

/ / tl{U - 1)\1 - il^-l)^W2 ^'^"^''^"^''^1 - U2Z-^)\l - U2f{l - tiU2Z-ydhdU2 

Jci J C'2 

(1.3.15) 

with leading coefficient 

/ flih-lYdti [ u^('+"+*+"+«^(l-U2)"rfw2 = -B(a + l,6+l)B(-(l + a + 6 + c + 9),c+l) ^0 
Jci Jc^ 

(1.3.16) 

The cases Io,i, i = 1 . . .3 follow similarly O 

1.4. Connection matrices for the Dotsenko— Fateev equation. 

We compute below the analytic continuation of the solution /o,i of the Dotsenko-Fateev equation 
equation from to cx3 and re-express it in terms of the solutions Icoa diagonalising the monodromy 
at 00. Following [DF], we use the technique of contour deformation. This consists in deforming 
the double contour corresponding to /o,i in various ways. Combinining these with appropriate phase 
corrections, one obtains a linear combination of contours corresponding to the solutions /oc,i. The 
same method applies to all solutions Io,i and works equally well to compute the analytic continuation 
of solutions from to 1, see [DF]. For later use however, we only need the results pertaining to 7o,i- 
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We shall compute the analytic continuation along the negative real axis and therefore assume that 
z e (—00, 0). We adhere to the notations and conventions of §1.3. 

Proposition 1.4.1. Let Iz^j be the solutions of the Dotsenko-Fateev equation given by proposition 
1.3.1. Then 



s(a)s(a + f) 



s{a + b+ ^)s{a + b + g)' 

-(a+c+f)c(^). s(a)s(c) 



2e 



'2' s{a + b)s{a + b + g) 



'00,2 



(1.4.1) 



s(a + fe + f)s(a + 6+ f) 



'00,3 



where s{a) = sin(7ra) and c{a) = cos(7ra). 

Proof. If we take the equator of as the line through 0, 1, 00 and z, then deforming the ti contour 
in the northern hemisphere or the t2 contour in the southern one gives 



=< 

t2 



tl ti ti 



t2 



t2 t2 t2 tl tl tl 

where the last equality follows from the change of variables ti — > t2, t2 — > ti (so that {ti — ta)® 
{t2 - tiy = e"^s{ti - t2y by (1.3.1) since since Im(ii - ta) < 0). Now 



tl tl tl 



+ 



+ 



tl 



_ g-27ri(6+g) oo_ 



h tl tti 



_|_ g-27ri(a+()+c+s) l y^^^z 

and therefore 

^1 _ g2Ti(a+6+f )^ 00 z 



t2 

1 



t2 



t2 



^ =(1-' 
t2 



,27ria\ oo 



"J. 

+ (1 _ £-2'^*'=) 'y"^ 



t2 



(1.4.2) 



t2 



Proceeding in a similar fashion, we may deform the first summand on the right hand-side of (1.4.2) 

tl 



t2 



t2 t2 t2 




_|_ g27ri(— 6+a+6+c) oo 
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and get 

_ g-2iri{a+b+g)^ 00 



The second summand on the other hand yields 



^1 _ g-27rz(a+f ) j 



(1 



t2 



(1.4.3) 



t2 



t2 




t2 t2 t2 



tl 



g27ri(a+6+c+g) 
t2 



+ 



tl 



+ 



00 I 00 



_i ^ _|_ g27ri(— a— 6— c— 



t 



t2 l\ 
_|_ g27rj(-o-5-c-g+6) c y^'"'*Sg 



i2 



SO that 



i2 



i2 



+ (1 - e-^'^'") 

^2 

= ^1 _ e2vri(c+f )^ ^ 



(1.4.4) 



(1 



t2 

27rm\ 27ri(a+c+-|) oo 



where the last identity follows from 



t2 



t2 

_oo _ Trig o^/'^'^*^ 



00 g27ri(-|— fe+a+6+c) oo 



^2 tl t2 

Substituting (1.4.3) and (1.4.4) in (1.4.2) gives finally 

^1 _ g2"(a+b+f )^ _ g-27ri(a+6+s)^ _ g-27ri(a+6)^ jO ^ 
(l _ g2"a) _ g-27ri(a+6)^ _ g-277j(a+f )^ joo _ 
^(l _ g27ria^ ^-1^ _ g-27ri(a+b)'^ _ g27ric-J g-27ri(a+c+f ) _|_ 

(1 - 6"^''^'=) (l - e-2'^'(«+''+9) j (1 - e-^'^'")) /|° + 

(1 _ g-^'^'^) ^1 - g-27ri(a+6+s)^ ^-^ _ g27ri(c+f )^ joo 

which, after simplification, yields (1.4.1) O 

2. The Knizhnik— Zamolodchikov equations with values in 

In the rest of this chapter, we label representations of Spin2„ by their highest weight. Thus, Ve-^ and 
Vk0i denote the vector representation of S02n and its k-fold symmetric, traceless power respectively. 



2. THE KNIZHNIK-ZAMOLODCHIKOV EQUATIONS WITH VALUES IN {Vkei ^Vkei ® ®V'a*)^°^'' 133 

In §2.2, we compute explicitly the residue matrices flij of the Knizhnik-Zamolodchikov equations 

corresponding to the tensor product {VkOi <Xi V^g^ ® Ve^ ® V^* )^°^''. The calculation depends on some 
formulae of Christc and Flume [CF] which arc obtained in §2.1. 

2.1. The Vlij matrices for (V4 ® ® V-l)^ . 

Let G be a compact, connected simple Lie group. Recall from chapter VII that to any tensor prod- 
uct {Vn ® Vn-i <8) • • • <8) V']*)'^ of irreducible G-modules one associates the endomorphisms fijj = 
'Ki{Xk)'Kj{X'^), 1 < i,j < n where X}., X'' are basis of g^. dual with respect to the basic inner prod- 
uct. We compute below some matrix entries of the Ctij when n = 4, in any tensor product basis 
corresponding to the the isomorphism 

{V4 (g) K5* (g) V2* (g) V{f ^ BoxnciU, V3* (g) V4) (g HomG(V^i (^V2,U) (2.L1) 

u 

where U ranges over the irreducible summands of Vi (g V2. The inner product is then given by 
{ipu <8 4>u,i>w ® (pw) = tr:vi(»V2 {(l>w'ipw'^u(pu) = t'rw{-4>w'^u(l>u4>w)- The following formulae are 
somewhat imprecisely stated in [CF] 

Proposition 2.1.1. Letfli2,il23 be the operators corresponding to the tensor product {V^C^V^ (^¥2 
V^*)^. Then 

(i) f2i2 is diagonal in any basis corresponding to the decomposition (2.1.1). Its diagonal entries 
are 

i^i2)-4,u(»4>u.ipu(g>4>u = 2^'-'U - Ci- C2) =■■ Su (2.1.2) 

(ii) IfU = <C is the trivial representation, then 

(f^23)l/'!7«'0!7,l/'l7«'0C/ = (2.1.3) 

(iii) IfB.om.ciU (g> g^,U) =C, so that U and Cu > then 

{^23)^u^<l'u,4'uis>4>u = ~TFr(^u + Cs — C4){Cu + C2- Ci) (2-1-4) 

(iv) IfHomciU (g) g^'U') = 0, then 

{^23)tl>u®<t>u ,'>l>u'®<t'u' ~ {^23)i)jj,®(t>ui,tl>u®<t>u = ^ (2.1.5) 

Proof, (i) From the G-equivariance of (^[7, we get 

^12i)U ^(l>U = ^U(t>UTT2{Xk)TTl{X'') 

= lMu{7r2{Xk) + 7ri(Xfc))(7r2(X^) + 7ri(X'=)) 

- li^ucl>u{MXk)7r2{X'') + 7ri(Xfe)7ri(X'=)) (2.I.6) 

= ^tPuTTu{Xk)nu{X'')cf)u - ^{Ci + C2)i^u(t>u 

= ^{Cu - Gi - G2)V'!7 O TTc/ 

(ii) The map g^ ^ C, X ^ (j)uTT2{X)<j)^ is G-invariant and therefore zero. Thus 

(f^23i/'c/ (g V'c/ <g ^i/) = - tru{i^u'^3{Xk)iJu'PuTT2{X''Wu) = (2-1-7) 

(iii) The map g^i^U U , X ®u ^ 4>ut^2{X)4>1,u commutes with G and is therefore proportional to 
u (g X — > ■Ku{X)u. Similarly, 'ij)^'K-g{X)'ij)u = c^nu{X) for any X G g. It follows that 

(023^(7 4>u, V'c/ ^(f>u) = - tru{^u'^^{Xk)'4)u(l>u'K2{X^)(l>*u) = -c-4,C4, dim{U)Cu (2.1.8) 
To evaluate the constants c^,c^, write 

Tru{X'')^^W3{Xk)iJu = c^Tru{X'')7ru{Xk) (2.1.9) 
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The right hand-side yields c^Cu while the left hand-side gives, as in (i) ^{C^ — Cu — C3)V'^V'c/- The 
computation of is similar. Summarising, 

(O23VC/ O <t>u, t/Ju O M = --^{Cu + C3 - Ci){Cu + C2 - Ci) dim(?7)V^Vc/'Ac/';^^ 

^7 (2.1.10) 

= --T^{Cu + C:^ - Ci){Cu+C2 - Ci)\\i^u M? 

(iv) The map Qf.®^^ ^' 1 X ® u tp1j,TT-g{X)tpuu commutes with G and therefore vanishes. It 
follows that 

(O23VC/ O (t>u,tlJu' M = -ty:u'{-4'w-^3{Xk)tlJu(t>un2{X'')^lj,) = (2.1.11) 
The second identity follows by permuting U and U' and noticing that the adjoint representation is 
real and therefore self-dual so that 

HomG(C/' ^ 0e> U) = RomciU', [/ O flj = BomciU O q^, U')* (2.1.12) 

O 

Remark. Clearly Q13 and fl23 are diagonal in any tensor product basis of W = (V4 ® ® V2 ® Vj*)*^ 
corresponding respectively to the isomorphisms 

^ HomaiU, V2* O Vi) O HomG(T4 «) Fa, U) (2.1.13) 

and 

1^ ^ RomciU, V{ O ^4) O HomG(y2 O V3, C/) (2.1.14) 

[/ 

In particular, their eigenvalues may be labelled by the irreducible summands of Vi (g) V3 and V2 ig) V3 
respectively. 

2.2. The matrices for (Vfegj <g) V^g^ ^g) Ve^ V'g* )S02n. 
Specialising the results of §2.1 to G = Spin2„, we find 

Proposition 2.2.1. Let be the operators corresponding to W = {Vk$i (8) Vf^g^ (g) Vs^ (g) V^* )^°^"- 
T/ien 

(i) T/ie eigenvalues of CI12 are labelled by the summands of 

Ve, ® Ve\ = V20, © Ve,+e, © Vo (2.2.1) 

and are given by 

he, - 1 5e,+e, = -1 h = -2n + 1 (2.2.2) 

(ii) i7i3 a«cJ f223 are conjugate. Their eigenvalues are labelled by the summands of 

Ve, ® Vke, = Vg\ (g Vk0, = V(^k+i)0, ® Vke,+e2 © V^k-i)e, (2-2.3) 
and are given by 

5(k+i)0,=k (5feei+e2=-l <5(fe-i)ei = -2(n - 1) - fc (2.2.4) 

(iii) /n the basis corresponding to 

^ Homso2„ {U, Vke, <g ) <g Homso,„ {Ve, (g Ve\ , U) (2.2.5) 

where U ranges over the summands of (2.2.1), O12, f223 and O13 are given by 

10 \ / X \ / -n -X 

^^12 = I -1 ^^23= X -n+1 y \ = \ -X -n + 1 -y 

-2n+l / \OyO/ \0-yO 

(2.2.6) 
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where 

XX = ~ (k'^ + 2k(n - 1) + n(n - 2)) and yy = -(fc + 2(n - 1)) (2.2.7) 

n n 

Proof. Let V = Vg^ = V^* be the defining representation of S02n- V is minimal with weights ±9j, 
^ < j < n and therefore (2.2.1) and (2.2.3) follow from proposition 1.2.2.2. In particular, 

W ^ Endso.„ {V ® Vke, )=C' (2.2.8) 

Since the Casimir C\ of a representation of highest weight A is ( A, A + 2/?) where 2p = 2 J2j {n- — jWj is 

the sum of the positive roots of S02n, the Casimirs of the summands of (2.2.1) are C2ei = 4t7,, Co^+gj = 
4(n— 1) and Co = 0. It follows from proposition 2.1.1 and Cg^ = 2n—l that the eigenvalues of ili2 are 
1, — 1, — 2n+ 1. We claim that each has multiphcity one, i.e. that the spaces Homso2^(J7, V^g_^ (g) Vkg^) 
are one-dimensional for U = ¥261, U = Vq = C and U = Ve^+eij = 502n so that fli2 is given by 2.2.1. 
Since the Hom spaces are non-zero in the last two cases and W is three-dimensional, we will prove 
our claim by exhibiting a non-zero intertwiner Vkei V2e^ Vkg^ . To this end, realise Vke^ as the 
space of traccless, symmetric fc-tensors as follows. Let S'^V C V"^^ be the k-fold symmetric tensor 
power of V spanned by the tensors 

[vi®---®Vk] = ^^^ ^ v„(i) ®---® v„(k) (2.2.9) 
■ creek 

Let moreover B be the S02n-invariant symmetric, bilinear form on V. The natural trace map 

Tfc : ^ ui O • • • Wfe ^ 51 B{vi,Vj)vi®---®Vi®---®Vj®---®Vk (2.2.10) 

l<i<3<k 

satisfies Tk[vi ® ■ ■ - ^Vk] ~ [Tk{vi ® ■ ■ • fXiWfc)] and therefore restricts to a map : S^V S^^'^V . The 
kernel of Tk\skv is Vke^ and the intertwiner VfeSi ®> V2ei ~* ^fcf 1 is given by [vi®- ■ - ^ Vk] ® [wi (g) W2] 
PTk+2[vi ® ■ ■ ■ ® Vk ® Wi ®i W2] where P : S''V ^ Vkei is the orthogonal projection. 

Let now i : Vg^ Vg^ be the S02n identification and a the permutation on Vg^ ® Vg^. Then, 
f2i3 = FQ,2sF~^ where F = {1 ® ® Notice that a acts as multiplication by 1,-1,1 

respectively on the summands of (2.2.1) and therefore 

/I 0\ 

F= -1 (2.2.11) 
Vo 1/ 

To compute f223, notice that the Casimirs of the summands of (2.2.3) are (7(^+1)^^ = k{k + 2{n — 1)), 
CkOi+e^ = k'^ + 2(fc + l)(n - 1) - 1 and C(fe_i)ei = ik - l){k - 1 + 2(n - 1)). Since ^23 acts by 
pre-multiplication on Vkg^ ® V* when W is described as 

EndscJFfeg, ®V*)^ 0Homso,„(C/,14e, ® F*) O Homso,„ (14^1 ®V*,U) (2.2.12) 
u 

it is diagonal in the basis given by the orthogonal projections onto the irreducible summands of 
VkOi ® y* ■ The corresponding eigenvalues are, by (i) of proposition 2.1.1, fc, — 1,— 2(n— 1) — k. 
Finally, by the Brauer rules for computing tensor products [Hu, §24.4, Ex. 9] and the fact that 
the roots of S02n arc ±(0^ ± 6j), 1 < i < j < n, wc find Homso2„(^2ei ® S02n,V2gi) = C and 
therefore, by (ii) and (iii) of proposition 2.1.1, we find (^^23)2611,201 = —n, (^^23)0,0 = and, by (iv), 
(^^23)261,0 = (^^23)0, 201 = 0. The remaining entries are simply found by requiring that 

det(f223 -t) = {k- t){-l - t){-2{n -l)-k-t) (2.2.13) 

The matrix giving fiis now follows from fiis = FQ,2'iF~^ and (2.2.11) O 

For later reference, wc shall need the following immediate 



Corollary 2.2.2. Let k = £ + 2(n — 1) and flij be the matrices given by proposition 2.2.1 where 
l<k<t. Then 
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(i) The eigenvalues of K ^fli2 do not differ by integers unless I = 2. For £ = 2, k ^(^2ei~^o) = 

1 and all other eigenvalues do not differ by integers. 

(ii) The eigenvalues o/K~^rii3 do not differ by integers unlessi = 2k. Fori = 2k, K~"'^((5(fc_|_i)ej — 
'^(fe-i)6»i) = 1 and all other eigenvalues do not differ by integers. 

3. The braiding relations 

3.1. General strategy. 

We consider in this section the level £ Knizhnik-Zamolodchikov equations 

dF 1/^12-60 ^2 



dz 



1 /rii2 — On ri23 \ 
K V Z Z — 1 / 



with values in (14^1 V^g^ (g) V^i V/J^^^", where K = e+^, with ^ = 2(n - 1) the dual Coxeter 
number of S02„ and the matrices flij and Sq are given by proposition 2.2.1. 

We prove in §3.3 that the reduction of (3.1.1) to a scalar, third order equation coincides with the 
Dotsenko-Fateev equation (1.1) for a suitable choice of the parameters a, b, c, g and use this to derive 
the analytic continuation of solutions of (3.1.1) from to cx) via proposition 1.4.1. These calculations 
are used in §3.4 to obtain the main result of this chapter, namely that the structure constants govern- 
ing the braiding of the primary fields with charges Ve^ and Vke^ do not vanish. A number of technical 
difficulties which we describe below arise in this approach. We circumvent them in §3.2. 

Unfortunately, the values of the parameters of the Dotsenko-Fatccv equation (1.1) for which it coin- 
cides with the scalar reduction of (3.1.1) lie outside the range (1.1.4) (1.1.5) where the solutions of 
(1.1) may be expressed by means of generalised Euler integrals. A further difficulty arises in identify- 
ing specific solutions of (3.1.1) with those of (1.1). This needs to be done with great care for we are 
ultimately concerned with the analytic continuation of a given solution of (3.1.1), namely the reduced 
four-point function of the product of primary fields with charges Vg-^ and VkOi ■ For generic values of 
the level i G N, the identification is easily obtained by matching the monodromic behaviour of the 
solutions about a given singular point. However, when £ E {2,2fc}, corollary 2.2.2 implies that the 
monodromy operator corresponding to (3.1.1) has degenerate eigenvalues at or oo. For these values 
of £, the solutions of (3.1.1) are not uniquely characterised by their monodromy about these singular 
points and the identification becomes ambiguous. 

We shall circumvent both of the above difficulties in the following way. We prove in §3.2 that four point 
functions at a given level i = Iq may be analytically continued in ^ G (C\M)UD trough solutions of the 
Knizhnik Zamolodcliikov equations where D is a disc centred at £o, so that the braiding coefficients 
depend holomorphically on £ ^. When £ is not real, the eigenvalues of the residue matrices of the 
Knizhnik Zamolodcliikov equations do not differ by integers and the identification of the continued 
four-point functions with solutions of the Dotsenko-Fateev equation is unambiguous. Moreover, if 
£ has a large negative real part, the parameters of the Dotsenko-Fateev equation fall into the good 
range (1.1.4) (1.1.5) and the analytic continuation from to oo in the z variable may therefore be 
computed. This yields the braiding coefficients for complex £. The required values are obtained by 
evaluation a,t £ = £o- 

3.2. Holomorphic dependence of four— point functions on the level. 

Let G be a compact, connected, simple Lie group with dual Coxeter number 

Lemma 3.2.1. Let (j)^, (j)2 be primary fields at level £q with vertices ( ^Y\j ], ( ^'Ir ) and F = 



V4U J' \ UVi 

J2n>o O'nZ^ the formal power series expansion of the corresponding reduced four-point function. If 



^As will become apparent in §3.2 this is not true of general solutions of the Knizhnik-Zamolodchikov equations. 
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fii2(a, b) is the subspace ofV = (V4 (g) V^* (8) V^* ® V*)'^ corresponding to the fli2-eigenvalues 5 G {a, b), 
then for n>l 

a„eni2(-oo,(5[/ + n(4 + ^)) (3.2.1) 

Proof. By proposition 2.1.1, Q.12 acts diagonally in the basis of V = HomG(^^i ® V2, ^ V4) given 
by the elements ipw 4'w S HomG(Vt^, V3* ® V4) ® HomG(yi ® V2, W), with corresponding eigenvalue 
Sw = \{Cw — Ci — C2). Since a„ — cf)z{-^ n)(f)2{-, — n), we find 

{an,i>w (l>w) = tryj0y2(0^ViVa») = trH'(V'vF</'3(-, n)02(-, -n)0;V) (3.2.2) 
Now, 4>2{-,—n)(l)'^ is a G-intertwiner W — > Huin) and is therefore zero unless W C Huin). By 
proposition 11.4 b) of [Kal], the latter condition implies that Cw — Cu < 2n{io + ^) and therefore 
{an, Ipw O (pw) = Q].{5w-5u = \{Cw - Cu) > n{lo + %) O 

Remark. When expressed in terms of the power series expansion F = a„2;" of a reduced four 
point-function with intermediate representation U , the Knizhnik-Zamolodchikov equation satisfied by 
F becomes the recurrence relation 

C 

(O12 -5u- n(4 + -f))an = f)23 Y. ""^ (^•2-3) 

m— 

A priori, this does not determine F completely from ao since (Q.12 — Su — n{£o + ^)) may fail 
to be invertible for some n. The above corollary however shows that this is not the case since 
a„ e Ker(0i2 - (Su + riK))^. 

Proposition 3.2.2. Let 4>2 : Wy, V^2[z, z-^] nff, 03 : H'^^Vsiz, z'^] -> Hpl be primary fields at 
level io gN with initial terms $2, $3 and denote by Fi^ the corresponding reduced four-point function 
with values inV = {Vi® (g) V2 ® V*)^ . If the eigenvalues of {lo + -j^-)" O12 on V do not differ 
by integers larger than 1, there exists an e> Q such that 

(i) For any £ e 2? = {A| Im A ^ 0} U {A| |A — < e} with £ ^ Iq, the Knizhnik-Zamolodchikov 
equation 

possesses a unique formal power series solution Fe = Xln>o '^"(^)-^" "''^'^ ao{£) = ^3^2- 

(ii) F^ is holomorphic onC \ [l,oo) and the assignement {i,z) — > ^^(2:) defines a holomorphic 
function onV x (C \ [l,oo)). 

Proof. For any £ &C, & formal power series Fi = X]n>o an{£)z"' satisfies (3.2.4) if, and only if 

ni2ao{£) = Suaoi£) (3.2.5) 

(O12 -Su- n{£ + -f))an{£) = 1^23 ^ am{£) (3.2.6) 

m—O 

When £ = £0 and Fgg is the reduced four-point function of the product 4>3(j)2 then ao{£o) = $3^2 and 
(3.2.1) yields ai{£o) G ni2{-oo, 6u + £0 + Thus, by (3.2.6) with n = 1 

^^23*3^2 e Oi2(-00,J[/+4 + ^) (3.2.7) 

Let now e > be such that the eigenvalues of (£+ ^)~^rii2 do not differ by positive integers whenever 

< \£-£o\ < e and set I? = (C \ R) U {£\ \£ - £o\ < e}. Then, for any £ €V\ {4}, the matrices 

c 

(O12 — Su — n{£ + -^)) are invertible and therefore (3.2.4) possesses a unique formal power series 
solution F(^ = ^n>o'^n{£)z^ with ao(^) = <I>3$2. By (3.2.6), the a„(£) are rational functions of £ and 
are holomorphic on I? \ {^o}. We claim that a„(£) a„(£o) as £ ^ so that £q is a removable 
singularity of the a„(^). By our assumption on the eigenvalues of ^12 we need only check this for 

C 1 

n = 1. In this case, the result follows from (3.2.7) since a\{£) = (O12 — Su — {£ + -^))~ "23^3^2 
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C I c 
converges in Ker(0i2 — 5u — {io + -^)) to the unique solution of (O12 — Su — {£0 + -^))x = 023^*3^2 

and therefore to ai(^o)- 

We claim now that Fi{z) is holomorphic onr>x{2:||^;| < 1}. Let A c P be a compact set and 

M = sup£g^ + ll*l'3*l'2|l- Then, for £ <E A and n>2, the norms n 

are uniformly bounded by some constant C and therefore, by (3.2.6), the quantities sup^g^^ Ikn(-^)ll) 
n > 1 are bounded by the solution of the recurrence relation 

ai=M (3.2.8) 
nan = C* ^ flm (3.2.9) 

m=l 

By uniqueness, these are the coefficients of the power series expansion of M{1 — z)^'~'' and it follows 
that Ff{z) — J2o'^n{£)z" is absolutely convergent, and therefore holomorphic on A x {z\ \z\ < 1}. 
To conclude, notice that the value of Fi{z) on \z\ > 1 are given by parallel transport from those in 
\z\ < 1 with respect to the connection (3.2.4). Since the latter depends analytically on £ we deduce 
that Fi{z) is holomorphic on 2? x (C \ [1, 00)) as claimed O 

Remark. The above proposition should hold without any assumptions on the eigenvalues of Q12 and 
would then imply that braiding coefficients may always be computed for generic values of the level. 
At present, we can only prove this for G = SU2. 

3.3. The reduction of the KZ equation to the DF equation. 

Proposition 3.3.1. Let k e C* and consider the Knizhnik-Zamolodchikov equation with values in 

# = i( ^"-'^° +i^)/ (3.3.1) 
dz K\ z z —IJ 

where 5q and the m,atrices VLij are given by proposition 2.2.1. If e^ is the eigenvector 0/ f2i2 corre- 
sponding to the eigenvalue 60, the map f FL{f) = (/, eo){z — l)"*^/** is an isomorphism of the space 
of solutions of (3.3.1) onto the solutions of the Dotsenko-Fateev equation (1.1) with parameters 

2{n-l) + k , K+1 k ^n-2 /„ „ „x 

a=-^ '-^ b= — c = — g = -2 (3.3.2) 

K K K K 

Proof. We shall use the basis of W where the matrices flij have the form given by proposition 2.2.1 
so that Co = . Let / be a solution of (3.3.1). By setting g = {z — 1) ^/'^f and rescaling the 

vv 

entries of g, the equations may be written as 
2n 




2(n- 1) I - 



z 

(3.3.3) 





-n-k ^^(fc2 + 2fc(n-l)+n(n-2)) 



+ 1 -n-k + l |(fc + 2(n-l)) 

lu\ 

Let g = \ V \. Using the last component of (3.3.3) to express v in terms of w and the second to 

express u in terms of w, one finds 

u = M!i^(2 - !!lzA±1z)w + ^!ii^(2(n -i) + {K-n + 2k+ l)z)w' + k\z - ifw" (3.3.4) 
z n z 

v = kw + K{z- l)w' (3.3.5) 
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Eliminating u and v from the first component of (3.3.3) yields a third order ODE for w = R{f) of the 
form (1.1) with 

K K 

il + k + n)in + 2in + k-l)) Jn-l){2n + n) 
Li = -2 L2 = 2 -2 (3.3.7) 

2n^ + Akn + 3nK-2{n + k + k) ,^ ^ 

= —I 2 (3.3.8) 

^^^_^fc(n-l)(. + 2(n + fc-l)) ^^^^fc(n-l)(2n + .) ^3^^^ 

which is indeed the Dotsenko-Fatecv equation with parameters given by (3.3.2). Since t/; = implies 
■u = = by (3.3.4)-(3.3.5), R is injective and therefore surjective O 

The following elementary lemma justifies our use of complex values of n or cquivalcntly of £ = k — 
2(n— 1). Indeed, for k e M+, h = G (—00, —1) and the parameters of the Dotsenko-Fateev 

equation given by (3.3.2) lie outside the range (1.1.4)-(1.1.5) where we have a good description of its 
solutions. 

Lemma 3.3.2. The parameters a,b,c,g given by (3.3.2) lie in the range 

^a,m,^c,^g > -1 ^{2a + g),^{2b + g),^{2c + g)> -2 (3.3.10) 

^{a + b + c + g) <-l R{2a + 2b + 2c + g) <-2 (3.3.11) 

if, and only if 

JRk<0 and \k + ^(2{n - 1) + k)\^ > ^{2{n - 1) + kf (3.3.12) 

The next lemma describes the monodromic behaviour at or 00 of the scalar reduction i?(-) of specific 
solutions of the Knizhnik-Zamolodchikov equations (3.3.1). When k satisfies (3.3.12), this will allow 
us to identify them with the solutions of the Dotsenko-Fateev equation given in proposition 1.3.1. 

Lemma 3.3.3. Fix a basis of eigenvectors of each of the matrices D,i2 and flis given by proposition 
2.2.1. Denote the solutions of (3.3.1) at Q and 00 with initial terms equal to these eigenvectors by 
f20i, f0i+e2j fo o-nd g(^k+i)g^, gkei+e2j g{k-i)0i respectively where the labels refer to those of the corre- 
sponding eigenvalues. Then, up to multiplicative constants independent of k 

i?(5(fc+i),J = + z-'0{z-')) (3.3.13) 

i?(/o) = e— '=/"(! + zO{z)) R{gke,+02) = (^) ^'"''^"(1 + z-'0{z-')) (3.3.14) 

i?(5(fe-i)^J = (-) {l + z-'0{z-')) (3.3.15) 

Proof. We use the basis ofW = {Vk9i (g) V^g Vg^ Vg )^°2" given by proposition 2.2.1 so that the 

eigenvector Cq of ^12 corresponding to the eigenvalue is I . Since the Taylor series of /o at is 

VV 

eo + X)„>]^ e„2;", the lemma follows for R{fo). The Taylor series of at 2: = 00 is X)ra>o ^n,nZ~" 

where the 5^ and ^o,/* are the eigenvalues and corresponding eigenvectors of the residue matrix of 
(3.3.1) at infinity. By (VII. 1.10), the latter is —{flu — + ^23) = f^i3 and the 6^ are therefore given 
by proposition 2.2.1. Rescaling the basis of W so as to have 

/ -n i^(A;2+2A:(n-l)+n(n-2)) \ 

i^i3= 1 -n+l ^{k + 2{n-l)) (3.3.16) 

\ 1 / 



140 



VIII. BRAIDING THE VECTOR PRIMARY FIELD WITH ITS SYMMETRIC POWERS 



the corresponding eigenvectors are 

^fc(n - 1)(A; + n - 2)\ /fc^ + 2k{n - 1) + n(n - 2)^ 

Vik+i)0i = I -kn Vke,+92 = -n | (3.3.17) 

n J \ —n 

({n-l){n + k){k + 2{n-l))\ 

v^^k-i)e,= \ n(fc + 2(n-l)) (3.3.18) 



Thus, up to a multiphcative constant 

R{g,) = {z- l)-'=/'^(i)'''(l + z-'0{z-')) = (^^"^^"'^i + z-'0{z-')) (3.3.19) 



-) (l + .-0(.-)) = (-^ 

as claimed O 



3.4. Non— vanishing of the braiding coefficients. 
Theorem 3.4.1. At any level Iq e N, the following braiding identities hold 

tj.e{{k-i)0i,kei+O2,ik+i)0i} 

if k = 1 . . .£q — 1 and 

where the braiding coefficients (3\^fj, are non-zero. 

Proof. By the tensor product rule (2.2.3) and theorem VII. 2.1, (3.4.1) holds for fc = 1 . . . - 1 for 
some braiding coefBcicnts /3a, When k = £o, the sum on the right hand -side of (3.4.1) is restricted 
to n = {k— 1)01 = {£o — l)9i since the irreducible representations of S02n with highest weight given 
by the other values of /z are not admissible at level £o. Thus, (3.4.2) holds for some Peo9i,{eo-i)0i 
whose vanishing would imply that of the four-point function of the product 4)'^g^ ^^(w)(l)^'-g (z), a con- 
tradiction. This settles (3.4.2). Let now /q be the reduced four-point function corresponding to the 
left hand-side of (3.4.1) so that /o satisfies (3.3.1) and the leading term of its Taylor expansion at 
is the J7i2 eigenvector eg corresponding to the eigenvalue Sq. Let 9^ be the four-point functions 
corresponding to the right hand-sides of (3.4.1) so that the initial terms of their expansion at 00 
are the eigenvectors of O13. By corollary 2.2.2, O12 and O13 satisfy the assumptions of proposition 
3.2.2 and we may therefore analytically continue /o and the through solutions of (3.3.1) for any 
K = ^-|-2(n— 1) where feI?=(C\M)U£) and £> is a disc centred at £0. We shall abusively denote 
the continuation of the four-point functions by the same symbol. 

Take k = £ + 2(n — 1), £ G 2? in the range (3.3.12) such that ImK 7^ 0. Then, the characteristic 
exponents of the Dotsenko-Fateev equation given by the monodromic behaviour of the solutions of 
proposition 1.3.1 do not differ by integers when the parameters a,b,c,g are bound by (3.3.2) and 
it follows that the solutions of the Dotsenko-Fateev equation are, up to a constant factor uniquely 
determined by their monodromy about or 00. Thus, using (3.3.2) to compare the exponents of R{fo) 
and R{g^) given by lemma 3.3.3 with those of the solutions given by proposition 1.3.1, we find 

R{9(k+i)e,) = p-^^Io.,! (3.4.3) 
R{fo) = e-^-'=/«Po,l^o,i Rigko^+e.) = ^"'2^00,2 (3.4.4) 

R{9{k-i)eC) = P^\3loo,3 (3.4.5) 
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and therefore, by proposition 1.4.1 

u(f\-,-^-k/.-^ s(a)s(a+f) 

+ e--/>-p.,2e-(«-f ) c(f (3.4.6) 
_i s(c)s(c+f) 

where a,b,c,g arc given by (3.3.2) and the p^^j by proposition 1.3.1. Since R is injective the same 
hnear relation binds /o and the g^. Continuing back to k = + 2(n — 1) therefore yields 

/o = /3(fe+i)ei5(fe+i)6ii + /9feei+6i2.9fe6ii+e2 + /3(fc-i)ei5(fc-i)ei (3.4.7) 
where the coefficients are obtained by evaluating those of (3.4.6) and, by direct inspection, do not 
vanish if 1 < A; < ^ - 1 O 



Remark. The coefficients involved in the braiding of the primary fields with charge the vector repre- 
sentation of S02n and its second exterior power Vg^-^-g.^ may in principle be obtained by studying the 
Knizhnik-Zamolodchikov equations with values in (Vgj+jij ig) V/^+g^ ® Ve^ (g) Vg* )^°^". A computation 
similar to the proof of proposition 2.2.1 shows in fact that the corresponding operators f2,j are 

/100\ / -n X \ 

^12= -1 ^23= ^ -n + 1 y (3.4.8) 

\ -2n+ 1 / \ y J 

where 

(n + l)(;)-2)2 , ^ n-1 , , 

xx=^-——^ '- and ?/y = 4 (3.4.9) 

n n 

In spite of the similarity of (3.4.8) and (2.2.6), the corresponding Knizhnik-Zamolodchikov equations, 

when reduced to a third order scalar equation are not of the Dotsenko-Fateev form so that no explicit 

solutions are readily available. 

Remark. The computations of this chapter apply, with very little change to the group G = S02n+i 
and may be used to show that the braiding relations analogous to those of theorem 3.4.1 only involve 
non-zero coefficients. 



Remark. The solutions (1.6) were discovered by Dotsenko and Fateev in the context of minimal 
models [DF] . They were subsequently generalised by Schechtman-Varchenko [SV] and Feigin-Frenkel 
[EdF] who used them systematically to give solutions of all KZ equations. It is interesting to note 
however that their generalised hypergeometric solutions, which first appeared in the work of Aomoto 
and Gelfand [Ao, GKZ], use Euler-like contour integrals with a number of integration variables 
growing linearly in n, even in the specific cases considered in this chapter. This makes them intractable 
for computational purposes. 
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CHAPTER IX 



Connes fusion of positive energy representations of LSpin2^ 

In this final chapter, we define a tensor product operation M or Connes fusion on the category Ve of 
positive energy representations of L Spin2„ at a fixed level £ and study the resulting algebraic structure 
on Ve- 

In section 1 we give the definition and elementary properties of Connes fusion. In section 2, we use 

the action of the centre Z(Spin2„) on Ve via conjugation by discontinuous loops to compute the fusion 
with representations lying on the orbit of the vacuum Hq. As a simple corollary, we show that the 
level 1 fusion ring of L Spiuj^ is isomorphic to the group algebra of Z{Spm^^). In section 3, we derive 
braiding identities for boimdcd intcrtwincrs for the local loop groups Lj Spinj^ from the ones satisfied 
by smeared primary fields. These are used in section 4 to give an upper bound for the fusion with 
the vector representation in terms of the Verlinde rules. The rest of the chapter is devoted to 
showing that this bound is actually attained. In section 5, we prove this for the fusion of Tip with its 
symmetric powers by using the braiding computations of chapter VIII. Section 6 initiates the study of 
the ring TZq generated by the irreducible summands of the iterated fusion products of . We prove 
that TZq is commutative by using a braiding operator B which gives an isomorphism Tii MTi.2 — "^^2 KITYi 
for any Tli,Tl2 G TZq- In section 7 we compute the eigenvalues of the braiding operator acting on 
the fusion of with itself. Section 8 describes some important algebraic properties of TZo - most 
notably the existence of a quantum dimension function compatible with fusion - which are derived 
from the Doplicher-Haag-Roberts theory of superselection sectors. In section 9, we compute the 
quantum dimension of by using some arguments of Wenzl and the fusion rules obtained in section 
5. Section 10 gives an alternative computation of this dimension under the assumption that the 
Verlinde rules hold. Reassuringly, we find the value obtained in section 9. Section 11 contains the 
main results of this thesis. By using a Perron-Probenius argument based on the coincidence of the 
two computations of the quantum dimension of TYq , we show that its fusion with the positive energy 
representations of L Spiuj^ whose lowest energy subspace is a single-valued S02n-module is given by 
the Verlinde rules. This implies in particular that these representations are closed under fusion and 
form a commutative and associative ring. Finally, using the action of discontinuous loops on Ve, we 
extend the previous results to all positive energy representations of L Spiuj^ when the level is odd. 

1. Definition of Connes fusion 

This section follows [Wa3, §30] and rests on the results describing the von Neumann algebras gener- 
ated by local loop groups in positive energy representations obtained in chapter IV. Fix £ G N and 
consider the set Ve of positive energy representations of LG at level £. Here and in what follows, 
G = Spin2„, n > 3. 

Let (TTojTio) G Ve be the vacuum representation and denote by CG = 7roC/(?io) and CiG the corre- 
sponding central extension of LG and its restriction to a local loop group LjG. By proposition 1.2.4.3, 
CG is isomorphic to TT*U{Ti.i) for any {TTi,Ti.i) € Ve and therefore acts unitarily on Hi. We denote 
the corresponding representation by the same symbol. The restriction of tt^ to CjG has the simple 
form 7ri(7) = UT:a{"/)U* where U : 7ia Hi is a unitary equivalence of L/G-modules provided by 
local equivalence. Indeed, both tt^ and conjugation by U yield isomorphisms CiG = '^iU{TLi)\]^^Q 
and therefore differ by a character of LjG which, by lemma IV. 1.1.1 is necessarily trivial. It follows 
that the restriction of TTj to LiG extends to the canonical spatial isomorphism 'kq{LiG)" = 'Ki{LiG)" . 
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In particular, if a; e }iomcjG{T^o,T^i), then xa = ■Ki{a)x for any a G ^^{LiG)" . 

Let now Tli,Tlj € Ve,. By locality, we may regard each as a bimodule over the pair {CjG, CjcG) and 
form the intertwiner spaces 

3Ci =liomcjcG{'Ho,'Hi) and 2)j = Hom£jG(Wo, Wj) (1.1) 

where Ho is the vacuum representation at level i with highest weight vector fl. These are CiG and 

Ci<:G modules respectively. 

Lemma 1.1. The maps Xi Tii and 2)^ Hj given by x ^ xil. and y yO. are embeddings with 
dense image. 

Proof. If x G Xi and xfl = 0, then XTro{CicG)"Ct = 'Ki{CicG)" xQ. = and therefore, by the 
Rcch Schliedcr theorem, x = 0. To prove the density of the embedding, wc may assume that Tii is ir- 
reducible. Pick a unitary Ui G Hom£^(.(3(7io, Hi) using local equivalence. Then, by Haag duality Xi = 
UiTToiCjoGy = UiTTo{f-iG)" and therefore, by the Reeh-Schlieder theorem XiQ = Ui-Ko{CiG)"Q. = Hi- 
The fact that 2)j embeds densely in Hj is proved identically O 

Consider the hermitian form (•, •) on the algebraic tensor product Xi ® 2)j defined by 

{xi yi,X2 O 2/2) = {x2Xiylyi9.,Q) (1.2) 
where the inner product is taken in Ho. 
Lemma 1.2. The form (•,•) is positive semi-definite. 

Proof. Let z = YJ^=i^p ®ypGXi® S?)j so that = '}2p,q{x*qXpy*qyp^^^) ■ Let {ep}p=i be an 

orthonormal basis of C" and set = Vl ® Cp G H = Ho (E) C". Consider the non-negative n x n 
matrices X,Y acting on H with entries XpXq £ ■ko{Ci<:G)' and y^yp G noiCiG)' respectively. By Haag 
duality, X and Y commute and therefore {z, z) = '^piXYflp, ftp) > O 

Definition. The Cannes fusion Hi K Hj is the Hilbert space completion of the quotient of Xi (Si 2)^ 
by the radical of (•, •). Hi Kl Hj supports commuting unitary actions of jCiG x jCjcG given by 
(77j77=)a; 2/ = TTi{-yi)x 7rj(7/c)j/ which are easily seen to be strongly continuous. 

Remark. The Conncs fusion HiMHj of two irreducibles Hi,Hj gVi'is a priori only an {£iG, LjcG)- 
bimodule since the action of {CiG, LjoG) need not necessarily extend to one of £G, let alone a positive 
energy one of CG x RotS"^. One of our main results (theorems 11.3 and 11.5) states that this action 
does extend, and therefore that Hi Kl Hj is a positive energy representation of LG, when i is odd or 
the lowest energy subspaces of Hi-Hj are single-valued S02n-modules. 

Lemma 1.3. Ho^Hi'^Hi=HtM Ho 

Proof. The map U : Xo (S ^i ^ Hi, x®y—^ yxil is readily seen to be an £jG x £/cG-equivariant 
isometry. By lemma 1.1, U{Xo 2)i) = 2),XoO = f^iHo = Hi and U therefore extends to a unitary 
Ho^Hi ^ Hi. Similarly, the unitary equivalence HiMHo = Hi is given by ?/ a; — > yxfl O 

Proposition 1.4. Cannes fusion is associative, that is Hi Kl {Hj Kl Hk) = {Hi Kl Hj) Kl Hk- 

Proof. We follow [Lo]. Notice that for any Xp G Xi and j/g G 2}^: 

(xi yi,X2 1/2) = {Tri{y2yi)xin, X2i^) = {Trj{x2Xi)yin, y2ft) (1.3) 

where, by Haag duality j/2?/i € 7ro(>C/G)' = tto{£icG)" and X2X1 G ttq^CiG)" so that, by local 
equivalence, they may be represented on Hi and Hj respectively. It follows from lemma 1.1 that 
Hi M Hj may equivalently be defined as the Hilbert space completion of Hi 2)j or Xi Hj with 
respect to the forms 

(6 yi,C2 2/2) = (7ri(2/2 2/i)Ci,6) and {xi® rii,X2® ri2) ^ {T^j{xlxi)r]i,r]2) (1.4) 

respectively. More generally. Hi M Hj is the completion with respect to these forms of ICi 2)^- or 
Xi ICj, where the ICp C Hp are dense subspaces. With these alternative descriptions of Connes 
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fusion at hand, a unitary giving the claimed isomorphism may be densely defined as the LiG x LjcG- 
equivariant map 

O [Hj O 2)fe) — > (Xi O Hj) ®^k, x^ii)® z) — >{x®ri)®z (1.5) 

O 

Remark. As stated, proposition 1.4 requires Tij Kl Tik and Kl Tij to be of positive energy and we 
shall use it in those cases only. Wc note; however that Connes fusion may be defined in the larger 
category of bimodules over the IIIi factors {no{LjG)" ,Tro{LicG)") where the proof of proposition 1.4 
shows that it is an associative operation [Wa2] . 

2. Fusion with quasi— vacuum representations and the level 1 fusion ring 

Recall from section 1.3 that the centre of G acts on the positive energy representations at level i 
via conjugation by discontinuous loops. If C G LzG and (7r,?i) G Ve, we denote the corresponding 
conjugated representation by (C*7r, C^)- We call the (Ho quasi-vacuum representations in view of the 
following 

Proposition 2.1. Let {(^ttojCHo) be a quasi-vacuum representation. Then, Haag duality holds 

C.M'^iG)' = C*M^i^G)" (2-1) 

Proof. This follows from Haag duality for the vacuum representation and the fact that conjugation 
by C normalises the local loop groups O 

Proposition 2.2. Let (Ho be a quasi-vacuum representation, then (Ho MHi = (Hi = Kl (Ho- 

Proof. By multiplying C by a suitable element in LG, we may assume that it is equal to 1 on 7'^. 

Then, (Xa = Hom^.^cC^o, C^o) = M^i-Q' = ^^{CiG)" . The map C^o®?)* ^ n^, x®y ^ yxfl is 
then easily seen to extend to a unitary (Tio ^Tii ^ (Hi intertwining £jG x Lj^G. The isomorphism 
Hi Kl (Ho = (Hi follows in a similar way by choosing ( supported in 7'^ O 

As a simple application of the above, we determine the level 1 fusion ring of LSping^. 

Theorem 2.3. The level 1 representations of L Spin2„ are closed under fusion. Moreover, if Ho is 
the vacuum representation, then 

z — > zHo (2.2) 

yields an isomorphism of the group algebra C[Z(Spin2„)] and the level 1 fusion ring of LSpiuj^. 
Explicitly, ifHo,Hv,Hsj. are the irreducible level 1 representations, then 

HyMH^^ Ho Hy m Hs^ ^ Hs^ (2.3) 

Proof. The map (2.2) is bijective since, by corollary 1.3.2.5, Z(Spin2„) acts freely and transitively 
on the irreducible level 1 representations. Moreover, by proposition 2.2, 

ziHo^z2Ho^zi{z2Ho)=ziZ2Ho (2.5) 

so that (2.2) is a ring isomorphism. Let H\ be the irreducible, level 1 representation with highest 
weight A. As noted in §1.2.3, A is a minimal dominant weight since Spin2„ is simply-laced and 
therefore, by theorem 1.3.2.3 and the explicit action of Z(Spin2„) on the level 1 alcove given by 
proposition 1.3.1.5, H\ = cxpy(— 27riA)7io- Consequently, H\ K TY^ = H,^ where v is the unique 
minimal dominant weight in the root lattice coset of A + /x. The fusion rules (2.3)-(2.4) now follow 
from the tables in §3.3 of chapter I O 
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3. Braiding properties of bounded intertwiners 

This section follows [Wa2]. We derive braiding relations satisfied by bounded intertwiners for the local 

loop groups CjG from the corresponding ones for smeared primary fields. These will be used in the 
next section to give an upper bound for the fusion with the vector representation. 

Using Yoimg diagrams, denote by V\j the vector representation of S02n and by H\j the corresponding 
positive energy representation at level £. Let Hi be an irreducible positive energy representation with 
lowest energy subspace Vi and consider the braiding relation 



4oM^?n (^) = E ^^<^° (^)<^5- □ (^) (3-1) 



and the abelian braiding 



□ H'/'n o(^) = ej<pp,{z)cPi,{w) (3.2) 

where j labels the irreducible summands Vj of Vi® which are admissible at level £. Since is min- 
imal, each Vj has multiplicity one by proposition 1.2.2.2. We normalise the above as follows. The initial 

terms of the primary fields 0-q,(?!iq o'^Pn ^^^'^ vertices ^ ^ ' ^ V^^C ) ' ( C^V ) 

corresponding canonical Spin2„ -intertwiners. Fix for any j a generator (pj € Homspin^,^ (Vq ^Vi^Vj) = 

C. This determines initial terms for 0* ^ , (/jP^ and by taking ipj , ipja and ('^jcr)* respectively, where 
a : Vi ^ Vi is permutation. With these normalisations, Xj depends upon (pj only up 

to a positive factor and, by (i) of lemma VII. 3.1, ej is independent of the choice of (fij and of modulus 1. 

Let now / G C°°{S^,Vi) and g G C°°(5^, Vq) be supported in /, P respectively. Since all the vertices 
above involve one of the minimal representations C.Uq, all primary fields in (3.1) (3.2) extend to 
operator-valued distributions by theorem VI. 3.1. We may therefore use proposition VII. 4.1 to smear 
the braiding relations and find 

-^^ o(/)0Pn (g) = E ^^■</'H(5ea, □ (/e-a, ) (3.3) 
j 

0j □(/e_„,.)</.° 0(5) = e,<^°(5e_„,.)</.^o(/) (3-4) 

where aj = Aj + Aq — Aj. With our normalisations, <j)Q^^ = (^q 0)* ^^'^ therefore (^Q^^ig) C 

{(j)^ o(-9))* which is in fact an equality since the vector primary field is boimded by theorem VI. 3.1. 
Rewriting the above more synthetically, it follows that there exist operators Xqp,yqp : Ti'^ 
with the Uqp bounded such that 

Xzoy^^o^^^jV^^jn Xj^y^o ^ ejVjiXio (3.5) 

j 

Moreover, by proposition VI. 4.1 Xqp,yqp commute with CjcG and CiG respectively. 

Remark. For suitable choices of / and g, none of the above products of operators, and a fortiori 

their individual factors are zero. More precisely, if Hq = J h{9)^ is the constant term in the Fourier 
expansion of h, we henceforth choose / and g with /o, {fe.-aj)o,go, (ge-aj)o 7^ for any j. Then, for 
anyvjGVj=nj{0) 

{yjiXioft,Vj) = {^°{{ge.^^)o,0)(l,Ufo,0)^,Vj) (3.6) 

The vanishing of the above for any Vj implies that of the initial term of one of the primary fields and 
therefore of the primary field itself, a contradiction. Thus, = yjiXioVl ^ 0. The non-zeroness of the 
other products follows similarly. 



We show below that the operators in (3.5) may be replaced by bounded intertwiners without altering 
the braiding relations in such a way that Xio and ?/qo become unitaries. We need a preliminary 
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Lemma 3.1. The constants = ejXj are non-negative and therefore Xjcj = \Xj\. 

Proof. Consider the functional on CjG x CjcG given by the four-point function with insertions 
formula 

(7/,7/<=) (7ri(77)a;ioyQo7i"n(7/<=)2/noi^,a;io^^) (3.7) 
Since j/qo is bounded, y^o^'n (7/°)yno € 7ro(-C/G)' = 'ko{CicG)" and we may rewrite (3.7) as 

{■Ki{'yi)-Ki{y*^oiT^{')ic)y^o)xio9.,Xio^) = {■Ki{y*^Q-K^{'yi)TT^{'yic)y^o)xio^,XioQ) (3.8) 

so that it extends to a positive linear functional on the algebraic tensor product A = 7ro(£/G)" (S) 
'kq{CicG)" . On the other hand, using the braiding relations (3.5) we may write (3.7) as 

^^]{'^j{ii)'^j{ii'')xjuyuo^^yii^io^) = ^^j^j{'^j{ii)'^j{'yi'=)yjiXio^,yjiXio^) (3.9) 

3 3 

so that the functional 4> : aj ® hjc £jXj{TTj{aj)TTj(bjc)£^j,S,j), where = yjiXiQ^l, is positive 

on A. By von Neumann density, the Hj involved are irreducible and inequivalent ^-modules, and 
therefore i®jnj{A))" = 0^- B{Hj). In particular, any T G B{Hj) is a strong limit of elements of the 
form ®jTTj{a) so that T*T is a weak limit of elements ®jTij{a*a) and therefore <i){T*T) > 0. Choosing 
T = Ij, we find (j){T*T) = Ajej||^j|p > which, in view of the remark following (3.5), implies XjCj > 
O 

Lemma 3.2. Let be dense subspaces of the Hilbert spaces Hp, p = 1 . . .4 and consider operators 
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(3.10) 



with T, S closeable and u, v bounded. If the above diagrams are commutative, they remain so when T 
and S are replaced by their phases. 

Proof. By the boundedness of u,v, we get vT C Su and, in particular u'D{T) C 'D{S). Similarly, 
v*'S C Tu* whence, taking adjoints, uT* C S*v and vV{T*) C V{S*). We claim that uT*T C 
S*^u. To see this, let C e V{T*T). Then ^ G r»(T) so that < € V{S) and 'SuS, = vT^ G V{S*) 
since G V{T*). It follows that S*Su£, = S*vT^ = uT*TS, as claimed. By functional calculus, 
uf{T*T) = f{S*S)u for any bounded measurable function /. In particular, 



vT{T*T + e)- 2 = Su{T*T + e)-^ = S{S*S + e)" 



(3.11) 



which, in the limit e ^ yields the commutativity of the first diagram when T and S are replaced by 
their phases. That of the second follows by the above argument by permuting {T,S), {u,u*), {v,v*), 
{UuHs) and (^2,^4) O 

Proposition 3.3. There exist non-zero bounded operators Xqp,yqp : Hp — > Hq commuting with CjcG 
and CiG respectively such that 



Xjuyuo = ^jyjiXio 



(3.12) 



where Xio,y\jo are unitary and Xj,ej are the braiding coefficients (3.1)-(3.2). 

Proof. We start from the relations (3.5) satisfied by the non-zero operators Xqp,yqp and modiiy the 
Xqp in various steps without altering the yqp and the braiding relations (3.5). 
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1st step. Applying lemma 3.2 to 



n/oo njc 

Hq " Hi 



vno 



®j\Xj\hjyji (3.13) 



we may replace the Xgp in (3.5) by bounded operators. This yields a non-zero x^, since it is simply 
the phase of the former x,o- 



' step. We wish to modify to make it injective with dense image. Another application of lemma 
3.2 will then allow its replacement by a unitary phase. Although we shall modify the range R{xio) 
first, notice that Xio may always be assumed to be injective. Indeed, the projection onto Kcr(.Tio)"'" 
lies in ttq (£/=(?)' = tto{CiG)" . Since the latter is a type III factor, there exists a partial isomotry 
u e TTo{CiG)" with initial space Ho and final space Ker(xio)"'"- Replacing each Xpq by XpqiTq{u) yields 
an injective x^ without altering the braiding relations. 

3rd step. Making Xio surjective is a trifle more involved since in general iTi{Ci^G)' C TTi{CiG)" and 
the previous device does not apply. We resort to an averaging procedure relying on von Neumann 
density or equivalently the fact that 7rj(£/cG)' fl 7r,(£/G)' = C. Let {(?„} be a dense, countable sub- 
group of U{'Ki{CiG)") and Um € 'Kq{CiG)" partial isometrics satisfying uJ^Wn = 5mn- We may replace 
each Xqp by the norm convergent sum ^^2~'^iTq{gn)xqpT:p{un) without altering the braiding rela- 
tions. If p G Tri{£icGy is the projection onto R{xio) = Ker(xioa;*Q)-'-, the corresponding projection for 
XiO = '^^'""'ri{9n)xiQUn ''isp = \Jn dnPQn siucc XioS^io? = iff gnXiox*Qg„£, = for all n. p commutes 
with the Qn and therefore with ^^{CiG)' . Thus, p G 'Ki{CiG)'f\'Ki{CiG)' = C whence p=l since p^ 0. 

4th step. It follows that xm may be chosen to have dense range and by our previous argument, to be 
injective. A further application of lemma 3.2 then yields a unitary Xio- Notice that the modified 
are non-zero. Indeed, by the second braiding relation (3.12) and the unitarity of xm, the vanishing of 
Xj\j implies that of the original yji, a contradiction. 

Steps 3 and 2 may now be applied to y^o yielding an injective operator with dense range. A final 
application of lemma 3.2 to the diagram (3.13) reflected across the NW-SE diagonal then allows y^o 
to be replaced by its unitary phase. The modified yji are non-zero since yji = f^jXj^y^ox*Q <> 

4. Upper bounds for fusion with the vector representation 

Proposition 4.1. Let 'Hi,'H^ be the positive energy representations at level £ with lowest energy 
subspaces Vi,V\j. Then, 

Hi^Hn =0iVr'^H,- (4.1) 
j 

where 'Hj{0) = Vj ranges over the summands of U ® which are admissible at level I and 1 > 
iVf |--| > 0. Moreover, N-^ vanishes if, and only if the corresponding braiding coefficient Xj in (3.1) 
does. 

Proof. Let Xqp,yqp : Hp Hq be the intertwiners given by proposition 3.3. Since Xio and y^o 
are unitaries, we have Xi = Home jcoiHo, Hi) = XioTTo{CicGy = Xio7ro(£/G)" and similarly 2)q = 
yno'^oi^iG)" . Moreover, if ai,a2 € -kq{CiG)" and 61,62 G 7ro(>C/<:G)", we find by (3.12) 

{xioax (g) yno6i, Xioa2 ® yuo^^) = ^ Xjej{yjiTTi{bi)xioaiVL, yji'Ki{b2)xioa2^) (4.2) 

3 

It follows from lemma 3.1 that the map U : Xi® 2)n ^ ^j^^i^ x® y ^ 0^- \Xj\^yjiTTi{y*^Qy)xQ. 
extends to an isometry HiMH^ — > ®jHj which is easily seen to commute with the action of 
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CjG X CjcG. Notice that the range of U intersects non-trivially all Hj such that \j ^ 0. Indeed, 

for any such Aj, U{Xi ® ^qo) H TLj = yjiX-iQ which is a non-zero subspacc of Tlj since yji ^ and 
Xifl = Hi. Thus, by the irreducibility of the Hj under £jG x £jcG, the image of U is precisely 

5. Fusion of the vector representation with its symmetric powers 

An important corollary of proposition 4.1 and the computations of chapter VIII is the following 

Proposition 5.1. Let He^ = and T-LkOi positive energy representations at level i corre- 
sponding to the defining representation Vo^ of S02n o-nd its k-fold symmetric, traceless power VkSi ■ 
Then, 

Hk6i ^ 'Hoi = H(k-i)ei ® T^kei+e2 ® T^{k+i)ei (5-1) 

ifl<k<i-l and 

Heoi ^W6ii =W(^_i)6ii (5-2) 
Proof. By theorem VIII. 3.4.1, the constants governing the braiding relations 

<^SoH0oV(^)= E l3keuA ,(^Ko,(^) (5-3) 

tj.e{{k-i)0i,kei+O2,{k+i)0i} 

if A; = l...£- 1 and 

4e[ oH'^oV(^) = Pm,{e-^)OiKk {e-i)eM)'t'le-i)e, (5-4) 
are non-zero. The fusion rules (5.1)-(5.2) now follow from proposition 4.1 O 

6. The fusion ring TZq 

Let Hfii = Ti^j he the vector representation of LG at a fixed level £. We consider below the vector 
space TZo generated by the irreducible summands of the iterated fusion products and show that 
it is closed under fusion and forms an associative and commutative ring. The latter property is a 
direct consequence of the existence of a braiding operator B giving a unitary map Hi K Hj Hj M Hi 
intertwining LG. A number of other important properties of TZo, most notably the existence of a 
positive character or quantum dimension function, will be established in section 8. 

Let Lo be the infinitesimal generator of rotations given by the Segal-Sugawara formula (II. 1.2.1) 

Lemma 6.1 ([Wa3]). Let Hi,Hj G Vg be such that Hj Hi is of positive energy. Then, ifX-i, 2)j are 
the spaces defined by (1.1), the operator B : 3ii^ 2)j — > Hj Hi given by 

B{x y) = e-'""^" y'" ® (6.1) 

where = e"^°ze~"^° and the e~'^^^" on the right hand-side of (6.1) refers to the positive energy 
action of Rot 5*^ on Hj H Hi, extends to a unitary Hi M Hj — > Hj Kl Hi intertwining CG. 

Proof. Notice that B is well-defined since y'^ e Xj and € 2)i. Moreover, Loft = and therefore 

Wy'' (gjx'^W^ = i{y'')*y''{x'')*x''n,n) = {y*yx*xe-'''^°n,e-'''^°n) = \\x (g) yf (6.2) 

so that B is norm-preserving and extends to a unitary since it has dense range. As is readily verified, 
B intertwines the actions of £iG x LjcG. It follows that Hi Hj is of positive energy and, by von 
Neumann density that B intertwines CG O 

Definition. By proposition 4.1, the iterated fusion products of H^ are finitely reducible positive 
energy representations. Their irreducible summands therefore generate a vector space TZo which is 
closed under fusion and therefore is, by proposition 1.4 and lemma 6.1 an associative and commutative 
ring. 
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7. Eigenvalues of the braiding operator 

We compute below the eigenvalues of the braiding operator B on Kl Wq. For convenience, 
wc adopt a graphical notation and label the irreducible S02n modules and corresponding positive 
energy representations by the Young diagram describing their highest weight. Thus, the second 
and third symmetric, traceless powers of the vector representation Vq of S02n will be denoted by 
V^.V^ ^ H3 s^^ and «,a «te.o, powers .g, T.. _di„. p„s»ve ene,g, 

representations are H\jj,H\jjj,H^ and respectively. In particular, if the level £ is greater or 

equal to 2, proposition 5.1 yields 

KWq ©Wg ®Ho (7.1) 

The calculation of the eigenvalues of B on (7.1) relies on a version of the braiding relations of proposi- 
tion 3.3 which is equivariant with respect to rotation by tt in the sense that ygp = Xgp = e^'^^°Xqpe~^'^^° . 

Lemma 7.1. Let i > 2. Then, there exist non-zero bounded operators Xqp G Hom£^eG(Wp, Wg) with 
ajQo unitary satisfying 

xaoixaoT = ^ ^jix'-aTxja XjoXao = ^jX^aXao (7.2) 

3 

where j labels the summands of (7.1) and XjSj > 0. Moreover, 

e^. ^a,e"^'^°"'^^^ (7.3) 
where aj ~ ±1 according to whether 7ij(0) C (8> is symmetric or anti symmetric under &2. 

Proof. The proof is almost identical to the discussion of section 3 and the proof of proposition 3.3 
and we simply indicate the points where they differ. We start from the smeared braiding relations 
(3.3)-(3.4) where now i = D labels the vector representation Vq and j the summands of 

O = © Vg © C (7.4) 

Let / e C°°(S'\ Vq) be supported in / = (0,7r) and set g = where /'^(6i) = f{e - tt). Then, 
(3.3)-(3.4) read 

<Pn o(/)<^?d(F) = E A,-<^B,.(7^)<^°n(/e_„J (7.5) 

j 

</'°n(/e-a,)0H oin = e,0°n(/^e_„j0H o(/) (7-6) 

where aj = 2An — A^. Here, we normalise (7.6) by equating the initial terms of the left-most 
primary fields so that, by (ii) of lemma VII. 3.1, ej is given by (7.3). By theorem VIII. 3. 4.1, Aj ^ 
and therefore, by lemma 3.1, XjCj > 0. Notice that f^e-a^ = e"""^ (/e_Q^)'^ since / is supported 
in /. Moreover, by the equivariance of primary fields under the integrally-moded action Re = e'^'' of 
Rot 5^ (proposition VI.4.1), 

ct>ap{9^) = R^ct^MR-. = e'"(^--^<')e^"^«<^,p(5)e--^<' = e-(^''-^<')0,p(5)" (7.7) 
and therefore 



'AHo(/)Cn(/)" = > A,(/>H,(/e-„,)-.^,^n(/e_„J (7.8) 



Pn(/e_„^.)</'no(/r = ^i<^%{f^-o.,r <^%^{f) (7.9) 



Using the adjunction property (f)^p{g) = 4'^q{g)*, we find operators Xqp satisfying (7.2). The Xqp may 
now be modified in various stages as in the proof of proposition 3.3 with the additional requirement 
that the x^p be altered accordingly. This yields a new set of operators satisfying the same braiding 
relations but with xao unitary O 



8. THE DOPLICHER-HAAG-ROBERTS THEORY OF SUPERSELECTION SECTORS 



153 



(7.12) 



Proposition 7.2. Let be the vector representation at level £>2 and B e Endrcl^Q ^'^□) 
braiding operator defined by lemma 6.1. Then, the eigenvalues of B corresponding to the summands 
of (7.1) are distinct and given by 

PCD=Q /3g = -1'' = r-' (7.10) 

where q = e~^ with k = i + 2{n — 1) and r = 

Proof. Let j label the summands of (7.1). By lemma 7.1 and the proof of proposition 4.1, the 
isomorphism H^j MH^j Hj is given by 

a® 6 ^ \Xjej\ix]^na{{x}jorb)an (7.11) 
j 

for any a e 3£q = Hom£^eG(Wo, Wq) and 6 e 2)q = Hom^^cCWo, Wq). Thus, by (6.1), S(a0 b) is 
mapped to 

0|A,-e,-|^e--^o4n7rn((a;-no)*a'^)6^f2 = 0|A,e,|^e--^o4n6Vo((^^o)*«'^)f^ 

j j 

j 

3 

= ^\>'3^3\^^3nxhoxhoT^niixhoTb)an 

3 

which, using (7.2) yields 

0ei|A,eil^4n7rn((ar-no)*6)aO (7.13) 

3 

Comparing (7.13) with (7.11) we find that the eigenvalues of B are the Cj given by (7.3) where, as 
customary Aj = Since the Casimir of a representation of highest weight A is (A, A + 2p) where 
2p = 2^J^j(n — i)Oj is the sum of the positive roots of Spin2„, we have Co = 0, = 2n — 1, 
Cm = 4n and Cg = 4(n - 1) and therefore (7.10) holds O 

Remark. The ciigciiivalues of the braiding operator agree with those of the generators of the braid 
group Bm on m strings when the latter is mapped into the algebra Cm{q, r) defined by Wenzl [We2]. 
Indeed, the latter is the quotient of the group algebra CBm with generators gi, i = l...m — 1 
corresponding to the permutation of two succesive strings by a set of relations comprising (g^ — 
+ 1~^){9i ~ q) = 0. The underlying reason for this is that, for any m, End£G('Wn™) is 
isomorphic to Cm{q,Q^^'^), though the proof of this fact requires the knoweldge of the fusion rules 
with H\2 . 

8. The Doplicher—Haag— Roberts theory of superselection sectors 

We require some consequences of the theory of superselection sectors, most importantly the existence 
of a positive homomorphism or quantum dimension function on the ring TZq of section 6, which were 
originally obtained by Doplicher-Haag-Roberts [DHRl, DHR2] and Fredenhagen-Rehren-Schroer 
[FRS]. The precise relation between the predictions of these theories and the bimodule framework 
for loop groups was first explained in [Wa4] . A brief account follows. 

Let H € Vehe an irreducible positive energy representation of LG and assume that "H has a conjugate, 
i.e. an irreducible Ti. ^ Vt such that Ti, MTl ^ Tio where Tio is the vacuum representation. Then, 
IH. is unique and Tip is contained in J-LMTi with multiplicity one. Assume further that all iterated 

fusion products Kl H " are of positive energy and let 9^ be the ring additively generated by their 
irreducible summands Hi. Then, 



154 IX. CONNES FUSION OF POSITIVE ENERGY REPRESENTATIONS OF L Spinj^ 

• There exists a unique faithful trace on each EndcaCHii ^ ■ ■ '^T^im) normahsed by tr(l) = 1 
and consistent with the inclusions 

EndcG{'H^,^■■■^n^^)^F,ndcG{'Hn^■■■^'Hi^^HJ) x^x^l (8.1) 

EndcGi^-^^,M■■■^H^^)^EndcG{HjMHi,M■■■Mni^) x^lMx (8.2) 

• (Jones' relations) Each Hi possesses a (necessarily unique) conjugate. If G EndcGiHi Kl 
H^KIHO, /c = 1, 2 are the (Jones) projections onto Ho^Hi C (H^ WHi)^rLi and ^L^^^Lo<^ 
Hi^iTTi^Hi) respectively, then 

616261 = r6i where r = tr(6i) (8.3) 

• (Markov property I) Let e G EndccCHi ^'Hi) be the Jones projection onto Ho and a G 
EndcGOij M Hi). Then ai = a K 1 and ea = 1 H e e End£G(Wj ^Hi^'FU) satisfy 

tr(ai62) =tr(ai)tr(e2) (8.4) 

The above properties are in fact true for any system of bimodules over a type III factor. In our setting 
however, the following additional properties hold 

• (Statistics or braiding operators) There exists a canonical unitary g G Endcd'Hi^'Hi) and 
the operators gi = g^l,g2 = 1^ g G End£G(Wi ^Hi^Hi) satisfy 

515251 = 525152 (8.5) 

Moreover, g coincides with the brading operator B defined by lemma 6.1. 

• (Markov property II) Let 52 = 1 ^ 5 S End£G('^i ^Hi^Hi) be the braiding map corre- 
sponding to the last two factors. Then, for any a G EndcoCHj ^ T^i) and ai = a lEl 1 e 
Endcainj^Hi^Hi), 

tr(ai5±i)=tr(ai)tr(ff±i) (8.6) 

• (Compatibility) If g G EndccCHi ^Hi) and e € End£G'(''^i ^Hi) arc the braiding operator 
and Jones projection respectively, and 51 = (7 K 1, 62 = 1 ^ e G End£G(^i ^Hi^ Hi), then 

625162 = Ae2 where |A| = |tr(g2)| (8.7) 

• (Statistical or quantum dimension) The map 

d{Hi) = l/VM^ (8.8) 

where e G EndcciHi ^Hi) is the Jones projection, extends to a positive homomorphism of 
the ring OK into M. 

The foregoing discussion and the fusion rules of proposition 5.1 imply 

Corollary 8.1. Let TZo be the ring generated by the irreducible summands of the iterated fusion prod- 
ucts ofH^ defined in section 6. Then, there exists a positive homomorphism or quantum dimension 
function d : TZq — > R. 

Proof. By proposition 5.1, we have H^ KIHq 3 Ho so that H^ is self-conjugate and TZq possesses 
a positive character O 

9. The quantum dimension of 7i\j by Wenzl's lemmas 

Assuming £ > 2, we compute in this section the quantum dimension d{H\j) of the vector represen- 
tation by adapting a calculation of Wenzl [We3] to our framework. We proceed as follows. By (8.8) 
and (8.3), d(H\j) may be derived from the Jones relations 616261 = t6i satisfied by the projections 
64. To this end, we use a representation of ^3 = EndcG{H^ KWqKHq) 3 61, 62 where the braiding 
operators 51,52 of (8.5) have a simple form. This gives matrix representatives for the 6j since, by 
virtue of proposition 7.2, the gi have distinct eigenvalues and the Ci therefore are spectral projections 
of the gi. diH\j) is then obtained by comparing 616261 and 61. 



9. THE QUANTUM DIMENSION OF Ha BY WENZL'S LEMMAS 



155 



We begin by using our partial knowledge of the fusion rules to describe the structure of A^. By 
proposition 5.1, 

and 



Hr 



Moreover, by proposition 4.1, 

Hn KHg c ®H| ©Hn if£>3 

since V g-| is not admissible at level 2. In fact, 
Lemma 9.1. If I > 2, then Kl Hg 2 

Proof. From (9.1) we see that Hq is self conjugate and therefore that all summands of (9.1) possess 
conjugates. Conjugating, we find Hg C and therefore 

K(Hn KHg) = (Hq KHn)KHg DHo (9.4) 

so that, by uniqueness of conjugates, Hq = Hq C Hq K1 Hg O 

The above fusion rules may be used to describe the inclusion of finite-dimensional algebras Ai C 
A2 C Ai where Ak = 'EindcciTi-^)- This is best encoded in a Bratteli diagram as follows. Each Ak 
is a direct sum of matrix algebras labelled by the ineqiiivalent irreducible summands of Ti,^ . The 
corresponding labels are drawn in a row. Lines are drawn from the row corresponding to an algebra to 
the next, connecting the matrix block of the smaller algebra to each block of the larger which contains 
it. We therefore get 



Hr 



iH 



□ 



if £ > 3 



n 



□ 



□ 



if £ = 2 



(9.1) 
(9.2) 



• n 



□ 



if £ = 2 (9.3) 





(9.5) 



nnn 



according to whether £ > 3 or i = 2. The dotted lines indicate that ^gD or Hg may fail to appear 

in Hg Kl Hq, in accordance with (9.3). Let now g be the braiding operator on 'H\j Kl 'H\j and e 
the Jones projection onto Ho C 'H\j Kl H\j . By proposition 7.2, g = B has three distinct eigenvalues 
9,-5" 



, r ^ so that e is the spectral projection of g corresponding to r ^ and therefore 

^_ (g-g)(g + g'') 

(r-i - «7)(r-i + g-i) 



(9.6) 



The same relation binds gi, € ^3 where ei = e H 1 and 62 = 1 Kl e are the Jones projections onto 
HqKIHq C (HnlElHn)KlHn andWnKlHo C H^Min^Mn^) respectively and 51 = 5^1,^2 = IKlgf 
are the braiding operators on Ji^ MTi^ KITYq. Since TLq MTL^ =Ti^ ^ H Hq is irreducible, 
the Ci are minimal projections in ^3 and < where the latter is the minimal central projection 
of ^3 corresponding to the matrix block labelled by the vector representation. By minimality of 62, 
the left action of ^3 on ^362 is an irreducible representation of ^3 which is faithful on p\jA3P\j and 
is therefore three-dimensional. We shall use it to find explicit matrix representatives of the Cj. The 
following gives a convenient basis of ^1362 
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Lemma 9.2 (Wenzl,[We3]). If£ > 2 then 62,6162,5162 G A3 = Endcd'H^) o-re linearly independent 
and therefore form a basis of the left A^^module A3e2- 

Proof. Notice first that l,ei, gi arc linearly independent since gi has three dictinct eigenvalues 
q, —q~^,r~^ and ei is the spectral projection corresponding to r~^. Let now a, /3, 7 € C be such that 
ae2 + /3ei62 + 75162 = 0. Multipliplying by 62(0; + /3ei + 751)*, we find 

62(0; + /3ei + 75'i)*(Q! + Pei + 751)62 = (9.7) 
taking traces and using the Markov property (8.4) yields 

tr(62(a + /3ei +7fifi)*(a + /3ei +751)62) = tv{{a + (3ei + 751)* (a + /3ei + 751)62) 

= tr((a + pei + 751)* (a + /3ei +751)) tr(62) (9.8) 
= 

and therefore, by faithfulness of the trace a + (3ei + 751 = whence Q! = /3 = 7 = 00 

Proposition 9.3 (Wenzl, [We3l). If£ > 2, then 616261 = t6i where r = (l + - — ^—r)~^- 

q — q~ 

Proof. We begin by computing the matrices representing the braiding operators 51,52 on ^362 in 
the basis 62,5162,6162 of lemma 9.2. The first columns of 51 and 52 and the last column of 51 are 
obvious since g^ei = r~^ei. The second column of 51 may be computed by expressing gf in terms of 
61, 5i via (9.6). We find 

g- = 1 + Qiiq - q-^) - zr-\q - q-^)ei where -g=(l+ (9.9) 

It will be more convenient to work with c, = ^6,. It follows from the above that in the basis 62, 51 C2, 6162 
of ^4362, 5i and 52 are given by 

/ 1 \ / r-i ai2 ai3 \ 

5i = 1 q-q~^ and 52= 022 0123 (9.10) 

\0 -r-\q-q-^) r-^J \ a32 033/ 

The fly may be determined from the braid relation 515251 = 52.91.92- Indeed, comparing the first 
columns of the two products we find ai2 = 022 ~ 0. Since the braid relations imply that 51 and 52 
are conjugate, we find by equating their traces and determinants that 033 = q — q~^ and 023032 = 1. 
The other entries are now easily found by imposing the braid relations and yield 

/ r-i -{q-q-^) 
52 = 1 I (9.11) 

V 1 q-q-^ 

From (9.9) and Ci = zei we therefore find 







I and C2 = | | (9.12) 

1 z 

so that C1C2C1 = ci and therefore 616261 = 2:~^6i as claimed O 

■ /(2r),-l)7r\ 

sin(-^^ —) 

Corollary 9.4. If £ > 2, the quantum dimension of H\-\ is equal to 1 -{ — where k = 

Ml) 

i + 2{n-l). 

Proof. From (8.8), (8.3) and the previous proposition, we find d{H\j) = (l H —) where q,r 

are given by proposition 7.2 O 

Remark. Observe that as k ^ 00, d{H\j ) 2n which is the dimension of the vector representation 
of S02„. 
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10. The Verlinde algebra 

We give below an algebraic characterisation of the Verlinde rules which conjecturally describe the 

fusion of a positive energy representation of _LSpin2„ with the vector representation Wq. This will 
be used in the next section to prove that these rules actually hold. 

We begin with a heuristic digression. Let Ve be the set of positive energy representations of LG at 
level £ and Ae the alcove parametrising the irreducibles in Vc- We define below a set of functions (j)^ 
on Ve indexed hy jj, G Ae which are to be thought of as the characters of the putative *-algebra C[Pe] 
whose multiplication and involution are defined by fusion and conjugation. If A S .4^ and Nx is the 
matrix giving the fusion with Hx, i.e. 

Hx^H^ = ^Nl^H. (10.1) 

then applying a character </> of 'C\Pf] to both sides of (10.1), we find Yli^ ^Xij.'t'i'^iy} = 4'0^x)'t'0^ij) so 
that the vector </> with entries (piji..) is an eigenvector of Nx with eigenvalue (p{7ix). We now prove 
this assertion when A is a minimal weight and Nx is given by the Verlinde rules 

Proposition 10.1. For any integral weight /x in the level £ alcove, define a function (l)^ : Ve ^ C by 

i'lJ.^v) = ^v{Sfi) where is the character of the representation V,y and 5^ = exprp(2m^^^) where 

c 

K = £ + . If X is a dominant minimal weight and Nx is the matrix defined by 

1 tfV,CVx:»Vsand{u,9)<£ 
1 otherwise ^ ' ' 

then, for any 8 £ Ae, Yl,^ N^^(j)^{H,y) = 0/t(HA)0^(H5) so that the vector with entries ^{H.) is an 

eigenvector of Nx with eigenvalue (f>fj,{Ti.x). 

Proof. Let 6 e Ae, then XxXg = X^^X^ where v spans the highest weights of the irreducible 
summands C Vx Vs. By the tensor product rules with minimal representations (proposition 
1.2.2.2), these are of the form \' + 6 where A' € WX is a weight of Vx and therefore satisfies \ {X' .6) \ < 1 
so that {v, 0) < £+1. We need to prove that X^(5^) = whenever {i^, 0) — £+1. By the Weyl character 
formula, X^/ = ^^^^ where 2/9 is the sum of the positive roots of and >la(exp(/3)) = X]^(— l)'"e^'""'''^ 

If {u, 6) = £ + 1, then u + p lies on the affine hyperplane iJ^ = {h\{h, 9) = k] since k = £ + = 
£+1 + {p,0). The affine reflection corresponding to is t ^ ag (t) + kO where ae is the orthogonal 
reflection determined by 9, and therefore, by the integrality of p, p 

^^+p(exp(27ri^^-t^)) = ^a«(i.+p)+«0(exp(27ri^^-t^)) 

= (-!)"■ e^^' ""'^'"'t'"'''""'^ e^"<"'^""+'^> (10.3) 

wew 

= {-lY'A,+p{li + p) 

so that Xv{Sij) = as claimed O 

When G = Spin2„ and A is the highest weight of the vector representation of S02n with corresponding 
Young diagram □ , we flnd 

Corollary 10.2. Let = C^" be the vector representation of S02„ and iVg the matrix with 
entries labelled by the irreducible Spm2n-modules which are admissible at level £ with N^^^ = ^ if 

. (2n-l)7r 

sm — 

W C U iS> Vr-i and otherwise. Then, is an eigenvector of Nr-i with eigenvalue 1 H ^ 

where k = £ + 2{n — 1). 
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Proof. The dual Coxeter number ^ of S02„ is 2(n— 1) and we simply need to compute (exp(27ri^)). 
Since the weights of are ±9j, j = 1 . . .n and p = J2^^i{n — j)Oj, we get 

n n— 1 

Xn(exp(27rz^)) = ^(e^"^"^ + e'^"^) = 2^3?e2"i 



= 2cos((!^)!lgl^l+-^-(^) 
^ K ^sin(^) sin(^) 

O 

We shall need the following well-known formula, see [Ka2] for instance 

Lemma 10.3. If (t)o is defined as in proposition 10.1 by = XA(exp(27ri£)), then 



(10.4) 



sin( 



7r(A+p,a) 



a>o sm(^^) 

Proof. By the Weyl character formula, Xa = ^pi^ ^f^+P ^ where 

A,(exp(5)) = ^ e<""^'^~> = A5(exp(i.)) (10.6) 
wew 

and e/3(exp((5)) = e^^'^^i . Setting = 0, we find Weyl's denominator formula ^p(exp(27rif)) = 
nc>o2isin(7r(i,Q;)). Thus, 

y, -P.. ,0 .P,, ^p(exp(2^z^)) sin(^<^) 

Un^) = XA(exp(2.^-)) = -^(exp(2.^-)) = ^^^^^p^,^^,)) = U — ^^^^ (l^-^) 

to conclude, notice simply that 

(p,a) < (/9+A,a) < (p + A,0) < l + (p,0)+f = k (10.8) 
and therefore (10.5) holds O 

11. Main results 

Recall the following well known result [GM, chap. 13] whose use is typical in subfactor theory, 

Theorem 11.1 (Perron-Frobenius) . Let N be an irreducible matrix with non-negative entries. Then 

(i) A'' has an eigenvector with positive entries. Up to multiplication by a positive constant, the 
latter is the unique eigenvector of N with non-negative entries. The corresponding (positive) 
eigenvalue is called the Perron-Frobenius eigenvalue of N . 

(ii) Let N be a matrix with non-negative entries bounded above by those of N. Then, any positive 
eigenvalue of N is bounded above by the Perron-Frobenius eigenvalue of N. Equality holds 
only ifN = N. 

Theorem 11.2. LetTi^ be the vector representation o/LSpin2„ at level Then, for any irreducible, 
positive energy representation Tiu of L Spin2„ whose lowest energy subspace U is a single-valued 
representation of S02n; the following holds 

Hu^Ha= N^^Hw (11.1) 

where Ni^-j is 1 if W is admissible at level £ and otherwise. Any such T-iu appears as a summand 
in one of the iterated fusion powers . In particular, it has a conjugate representation and its 
quantum dimension is given by 

W=X.(exp(g^)) = n ""^!'^^ (11-2) 

a>o sm(7ri£^) 
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where Xu and A are the character ofU and its highest weight, the a are the positive roots o/Spin2„, 
2p = J2a>o " K = £ + 2{n - 1). 

Proof, li £ ~ 1, Hu is cither Hq or Ti.\j and (11.1) follows from theorem 2.3. The existence of a 
conjugate is obvions from the fusion rules (2.3) which show that the corresponding Jones projection 
is 1 so that d{Hu) = 1- This clearly agrees with (11.2) when U is the trivial representation. When 
U = Vq , (10.4) shows that the right-hand side of (11.2) is 1 since k = 2n— 1 and the theorem is proved. 

Let now ^ > 2. By proposition 4.1, (11.1) holds when the are replaced by some < < A^^^ , 

since part of the braiding coefficients involved in the computation of fusion might vanish. Let 
be the matrix whose entries are the , where U and W are single- valued representations of S02n 
which are admissible at level i, or equivalently the diagonal block of the matrix defined in corollary 
10.2 labelled by these representations. is non-negative and irreducible. Indeed, if U, W are two 
such representations with highest weights A, /z so that {X,9),{iJ,,9) < £, there exists a sequence of 
dominant integral weights of 802^, X = ■ ■ ■ Vk = M such that {vj,0) < £ and each uj+i is obtained 
by either adding or removing a box from the Young diagram of Hj. By the tensor product rules 
with the vector representation (proposition 1.2.2.2), this implies that W C U 'E) V'®^'°~^^ and 
therefore that is irreducible. By theorem 11.1, has, up to a multiplicative constant, a unique 
eigenvector with positive entries. On the other hand, by proposition 10.1 and lemma 10.3, the numbers 
(t^oi'Hu) ■= (j^oi'Hx) where A is the highest weight of U, are positive and obey 

Y^N^uM'^^w) = M^u)M'>^u) (11.3) 

w 

It follows that the Perron-Frobenius eigenvector of has entries {H. ) and corresponding eigen- 
value (j)o{'H^). 

A similar statement about the matrix may be obtained by using the quantum dimension d of 
corollary 8.1 on the fusion ring TZq generated by the irreducible summands of the fusion powers . 
Applying dto (11-1), with replaced by yields 

N^ud{Hw) = d{Ha)d{Hu) (11.4) 

whenever Hu S TZq. We do not know to be irreducible, nor is (11.4) a statement about 

since some T-iu may not lie in TZo but if is the matrix whose entries are if Tiu , Hw G Ti-o 

and zero otherwise, we clearly have < < entry-wise and therefore, by theorem 11.1 
dCH^) < (/)o(Hq) with equality only if — = iV^. However, by corollaries 9.4 and 10.2 

sin 

d{na) = i + — ^^ = Mnn) (11-5) 

whence iV^ = A'"^ and (11.1) holds. The fact that any Hu appears in some now follows from 
the irreducibility of = . Finally, the claim on the quantum dimension of the Hu is a direct 
consequence of the uniqueness of the Perron-Frobenius eigenvector of N^, (11.5) and (10.5) O 

Theorem 11.3. The positive energy representations of L Spiuj^ at level £ whose lowest energy suhspace 
is a single-valued representation of S02n are closed under fusion. They form a commutative and 
associative ring. 

Proof. By theorem 11.2, the positive energy representations of LSpin2„ corresponding to single- 
valued representations of S02n are exactly the irreducible summands of the iterated fusion powers 
H^ of the vector representation and therefore the generators of the commutative and associative ring 
TZq of section 6 O 
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The restriction to single-valued representations of 802^ in theorems 11.2 and 11.3 is technical rather 

than conceptual and these results conjecturally hold for all positive energy representations of L Spin2„. 
At odd level, this can be shown by using the discontinuous loops of section 1.3. 

Theorem 11.4. Let H\j be the vector representation of LSpiuj^ at odd level I. Then, for any 
irreducible positive energy representation Hu with lowest energy subspace U 

nu^na= N^^Hw (11.6) 

where is 1 ifW is admissible at level i and zero otherwise. 

Proof. Notice that the fusion rules (11.6) for ^ = 1 were established in theorem 2.3. Let now U 
be a single-valued S02n-niodule so that (11.6) holds by theorem 11.2. If ^ is a discontinuous loop, 
proposition 2.2 yields ({Hu^Ha) = (C^o Kl Wc/) ^ KIWq where the notation refers to 

the action of Z(Spin2„) on the irreducible Spiuj^-modules admissible at level £ given by proposition 
1.3.1.5. Conjugating both sides of (11.6), we find 

Hc(t/)KHn= Haw) (11-7) 

WCUiSlV^ 
W ^-admissible 

We claim that W C U if, and only if C{W) C ({U) (S) . Assuming this for a moment, (11.7) 

may be rewritten as 

Wf(a)KWn= Hx (11.8) 

X ^-admissible 

so that (11.6) holds for (Hu- Since i is odd, corollary 1.3.2.6 implies that any irreducible representation 
of L Spin2„ at level I is of the form (Hu for a suitable ( and a single-valued S02n-inodule U and 
theorem 11.4 is proved. Returning to our claim, let Avv,Aq,A[/ be the highest weights of M^, 
and U respectively. By the tensor product rules with minimal representations (proposition 1.2.2.2), 
W C U iS Xw = Xu + wX\j for some w e W. By proposition 1.3.1.5, C(A) = WiX + iX^ , 

and we find that this is the case iff Ci^w) = C{^u) + w'Ag for some w' G W and therefore iff 

C{W) c c{u) ®Va^ 

Theorem 11.5. At odd level, the positive energy representations o/XSpin2„ are closed under fusion 
and have conjugates. They form a commutative and associative ring. 

Proof. Let Ui, i = 1, 2 be single-valued representations of S02n. By theorem 11.3, Hui is of 

positive energy. Applying discontinuous loops Ci)C2) we find that 

CiHu, K ^ CiWo M {Hu, K C2WC/J K C2H0 = CiC2(Wc/, m CiHu,) (11.9) 

is of positive energy. By corollary 1.3.2.6, any irreducible representation at odd level is of the form 
CHu for some C and U single-valued and our first claim is proved. The existence of conjugates follows 
similarly for Hu ^ Hu 2 Ho for U single-valued implies that (Hu ^ C^^Hu 3 Hq and therefore 
that C'Hu has a conjugate. The associativity and commutativity are immediate consequences of the 
associativity of fusion and the existence of braiding O 

Remark. It is readily verified that both sides of (11-2) are invariant under the action of Z(Spin2„) 
and therefore that the quantum dimension of all irreducible positive representations of L Spiuj^ at 
odd level is given by the formula (11.2). 
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1. Computation of the fusion ring of LSping^ 

The structure of the level I fusion ring Rii(LG) has been known conjecturally for some time. It should 
be isomorphic to the quotient of the representation ring R{G) by a certain 'holomorphic induction' 
map in taking V to whenever V is admissible at level I. One way to prove this is to show that 

H{y)^H{u) = Hiy®u) (1.1) 

for all fundamental representations V since these generate R{G) as a ring. For G = Spin2„, they arc 
the exterior powers A'^Vq of the vector representation Vq with A; = 1 ... n — 2 and the spin modules 
Vg_^. The fusion rule (1.1) for y = was proved in chapter IX. In fact, for odd £ 

Tia^nu = ^N^unw (1.2) 

w 

where W spans the summands of (g) U and N^jj is 1 or according to whether W is admissible at 
level i or not. For even i, (1.2) was shown only for single-valued S02n-modules U. This restriction 
will be lifted in §1.1. 

A. Wassermann has outlined a method for computing the remaining fusion rules, thereby completing 
the calculation of i?£(L Spin2„). We reproduce it below. 

1.1. Fusing with the spin representations Hg^- 

Since the spin modules Vgj_ are minimal representations of Spin2„, the corresponding Verlinde rules 
(1.1) are of the same form as (1.2), namely 

Hs^Mnu= N^u'Hw (1.1.1) 
where is 1 if W admissible at level £ and otherwise. 

The proof of (1.1.1) parallels that of (1.2) given in chapter IX. Briefly, the braiding relations of 
the spin primary fields with a general primary field are converted, by smearing on test functions 
with disjoint supports and taking phases, into commutation relations of bounded intertwiners for the 
local loop groups. Most of the required analysis has been carried out in chapter VI where all the 
primary fields needed for fusing a general representation with Hg^ were shown to extend to operator- 
valued distributions. A technical point needs to be addressed however. At present, the procedure of 
taking phases to produce bounded intertwiners applies only if one of the two primary fields extends 
to a bounded operator-valued distribution. This is the case for the vector primary field, since it is 
essentially a Fermi field but does not hold for the spin fields. Once this problem is bypassed, the 
bounded intertwiners give an L Spin2„-equivariant isometry of the left hand-side of (1.1.1) into the 
right hand-side and therefore the upper bound 

0<NZu<NZu (1-1-2) 

where the N^u structure constants of fusion. This shows that fusion with the spin representa- 

tions is always of positive energy and that these representations have (necessarily unique) conjugates. 
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Indeed, by (1.1.2), Hs^ ^'Hg^ contains only representations whose lowest energy subspaces are single- 
valued S02n modules. As shown in chapter IX, these representations have conjugate bimodules so 
that for some Tiw^ 

Hs^ K Mnw) = (Hs± M'Hs±)Mnw^ no (1.1.3) 
whence Ti.s± have conjugates. 

We now use the method of chapter IX to prove that (1.2) holds for any representation U of Spiuj^ 
admissible at level I. Using the Doplicher-Haag-Robert theory, the quantum dimension d may be 
cixtcnded from the ring TZq generated by the iterated fusion powers of Tip to the ring TZq generated 
by the fusion powers of and Hsj^ ■ Consider the matrix iVg , whose entries are now indexed 

by two-valued representations of S02n- -^n is non-negative, irreducible and, by simple inspection, 
has a Perron-Probenius eigenvector whose entries are the 'dimensions' 

Mnu) = XuieM'^)) (1-1-4) 

K 

given in [Kal, §13.8] and studied in chapter IX. The corresponding eigenvalue is (j)o{Ti^). The fusion 
rules with read 

Ha^nu= N^u^w (1.1.5) 

where, as shown in chapter IX, < with equality if is a single-valued S027i-module. Let 

the matrix have entries M^jj = N^jj if U,W e TIq and otherwise so that M^d = d{'Ho)d where 
d is the (non zero) vector with components dlTiu). Since < iVg < and d{Tio) = 0o('^n)j 
we have = N^. Therefore (1.2) holds and all positive energy representations of level £ lie in TZq. 
Moreover, by uniqueness of Perron-Frobenius eigenvectors, the quantum dimension of those corre- 
sponding to two-valued representations of S02ra is given by d{Tiu) = "y4'o{'Hu) for some 7 > while, 
by the results of chapter IX, d{Hu) = 4>QiTi-u) whenever [/ is a single-valued S02n-module. 

Let now C/ be a single-valued representation of 802™, then 

Hs^^Hu= NY^u'>^w (1.1.6) 

where all W are two-valued on S02n. Since d{Tis^) = 7^o('Ws±)) d{Ti.u) = and d{J-Lw) = 

^(l>o{'Hw), applying d to (1.1.6) we get 

nY^uM^w) = Mns±)Mnu) (1.1.7) 

w<zv,^®u 

On the other hand, the dimensions (t>o{H-) satisfy (1.1.7) when the N'^^ are replaced by Nf^^ and 
therefore the two numbers must be equal by (1.1.2). It follows that (1.1.1) holds whenever (7 is a 
single-valued representation of S02n. To conclude, assume that the conjugate bimodules of T-Lg is 
Tig = T^s where s is s± and s is the corresponding dual highest weight, so that s is s± if n is even and 
Szf if n is odd. Then, if is a single-valued S02n-module, we get by Probenius reciprocity 

Nj, = NZ = dimRomL Spin, jngmnu,nw) = dimRoiriLSpin, jnu,ng^nw) = N% (1.1.8) 

and therefore, using the symmetry of the Verlinde numbers, = N'^ = N^^^ which concludes the 
proof of (1.1.1). To summarise, the above method relies on 

(i) Extending the procedure of taking phases to produce the braidiuu, of l)oimded intertwiners 
from that of primary fields to the case where both primary fields are unbounded operator- 
valued distributions. 

(ii) Proving that Hs = Hs- 
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1.2. Fusing with the exterior powers Hai<v 

The fusion rules with the exterior powers l~i\kY^ k — 2 . . .tt- — 2 are more delicate to handle since 

they involve multiplicities other than or 1. This difhculty can be circumvented by realising the 
multiplicity spaces as representations of the Birman-Wenzl algebra BWk on k strings. The latter 
is relevant because a generalisation of Brauer-Weyl duality [Br] holds, namely the commutant of 
L Spin2„ on the /c- fold fusion Ti^ is generated by the action of the braid group and this action 
factors through BWk- Moreover, Hjs^ky is the isotypical summand of corresponding to the 

quantum sign representation ek of Bk- Thus, H/^ky Kl Hu may be computed as the subspace of 
K17Y[/ transforming like Sk under the natural action of Bk- This may be achieved by realising the 
action more explicitly, by analogy with the L SU„ case treated in [Wa3] on chains of k vector primary 
fields of the form 

(l>VkVk-Afk)---4>vMh) (1-2.1) 

smeared on functions supported in k consecutive subintervals of 7 = (0, 2-jt), where the action of B^ is 
given by braiding. As for the previously computed fusion rules, this analysis gives an upper bound for 
Tit^ky M Hu in terms of the Verlinde rules. A Perron-Frobenius argument based on the computation 
of the quantum dimension of Hj^ky given in chapter IX then shows that the bound is attained. 

2. Loop groups of other Lie groups 

The loop groups of Lie groups other than SU„ and Spin2„ need to be investigated. Our results extend 
almost verbatim to Spin2„^]^. Moreover, the analysis of the continuity properties of primary fields 
done in chapters V and VI covers the level 1 and a number of higher level fields for all simply-laced 
groups. The primary fields for the remaining Sp„, F4, G2 may probably be studied via the generalised 
vertex operator construction [GNOS]. 

3. Loop groups, quantum invariant theory and subfactors 

Any positive energy representation (tt, H) of LG gives rise to two subfactors. The first is obtained via 
the quantum invariant theory inclusion 

(IJ C ® EndLG(H^"))" C (IJ EndiGlH^™))" (3.1) 

m m 

and is of type IIi with the trace given by the Doplicher-Haag-Roberts theory. The second is the 
Jones- Wassermann inclusion 

tt{LiGY' C 7r(L/cG')' (3.2) 

where LjG is the group of loops supported in the proper interval I C S^. As shown by Jones and 
Wassermann [Wal] and explained in chapter IV, (3.2) is an irreducible inclusion of hyperfinite factors 
of type nil whenever tt is irreducible. Using results of Popa [Pol, Po2], Wassermann proved that for 
G = SU,i, (3.2) is isomorphic to the tensor product of the hyperfinite factor of type IIIi with a Jones- 
Wenzl subfactor [Wal]. The latter is defined using the Hecke algebras Hm{q) with q = e^*/(^+^) and 
the representation of SU„ corresponding to the lowest energy subspace of H [Wei]. Interestingly, it 
may also be defined as the quantum invariant theory inclusion corresponding to Ti. Since the positive 
energy representations of LG and the subfactors defined in [We2] are characterised by the same data 
for G of type B, C or D, a natural conjecture is that a similar result holds in these cases. For 
G = Spin2„, this should follow from a computation of the higher relative commutants by showing 
that EndLSpin2„(^Q") is isomorphic to the Birman-Wenzl algebra on n strings. In fact, only the 
III subfactors corresponding to the single-valued representations of S02n are constructed in [We2]. 
The quantum invariant theory inclusion on the other hand gives subfactors for any representation of 
Spin2„. We intend to study the corresponding spin subfactors, the structure of which should be linked 
to the delicate combinatorics of the tensor product rules for the two-valued representations of Spin2„. 
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CONCLUDING REMARKS 



4. Modular categories and invariants of 3-manifolds 

An important class of invariants of 3-manifolds is obtained via surgery on framed links in the 3-sphere. 

These use m,odular tensor categories which arc traditionally produced as the semi simple quotients 
of the representation theory of quantum groups at roots of unity [Tu] . The analysis involved relies 
on the combinatorics of the tensor products of the representations of the underlying Lie algebras 
[TuWe]. So far, two main difficulties have prevented the construction of the invariants corresponding 
to Spin2„. On the one hand, the intricacies of the combinatorics of two-valued representations of 
S02n have led researchers to consider the (truncated) representation ring of S02n only. On the other, 
the latter gives rise to a braided tensor category which is not modular, in that the corresponding S 
matrix is not invertible. As a result, only the invariants corresponding to PS02n = S02n /Z2 have 
been defined. The category Vi of positive energy representations of L Spiuj^ at level endowed with 
Connes fusion should provide a natural solution to this problem. Indeed, the Doplicher-Haag Roberts 
theory implies that Vi is a braided tensor category and there remains to verify that Vi is modular. 

5. Knizhnik Zamolodchikov equations 

In chapter VIII, we solved the KZ differential equations corresponding to a number of important fusion 
rules for L Spin2„ by using the contour integrals of Dotsenko and Fateev [DF] . These have been greatly 
generalised by Schechtman-Varchenko [SV] and Feigin-Frenkel [EdF] who used them systematically 
to give all solutions of the KZ equations. It is interesting to notice however that their generalised 
hypergeometric solutions, which first appeared in the work of Aomoto and Gelfand [Ao, GKZ], use 
Euler like contour integrals with a large number of integration variables (typically growing linearly in 
n) which make them intractable for computational purposes. Our solutions on the other hand use 2 
integration variables for any n. There might therefore exist a universal cohomological simplification 
mechanism applicable to the contour integrals of Schechtman-Varchenko and Feigin Frenkc;l which 
could well lead to a proof of the symmetry properties of the braiding coefficents conjectured by Witten 
in the context of restricted solid-on-solid statistical mechanical models. 
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